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PREFACE 


The following work is intended primarily for the use of pupils 
preparing for one of the Higher School Certificate examinations. 

The Theorems are arranged with a view to simplicity and 
conciseness not only in their own proofs, but also in the proofs 
of examples depending on them. In this connection it should 
be noticed that the generality of the basic theorem on Normals 
(4T1) requires the previous establishment of the concept of 
mutually perpendicular skew straight lines, which, in turn, 
requires an independent proof of the fact that straight lines 
that are parallel to the same straight line are parallel to one 
another (3T2). 

The theorems are grouped in chapters, each of which con¬ 
cludes with Worked Examples and Examples for the Student, 
these last being arranged in three classes. A, B, C, in order of 
difficulty. The Answers and Hints are meant for the student’s 
own use in checking his methods and results, and in affording 
just sufficient aid in cases of difficulty to enable him to renew 
his efforts with success. Except in the later chapters, the 
Hints generally consist of mere references to Theorems or 
Examples, in the order in which their results may be employed, 
or their proofs imitated. 

Reference Symbols are a marked feature of the book : thus 
4T1 stands for the First Theorem of Chapter IV (i.e. on Normals), 
or one of its corollaries ; 5W2 for the Second Worked Example 
of Chapter V (i.e. on Polyhedral Angles); and so on. 
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Analogy is employed from the outset in the discovery of new 
facts and relationships (e.g. pp. 7, 26, 63, 76, etc.); and senes 
and groups of facts are deduced and exhibited with the help of 
tabulation (e.g. pp. 137, 153, 165, 195, etc.). 

Great stress is laid on simplicity and clarity of diagrams, 
and the student is advised to dispense with the use of instru¬ 
ments except in the case of practical constructions where exact 
measurements are required. The ideal is, never to use ruler, 
compasses, or protractor without endeavouring to make every 
measurement correct to the nearest hundredth of an inch or 
fifth of a degree. When accuracy is not necessary, instruments 
only hamper the imagination. The student should, of course, 
never read a theorem without drawing the figure for himself, 
preferably from a different point of view from that of the 
book. 

The discussion of Semi-Regular Solids (Chapter XII) serves 
(a) as an introduction to the Principle of Duality, (b) as an 
example of the deduction of the existence as well as the proper 
ties of a set of figures from a single definition, and (c) as a 
preparation for parts of the chapter on Crystals , where the 
same Reference Symbols are conveniently adapted to Cubic 
Forms. 

The geometrical study of the orderly arrangement of points 
and spheres in space (Chapters XIII-XV) is a necessary 
accompaniment of the experimental investigation of the 
arrangement of atoms in crystals, some account of which should 
be read alongside these chapters. 

Among works consulted special mention must be made of the 

following : 

X-Rays and Crystal Structure , W. H. and W. L. Bragg ; 

Crystallography and Practical Crystal Measurement, A. E. 

H. Tutton ; 

Mathematical Crystallography, H. Hilton ; 

Anschauliche Geometric, D. Hilbert and S. Cohn Yossen , 
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and articles in the Encyclopaedia Britannica (XIVth Edition), 
on 

“ Crystals ”, L. J. Spencer ; 

“ Solids ”, G. A. Pfeifer ; and 

“ X-Rays and Crystal Structure ”, J. D. Bernal. 

Grateful acknowledgments are due to the following authori¬ 
ties for permission to reprint questions from Higher Certificate 
Papers : 

The Syndics of the University of Cambridge (Camb.); 

The Central Welsh Board (C.W.B.) ; 

The Northern Universities Joint Board (Joint Bd.); 

The Senate of the University of London (Lond.) ; 

The Oxford Delegates for Local Examinations (Oxf .); and 

The Oxford and Cambridge Joint Board (Oxf. & Camb.). 

I also wish to record my obligation to Messrs. Macmillan & 
Co. for their unfailing courtesy, advice and help at every stage 
of the production of the book, and to Messrs. MacLehose for 
the excellence of their printing and arrangement. 

I shall be grateful for any corrections, additional examples, 
or other suggestions for the improvement of the book. 

L. Lines. 

October, 1934. 
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CHAPTER I 


INTRODUCTION 

In Plane Geometry our thoughts of straight lines, which have 
neither breadth nor thickness, are guided by the actions of 
drawing, and moving the eye along, fairly thick pencil strokes 
on aflat sheet of paper. Even when we use imagination instead 
of pencil and paper, we still take for granted some kind of firm 
background for our diagrams. 

In Solid Geometry, however, it is more useful to think of 
straight lines as stifE wires, or tightly-stretched strings. Planes 
are simply regions where the laws of Plane Geometry hold sway. 

This does not prevent us, in the earlier stages of our study, 
from fixing our ideas by the aid of simple solid models, 
improvised with knitting needles, cork, and cardboard, or, pre¬ 
ferably, with pens, rulers, and books, or, still better, with gas- 
pendants, picture-rails, and walls. The larger the model the 
more instructive it can be, especially if the student is free to 
walk about inside it. It should be borne in mind that our sense 
of the solidity of things depends primarily not on their appear¬ 
ance , but on pur ability to handle them, and to move about in 
relation to them. 

The following rules enable us to represent solid figures on 
paper. Although the underlying theory cannot be fully ex¬ 
plained without the help of certain theorems that will be 
proved in later chapters, we shall run no risk of arguing in a 
circle, for, in the proof of every theorem, we shall refer, not to 
the diagram, but to the solid figure itself. 
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Rule 1. Every pair of equal parallel straight lines in a solid figure 
will be represented by a pair of equal parallel straight lines in the 
diagram. (Cf. 1W1.) 

Rule 2. When it is required to represent right angles, or 
angles of any specified magnitude, three equal, mutually per¬ 
pendicular straight lines in the solid figure will be chosen as axes , 
and represented by equal straight lines, OX, OY, OZ, inclined to 
one another at angles of 120° (Isogonal Projection), or OY, OZ may 
be horizontal and vertical, and OX drawn in any other direction 
and reduced in any ratio (Oblique Projection). (See 1W2.) 

Rule 3. Sometimes, in order to give an appearance of soli¬ 
dity, we shall suppose that some faces are ojpaque , obliterating 
all that lies behind them, others partially so, causing all lines 
behind them to be dotted. Partially transparent faces, on the 
other hand, merely reduce the apparent thickness of lines seen 
through them, while wholly transparent faces have no effect 
whatever. (See Worked Example 1W1.) 

Def. : A surface is a boundary separating one portion of 
space from a neighbouring portion. 

Def. : A line is a boundary separating one portion of a surface 
from a neighbouring portion. 

Def. : A point is a boundary separating one portion of a line 
from a neighbouring portion. 

In general, a line intersects another line, or a surface, in one 
or more points , and two surfaces intersect one another in one 
or more lines . 

A moving point may trace a line ; a moving point or line may 
carve out a surface ; and a moving point, line or surface may 
sweep out a portion of space. 

A point has no dimension ; a line has one , a surface two, and 
space itself three dimensions . Magnitudes of one, two, and three 
dimensions respectively are called length, area, and volume. 

Def. : A plane is a surface such that the infinite straight line 
through every pair of its points lies wholly in it. 
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When planing a piece of wood, a joiner uses this definition 
to test its flatness. His method is to lay a straight-edge across 
the surface in a number of positions between his eye and a 
window; any glint of light between them reveals imperfect 
contact, and proves that the surface is not truly plane. 

Def. : Points, lines and surfaces, their parts, and parts of 
space, are classed together as figures ; and any group of figures 
may itself be called a figure. 

Def. . If a single portion of space not pierced by holes is 
bounded only by plane polygons, it is called a polyhedral solid, 
and its surface is called a polyhedron. 

Def. . If two faces of a polyhedron are congruent polygons, 
and all the remaining faces are parallelograms, the polyhedron 
is called a prism. 

Def. : A prism whose faces are all parallelograms is called a 
parallelepiped. If every face is a rectangle, it is called a cuboid, 
and if every face is a square, it is called a cube. 

Def. : If one face of a polyhedron is a polygon, and all the 
remaining faces are triangles with a common vertex, the poly¬ 
hedron is called a pyramid. 

Dei. . A triangular pyramid is called a tetrahedron. 


Def. : A polyhedron consisting of eight 
t riangular faces, with four at each vertex, 
is called an octahedron. (Fig. 1.) 

Fig. l.—O ctahedron. 

Def. : Two planes, a straight line and a plane, or two 
straight lines in the same plane, are said to be parallel if they 
have no point in common. 

Def. : A straight line which remains parallel to a fixed 
straight line while intersecting a fixed line (curved, straight, 
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or co nsisting of segments of curves and straight lines), carves 

out a cylindrical surface. (I- ig. 2.) ^ 

Def. : A straight line which passes through a fixed point 
while intersecting a fixed line carves out a conical surface, and 
the fixed point is called its vertex. (Fig. 3.) 

Def. : The portion of space enclosed by a cylindrical surface 
and two parallel planes is called a cylinder. 

Def. : The portion of space enclosed by a conical surface and 

a plane is called a cone. 



FIG. 2.—Cylindrical Surface. Fig. 3.—Conical Surface. 

Def. : The part of a cylinder, cone, prism, or pyramid that 
is intercepted between the base and any other plane is called a 
truncated cylinder, cone, prism, or pyramid. (Fig. 4.) 



Def. : The part of a cone or pyramid intercepted between 
its base and a parallel plane is called a frustum. (Fig. 5.) 

Def. : A polyhedron all of whose vertices lie in one or other 
of two parallel planes is called a prismoid. (Fig. 6.) 
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Def. : A spherical surface is the locus of a point whose dis¬ 
tance from a fixed point, called the centre, is constant. The 
part of space inside a spherical surface (and sometimes the 
surface itself) is called a sphere. 

WORKED EXAMPLES 

1W1. Show graphically how a cube can be cut up into six equal square 
pyramids. (Fig. 7.) 



Fig. 7. 


For this purpose an accurate representation is unnecessary, 
and a symmetrical one unsuitable. 

We simply use Rule 1, representing the cube by two equal 
parallelograms and the parallel joins of corresponding ver¬ 
tices. 

It follows from symmetry that the four diagonals bisect one 
another and form the oblique edges of square pyramids stand¬ 
ing on the faces of the cube. 

A clearer diagram can be obtained by supposing the faces of 
t he cube to be nearly transparent, and the triangular faces of 
t he pyramids to be nearly opaque. In this case we first draw 
faintly the twelve edges and the four diagonals of the cube, and 
then indicate “ degrees of visibility ” in accordance with 
Rule 3. 

Note : “ Pictorial Effect ” should be employed only when it 


/M 
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really serves to clarify a problem. It must never be used as a 
substitute for logical thinking and exact statement. 

1W2. In a diagram employing Rule 2, given any straight line cutting 
the axes OX, OY in A, B respectively, and any point P in the plane XO Y, 
construct a straight line from P at right angles to AB. (Fig. 8 and 

Fig. 8a.) 



Fig. 8. Fig. 8a. 


From OY and XO produced, cut off OA', OB' equal to OA, OB 
respectively. In Fig. 8 a, where OX is drawn on a reduced 
scale, make OX' =OX and draw AA' || XY, and BB' || YX\ 

Then AOB, A'OB' represent congruent right-angled triangles, 
with corresponding sides at right angles to one another. 

From P draw PN || A'B'. 

Then PN represents the perpendicular to AB. (q.e.f.) 


1W3. Show that a tetrahedron can be inscribed in any parallelepiped 


with one edge of the former lying on each face of the latter. (Fig. 9.) 



The tetrahedron has six edges, 
arranged three at each vertex, while 
the parallelepiped has six faces, also 
arranged three at each vertex. 

Hence, by symmetry, the edges of 
the inscribed tetrahedron are dia¬ 


gonals of the faces of the parallele¬ 


piped, as shown in the figure. 


(q.e.d.) 


INTRODUCTION 


7 


1W4. Starting from F 0 , a figure of zero dimension, viz. a point, form a 
series of figures, F lt F 2 , F 3 , of 1, 2, 3 dimensions respectively, such that 
each is formed from the preceding by “ expanding ” all its points into 
equal parallel straight lines. (Fig. 10.) 

Starting with a point A for F 0 , 
we get a straight line AB for F : ; 
expanding again, we get a par¬ 
allelogram A BCD for F 2 ; and 
this, on expansion, gives a par¬ 
allelepiped ABCD,EFGH for F 3 . 

Note : Such figures are said 
to be analogous, and each is said 
to be an analogue of the others. 

Thus, in two dimensions, the 
analogue of the parallelepiped is the parallelogram. In three 
dimensions, however, there is more than one analogue of the 
parallelogram, for the latter can be formed from the straight 
line by more than one law of formation, just as, in Algebra, 
an a.p. and a g.p. may have two terms in common. 

EXAMPLES 1A 

1A1. Find, by means of a rough sketch, what polyhedron has its 
vertices at the middle points of the edges of a tetrahedron. 

1A2. Show graphically that the joins of the middle points of 
opposite edges of any tetrahedron bisect one another. 

1 A3. State the two - dimensional analogue of the following 
theorem in three dimensions : 

“ The volume of a pyramid is equal to one-third of that of a prism 
on the same base and with the same height.” 

1A4. Form a series of figures of 1, 2, and 3 dimensions, the law of 
formation being that all points on the boundaries of the figures are 
to be at the same distance from a fixed point. 

1A5. Tabulate the numbers of vertices, edges, and faces belonging 
to the parallelepiped, tetrahedron, and octahedron. 


x 
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EXAMPLES IB 

1B1. Draw the plane-faced solid whose vertices are the centres of 
the faces of a given parallelepiped ABCD,XYZW. 

1B2. Draw an irregular octahedron, U,ABCD,V, where U, V are 
a pair of opposite vertices, and show graphically that the centres of 
its faces are vertices of a parallelepiped. 

IB3. Draw a triangular prism and cut it up into three tetrahedra. 

1B4. Using Rule 2, represent a regular octahedron with all its 
vertices on the axes. 

1B5. Construct a cube with the centres of its faces on the axes. 

1B6-9. Discover one or more three-dimensional analogues of the 
following two-dimensional theorems : 

(1B6) “ If two straight lines are parallel to the same straight line 
they are parallel to one another.” 

(1B7) “ The square on the diagonal of a rectangle is equal to the 
sum of the squares on two adjacent sides. 

(1B8) “ The locus of a point which moves so that its distances 
from the ends of a straight line are equal is the straight line which 
bisects it at right angles.” 

(1B9) “ If two circles intersect, their line of centres bisects their 
common chord at right angles.” 

EXAMPLES 1C 

101. In the plane XOY construct any triangle with one vertex on 
OX and its orthocentre at O. 

102, 3. Form series of figures, each starting with a point, using 
the following laws of formation : 

(1C2) “ All points of one figure are joined to the same point out¬ 
side it to form the next figure of the series.” 

(1C3) “ All points of each figure are joined to both extremities of 
a straight line whose middle point is the centre of the figure. 

1C4. What theorem of Plane Geometry is analogous to the follow¬ 
ing three-dimensional theorem : 

“ Of three plane angles at a corner of a triangular pyramid, any 
two are together greater than the third.” 
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1C5. Discover, and state without proof, a theorem of Solid 
Geometry analogous to the following two-dimensional theorem : 

“ One and only one circle will pass through any three points that 
do not lie in the same straight line.” 

1C6. By considering the usual method of folding a filter-paper, 
show that the inner surface of a common laboratory filter is a surface 
of revolution carved out by a straight line inclined to the axis at an 
angle of 30°. 










CHAPTER II 

INTERSECTIONS 

Axiom 1. Through any two points in space there is one 

and only one infinite straight fine. 

If a straight line passes through two points A and B, we may 
therefore refer to it simply as “ AB Similarly, if a point lies 
on two straight lines a, b, we may call it the point ab . 

Axiom 2. Through any three points which are not in the 
same straight line there is one and only one plane. 

From the definition of a plane it follows that two points A, 
fix one str. line in a plane. We can think of the points as hinges, 
and of the plane as a door rotating about the line of the hinges 
until it comes to rest in contact with the third point C. 

If a plane passes through three points A, B, C, we may there¬ 
fore refer to it simply as “ pi. ABC If the str. line AB is 
called “ m ”, the plane ABC can be called “ mC ; and li e 
str. line BC is called “ n ”, the plane ABC can be called mn . 

Axiom 3. If two planes have a common point they have a 
common straight line. 

This fact is liable to be overlooked when the planes are repre¬ 
sented in a diagram by parallelograms or triangles. 

If we represent the planes by the Greek letters a and ft, 
can call their line of intersection «/J. Similarly the str line m 
cuts the plane a in the point am ; and fr, the line of inter¬ 
section of the planes /3, y, cuts the plane a m the point a/3y, 
• a#y is the point of intersection of the planes a, p, y. 
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Def. : Points in the same straight line are said to be 
collinear. 

Def. : Figures of less than three dimensions are said to be 
concurrent, if they have one common point, 
coaxal, if they have two common points, and 
coplanar, if they lie in the same plane. 

Def. : Sets of lines that are not coplanar are said to be skew. 

Any two upright lamp-posts are coplanar ; a piece of canvas, 
for example, if they are sufficiently close together, could be 
stretched flat between them in a vertical plane ; but each of 
them is skew to the tram-lines down the centre of the road. 
(The student may amuse himself by considering whether the 
above statement is strictly true of every pair of upright lamp- 
posts, e.g. one in Capetown and the other in New York.) 

WORKED EXAMPLES 

2W1. OAA', OBB', OCC', OD D' are four straight lines through the same 
point O, and no three of them are coplanar. ‘ If AB meets CD in E, and 
A'B' meets C'D' in E', prove that the points O, E, E' are collinear. 

(Fig. 11.) 



Fig. ll. 


0, E, and E' are in both planes OAB and OCD ; and these have 
a common point O ; 

they have a common straight line ; (Ax. 3) 
O, E, E' lie in this straight line. (q.e.d.) 
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Def. : A straight line joining a vertex of a triangle to the 
middle point of the opposite side is called a median of the 

triangle. . , 

Def. : The point of intersection of the medians of a triangle 

is called its centroid. (Cf. Ch. IX.) 

Def. : The straight line joining a vertex of a tetrahedron to 
the centroid of the opposite face is called a median of the tetra- 
hedron. 

2W2. Prove that the medians of a tetrahedron are concurrent and 
divide each other in the ratio 3 i 1 . (Fig. 12.) 


B 

Fig. 12. 

Let X be the middle point of the edge BC of any tetra¬ 
hedron ABCD, and let Z, Y divide XA, XD respectively in the ratio 

1 : 2 . 

Then AY and DZ are medians of the tetrahedron, and lie in 
the plane AXD. they intersect at some point G. 

YZ is parallel to DA, making two pairs of similar triangles ; 

/. YG:GA = YZ:AD = YX:DX = 1:3; 

the median AY is quadrisected (i.e. divided in the ratio 
3:1) by one of the other medians ; it follows that every 
median is quadrisected by each of the others , .. they must 
have a common point of quadrisection. 

i.e. the medians are concurrent, and divide one another in 

the ratio 3:1. (q.e.d.) 
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2W3. OA, OB, OC are three coplanar straight lines, and OD is any 
straight line not in their plane. A straight line cuts planes AOD, BOD in 
the points P, Q respectively. Represent these in a diagram, and show how 
to find the point R, where PQ cuts plane COD. (Fig. 13.) 



Fig. 13. 

PQ cuts plane OCD at some point on the line of intersection 
of planes DPQ and OGD. 

But plane DPQ cuts plane OABC in the points A', B', C', 
where DP, DQ, DR cut OA, OB, OC respectively. 

Hence the method: Draw DPA', DQB', then A'B'C', and 
finally DC', cutting PQ in the required point R. 

2W4. If three planes intersect, two by two, show that their lines of 
intersection are either concurrent or parallel. 

Let the three planes be a, j8, y. The straight lines yoc and a/? 
lie in the same plane oc ; they either intersect or are parallel. 

If they intersect , their common point lies on all three planes ; 
i.e. it is a/3y ; 

/. it lies on fty ; 

/? y, yoc , a/? are concurrent. 

(Q.E.D. (i).) 

If ya and a/3 are parallel, there is no point ajS y ; 

neither yoc nor a/? can cut fly. 

But a/3 and jS y lie in plane /J; 

they are parallel. 

Similarly yoc and are parallel. 


(q.e.d. (ii).) 
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2W5. Prove that, if the joins of corresponding vertices of two triangles 
are concurrent, the intersections of their corresponding sides are collinear. 
(Fig. 14.) 

,v 



Fig. 14. 


Let (f> and (/>' be the planes of two triangles ABC, A'B'C', and let 
AA', BB', CC' intersect in the point V. 

Then V, B, C, B', C' are coplanar and their plane cuts (fxf >' in 
some point P ; 

BC cuts B'C' at P in </></>'. 

Similarly the other pairs of corresponding sides intersect at 
points on <fxf>', the line of intersection of the planes of the 
triangles. (q.e.d.) 

Note : The case of coplanar triangles may be regarded as 
the limiting case, where the angle between the two planes is 
infinitely small, or it can be proved independently by Menelaus’ 
Theorem. 

Def. : If the joins of corresponding vertices of two plane 
polygons are concurrent, they are said to be in perspective. 

2W6. Prove that through any point on one of three skew straight lines 
one and only one straight line can be drawn to cut the other two, or to cut 
one and be parallel to the other. 

Let m, n, p be the given shew straight lines, and P any point 
on p. 

Then the planes Pm, P n have the common point P ; 

/. they have a common straight line PQ. (Ax. 3) 


INTERSECTIONS 15 

As PQ is coplanar with m, they must either be parallel or 
intersect; and similarly with n. (q.e.d.) 

Def. . The system of straight lines that cut three given skew 
straight lines, or cut two while being parallel to the third is 
called a Regulus. 

2W7. Given points P, Q, R on the sides AB, BC, CD of a skew quadri¬ 
lateral, find S, the point of intersection of AD with the plane PQR. 

(Kg. 15.) 



In plane ABC, AQ cuts PC in some point X. 

In plane XCD, XD cuts PR in some point Y. 

In plane XAD, QY cuts AD in some point S. 

Then S is the point on AD coplanar with P, Q, and R. 

(Q.e.d.) 

EXAMPLES 2A 

, ,“ >AL Dlscuss whether any of the following figures are impossible, 
■unreasons in each case, and mention familiar examples of the 

(1) Three parallel straight lines that do not lie in a plane. 

(?) Three COncurrent straight lines that are not coplanar. 

(■1) Two skew straight lines cut by two intersecting straight lines. 
(1) Three planes having only two lines of intersection. 

'^igld'Iines 0461 ' 360 ^ 118 PkneS CUttiDg an ° ther Pkne “ parallel 
(<>) Three skew straight lines cutting each of two others. 
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2A2. In Algebra, we often express the argument 
“a=6, and b—c; 


in the form 


1 a=6=c. 


In a similar way, using the sign || for “ is parallel to ”» and small 
letters for straight lines, and Greek letters for planes, we can write 

« Xf a II P || y, then a || y ” ; 

for the following statement: 

“ If two planes are parallel to the same plane t ey are par 

0n Where h possible, complete the following statements in this way, 

and express them in words : 

x -rr -»i *• '! c, then .... 


(1) If a 


(2) If a || 0 || c, then ... 


(3) If a | 

(4) If a 


y, then .... 
I y, then .... 


(5) If a || P II 6, then ... . 

2A3 If the edges DA, DB, DC ; BC, CA, AB of a tetrahedron are 
respectively 3, 7, 9 ; 4, 10, 8 cm. long find 
the shortest string that can be stretched from B 
AC (Notice that the length of one of the edges does not affect the 
problem ; imagine it to be lengthened (not produced) until the whol 
figure can be drawn in a plane.) 

EXAMPLES 2B 

2B1 Find the locus of a point P which is free to move in a straight 
wS iteetf p»» through . fixed point O and a fixed straight 

linen. , 

2B2. Find the locus of a straight line p which intersects two fixe 
JJht fines „ and ,, (1) if » and . intersect one another, and 

(2) if m and n are skew. 

2B3. If AB and CD are skew straight fines, prove that AD and BC 
are skew. 


INTERSECTIONS 

2B4. If A and B are fixed points and m and n are fixed straight 
lines, find the locus of a point P such that the straight lines PA, PB 
pass through m and n respectively. 

2B5. Prove that, if three straight lines intersect, two by two, they 
are either coplanar or concurrent. 

2B6. Two long, unequal nails project vertically from the upper 
surface of a table, and a flat card leans across their heads, and slips 
into several successive positions, its lower edge leaving marks in the 
dust on the table. Prove that these marks, if produced, will be 
concurrent straight lines. 

2B7. A leaf of a book is folded twice, forming a triangular funnel, 
with the free edge in contact with the undisturbed part of the leaf. 
If the creases cut the top edge of the leaf 1 inch and 3 inches respec¬ 
tively from the free corner, and the second crease cuts the bottom 
2 inches from the free corner, find where the first crease cuts the 
bottom edge. 

2B8. Show that, if three or more coaxal planes cut another plane, 
the lines of intersection are either concurrent or parallel. 

2B9. If P, Q, R, S are points on the sides AB, BC, CD, DA of a skew 
quadrilateral ABCD, and PS and QR intersect one another, prove that 
PQ, RS, and AC are concurrent. 

2B10. The side AB of a skew quadrilateral ABCD is 4 inches long, 
and is cut at the point P by a plane which divides BC, CD, DA in the 
ratios 2:3, 3:4, 4:5 respectively. Find graphically the length 
of AP. 

EXAMPLES 2C 

2C1. If ABCD is the base of a pyramid with its triangular faces 
equilateral, prove that ABCD is a square. 

2C2. If ABCD is any tetrahedron, and the bisectors of the three 
angles at D cut the edges BC, CA, AB in the points X, Y, Z respectively, 
prove that AX, BY, CZ are concurrent. 

2C3. Given a diagram of two straight lines the representation of 
whose point of intersection would require the sheet of paper to be 
extended, show how to construct a concurrent straight line through 
a given point. 






18 SOLID GEOMETRY 

204. Given, in representation, one of two triangles in perspective, 
one vertex of the other, the direction of the median through it, and 
the line of intersection of their planes, construct the second triangle. 

205. If two triangles lie in different planes, and corresponding 
sides intersect, prove that, in general, the joins of corresponding 
vertices are concurrent. Discuss the exceptional case. 



CHAPTER III 


PARALLELS 

Def. : Two planes, a straight line and a plane, or two 
straight lines, are said to be exclusive, or to exclude one another, 
if they have no point in common. 

It is sometimes useful to consider a straight line, which lies m 
a plane, as being parallel to it; if we can prove, for example, 
that a straight line is parallel to a plane and passes through one 
point in it, then the straight line must lie in the plane. 

Axiom 4. (Playfair’s Axiom.) Through any point in space 
there is one and only one straight line parallel to a given 
straight line. 

Notation : The sign || stands for “ is (or are) parallel to ”. 


Theorem 3T1 

If a straight line is parallel to one straight line in a plane, 
it is parallel to the plane ; and , conversely , if a straight line 
in one plane is parallel to another b 

plane, it is parallel to their line of 
intersection. (Fig. 16.) 

Let AB be any straight line parallel / 

to any straight line CD in the plane C/ / 

CDE ; to prove that AB || CDE. / 

As AB and CD are parallel, they are 
coplanar. FlG ' 16 ’ 

Plane ABCD meets plane CDE in the straight line CD, and in 
no other point, unless they coincide. (Ax. 3) 

19 
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But AB does not meet CD, as they are parallel. 

/. AB does not meet plane CDE, unless it lies wholly in it; 

AB || CDE. (Q.E.D.) 

Converse : Let AB in plane ABCD be parallel to plane CDE ; 
to prove that AB || CD. 

AB excludes plane CDE ; 

/. AB excludes CD. 

But they are coplanar ; 

/. they are parallel. (q.e.d.) 

Theorem 3T2 

If two straight lines are each parallel to a third, they are 
parallel to one another. (Fig. 17.) 



Let AB and EF be each parallel to CD ; to prove that AB || EF. 
Suppose plane ABE to cut plane CDEF in the straight line EG. 
As AB || CD, 

plane EAB || CD, and plane ECD || AB ; (3T1) 


/. being in plane ECD, EG || CD, (3T1) 

and, being in plane EAB, EG || AB ; (3T1) 

EG coincides with EF ; and || AB ; (Ax. 4) 

EF || AB. (Q.E.D.) 
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Theorem 3T3 

Through any point there is one and only one plane parallel 
to two given non-parallel straight lines. (Fig. 18.) 

Let m and n be any two non¬ 
parallel straight lines (either co¬ 
planar or skew), and let O be any 
point; to prove that there is one and 
only one plane through O parallel to 
m and n. 

Let planes O m, On meet any 
plane a through O in the straight 
lines OA, OB. Fig. 18. 

If a || m and n. 

then OA in pi. Om is parallel to m. (3T1) 

Similarly OB || n. 

Through O there is one and only one straight line parallel to 
each of the straight lines m and n. (Ax. 4) 

These straight lines, OA, OB, lie in any plane a, which is 
parallel to m and n . 

/. there is one and only one such plane. 

(Q.E.D.) 

Corollaries : 

(1) If two planes are parallel to the same pair of 
non-parallel straight lines, they are parallel to one 
another. 

(2) There is one and only one pair of parallel planes 
on each of which lies one of a given pair of skew 
straight lines. 

(3) If two angles have their corresponding arms 
parallel, they lie in parallel planes. 

(4) Planes that are parallel to the same plane are 

PARALLEL TO ONE ANOTHER. 
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Proof of each of the above corollaries : 

“ . . . For otherwise there would be two planes through the 
same point parallel to each of two non-parallel straight lines.” 

Note on (3) : Observe first that the arms of one angle are 
parallel to the plane of the other by 3T1. 

Theorem 3T4 

If a plane cuts two parallel planes, the lines of intersection 
are parallel. (Fig. 19.) 

Let the parallel planes cc, p cut any 
a 3 plane y ; to prove that 

)\ r\ ^ 11 

/if / As a excludes jS, every line in a 

A --x excludes every line in ft ; 

\Z_ _ _ _—> /. ay excludes |8y. 

FlG - 19 - But they are coplanar ; 

ay || fiy. (q.e.d.) 

Corollary : Two sets op parallel planes intersect in 
parallel straight lines. 

Theorem 3T5 

If any two straight lines are cut by a number of parallel 
planes, their intercepts are proportional. (Fig. 20.) 
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Let the parallel planes a, y cut any two straight lines in the 
sets of points A, B, C and P, Q, R respectively ; to prove that 

AB : BC = PQ : QR. 

Let AR cut jS in S. 

Then the plane ACR cuts the parallel planes jS, y in BS, CR 
respectively ; 

BS || CR. (3T4) 

Also the plane APR cuts the parallel planes a, /3 in AP, SQ 
respectively ; 

.\ AP || SQ ; (3T4) 

AB : BC = AS : SR = PQ : QR. (q.e.d.) 

Def. : If, through a given point, straight lines are drawn 
respectively parallel to any two given straight lines in space, 
the four angles so formed are said to be determined at the given 
point by the given straight lines. 

Theorem 3T6 

Any two straight lines determine equal angles at all points 
of space. (Fig. 21.) 



fig. 21. 

A a ' , 

Let ABC, XYZ he the angles determined at B and Y respectively 

; y any two straight lines m, n ; and let their corresponding arms 

A A 

equal and drawn in the same sense ; to prove that ABC =XYZ. 
As AB and XY are || m ; 

AB || XY. (3T2) 
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Similarly BC || YZ. 

But AB=XY, and BC = YZ; 

.\ AX = and || BY, and BY = and || CZ ; 

AX = and||CZ: (3T2) 

AC = and || XZ ; 

/. the triangles ABC, XYZ have three sides of one equal re¬ 
spectively to three sides of the other ; 

ABC =XYZ. (q.e.d.) 

Corollary : If two angles have corresponding arms 

DRAWN PARALLEL AND IN THE SAME SENSE, THEY ARE EQUAL. 

Def. : The angle determined at any point by two skew 
straight lines is called the angle between them. 

WORKED EXAMPLES 

3W1. Prove that, if a straight line is parallel to two planes, it is parallel 
to their line of intersection. (Fig. 22.) 



Let m be the given straight line , and P any point on the line of 
intersection of the given planes oc and /3 ; to prove that m || a/J. 
Let plane Pm cut a in PA, and /J in PB. 

As m in Pm is || a, 

m || PA. (3T1) 
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As m in Pm is || /J, 

m || PB ; (3T1) 

PA and PB coincide ; (Ax. 4) 

they coincide with a/?; 
m || a/3. (q.e.d.) 

3W2. Prove that the joins of middle points of opposite edges of a 
tetrahedron bisect one another. (Fig. 23.) 

Let P, Q, R, S be the middle points of 
the edges AB, BC, CD, DA respectively ; to 
prove that PR and QS bisect one another . 

As PQ bisects two sides of the triangle 
ABC, 

.\ PQ || AC, and = |AC. 

Similarly RS || AC, and = |AC ; 

.’. PQ = and || RS ; (3T2) 

PQRS is a parallelogram ; 

.*. PR and QS bisect one another. 

Similarly other pairs of joins of middle points of opposite 
edges bisect one another. (q.e.d.) 

3W3. If no three of the concurrent straight lines OA, OB, OC, 
OD are coplanar , find points on them which are vertices of a 
parallelogram. How many solutions are there , if the vertex P, on 
OA, is given ? (Fig. 24.) 



The planes OAB, OCD intersect in a straight line OX. (Ax. 3) 
Draw PY, PQ || BO, XO, cutting OX, OB in Y, Q respectively. 
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Draw YS, SR |l OC, XO, cutting OD, OC in S, R respectively. 
Then PQ = and|| YO = and!|SR, being opposite sides of 
parallelograms ; 

PQRS is a parallelogram. (q.e.ix (i).) 

The four given straight lines determine three different pairs 
of planes : OAB, OCD ; OBC, OAD ; OCA, OBD ; 

there are three different solutions. 

(q.e.f. (ii).) 


3W4 Given, in a diagram, any two triangles ABC, XYZ m 
parallel planes, and a point P on AX produced, construct a straight 

line through P to cut BY and CZ, 
j (Fig. 25.) 

DrawXB', B'C' || AB, BC, cutting 
A .-^— J-J 7^ > j c pb, pc in B', C' respectively. These 

| B-'f. _ i _1 2 are the lines of intersection of planes 

ABP, BCP with plane XYZ. 

I Let B'Y cut C'Z in some point Q. 

i ///■'' Y Then Q lies in planes PBY, PCZ ; 

FI0 25 . /. PQ, cuts BY and CZ. (q.e.f.) 

3W5. Note: Intervals measured in opposite directions along 

the same straight line are regarded as having opposite signs. 
Thus AB = - BA. 

It follows that if A, B, C are points in order on a straight line, 
AB : BC is positive, 
an( j AC : CB is negative. 

Prove the following three-dimensional extension of the Theorem of 


Menelaus : 

If the sides AB, BC, CD, DA of any skew quadrilateral are cut 
by any plane in the points P, Q, R, S respectively, then 

AP BQ CR DS = i 
PB QC RD SA 
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and, conversely, points which divide the sides in such a way that 
the above relation is true , are coplanar. (Fig. 26.) 

On one side of the plane there 
may be A. 

(a) four vertices, or none ; / • 

(b) three vertices, or one ; / ' v V\ 

(c) two adjacent vertices, or 1 \\\ D 

(d) two opposite vertices. ! \\ / 

B_ i \ \/ 

In Case (a), all the edges are 77 r 

cut externally, making all fouT Y 

ratios negative; in Cases (b) and F 26 

(c), two edges are cut externally, 

and two internally, making two ratios negative, and two 
positive ; while in Case (d), all are cut internally, making all 
four ratios positive. 

Thus in every case the product of the four ratios is positive. 

Let the plane through A parallel to PQRS cut BC, CD in X, Y 
respectively . 

Then AX, XY, YA are parallel to PQ, QR, RS respectively ; (3T4) 

AP_XQ XQ_YR 5?_dr 
•* PB~QB’ qc~rc’ sa~ry’ 

AP BQ CR DS _XQ BQ CR DR 
• # PB QC RD SA “QB QC RD RY 


= / XQ\ / CR 

V Qc; A RY. 


_YR CR 
~RC*RY 

= 1. (Q.E.D.) 

Converse : If P, Q, R, S are points on the sides AB, BC, CD, 
DA of a skew quadrilateral , and 

AP BQ CR DS 
PB QC RD SA “ 5 
then P, Q, R, S are coplanar . 
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Suppose that plane PQR cuts DA in T. 

_ APBQCRDT_, 

Then pB q C rd ja 

DT = DS. 

*' TA " SA ’ 

.*. T and S coincide ; 

P, Q, R, S are coplanar. (q.e.d.) 

Note : By means of a convention, we can extend the scope 
of this theorem so as to include the case where the cutting plane 
is parallel to one of the sides of the skew quadrilateral. 

DS DA + AS 

The ratio SA “ SA 

_DA AS 
~SA + SA 

SA lm 

* the ratio — becomes indistinguishable from -1, when 
SA . .DA 

S moves to an infinite distance from A, making the ratio — 

zero ; i.e. when the plane PQR becomes parallel to DA. 

3W6. E a straight line cuts (or is parallel to) three generators of a 
regulus, it cuts (or is parallel to) every generator. (Fig. 27.) 

4 Let x, y, z be three shew straight 

3 lines determining a regulus, and w 

? a straight line cutting three gener- 

\ ators, 1, 2, 3 ; to prove that w cuts 

x ^ \ an y °^ ier generator, 4, or is parallel 

y - 1 \ to it. 

2 _ —T-T “ \ If (x, y, 1, 2) be any one of the 

\ \ skew quadrilaterals formed by any 

w ~ 1 “ --I \ two lines from each of the sets 

no. 27. x,y,z; 1, 2, 3 ; consider the inter¬ 

sections of its sides with the pairs of lines (z, 3), (z, 4), (w, 3) in 
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turn ; and let each point of intersection be named by means 
of a letter and a suffix. 


Then 

zi«i yiyz 2/2*2 *2*3 1 

Z lVl Vzlh *2*2 *3*1 

(3W5) 


*1*1 Mi 2/2*2 *2*4 2 

*l2/l 2/42/2 *2*2 *4*1 ’ 

(3W5) 


*1^1 Ms ML* = i 

W \D\ 2/32/2 ^2*2 *3*1 

(3W5) 


Multiplying the last two ratios together, and dividing by the 
first, we get 

fflM4F2S = i. 

W lVl y$2 W 2 X 2 X 4 X 1 

w and 4 are coplanar ; ' (3W5) 

they either intersect, or are parallel. 

(q.e.d.) 

Note : It follows from 2W6 and 3W6 that through any point 
on a regulus one and only one straight line can be drawn to cut every 
generator but one, to which it is parallel. 

Hence the generators of any regulus determine a second regulus ; 
and those of the second determine the first. 

Two such reguli are said to be conjugate to one another, 
and the surface determined by them is called a hyperboloid of 
one sheet. 

EXAMPLES SA 

3A1. State and prove 3T1, using exclusively the notation of 3T4 ; 
namely, a single Greek letter for a plane, and the letters of the two 
planes for their line of intersection. 

3A2. Prove 3T2, using the ordinary notation, namely, one capital 
letter for a point, two for a straight line, and three for a plane. 

3A3. State and prove a converse of 3T5. 

3A4. If two planes are parallel to one another, prove that each is 
parallel to every straight line in the other. 

3A5. Interchange the words “ line ” and “ plane ” in the previous 
question. 
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3A6. If two skew straight lines are parallel to a plane, any straight 
line that cuts them both also cuts the plane. 

3A7. The side AB of a skew quadrilateral is 4 inches long, and is 
cut at the point P by a plane which divides BC, CD, DA, in the 
ratios x : 1, y : 1, z : 1 respectively. Calculate the length of AP. 

3A8. If a plane is parallel to any two sides of a skew quadrilateral, 
show that it divides the other two sides proportionally. 

3A9. Defining a parallelepiped as “ the part of space enclosed by 
three pairs of parallel planes ”, prove that its diagonals bisect one 
another. 

EXAMPLES 3B 

3B1. If a straight line and a plane are both parallel to another 
straight line, show that they are parallel to one another. 

3B2. If a straight line is parallel to two of a set of coaxal planes, 
it is parallel to them all. 

3B3. If a straight line and a plane are both parallel to another 
plane, they are parallel to one another. 

3B4. Three planes have a straight line in common ; show that if 
a fourth plane is parallel to one of them, it cuts the other two in 
parallel straight lines. 

3B5. From three collinear points A, B, C, two sets of parallel 
straight lines, AP, BQ, CR, and AX, BY, CZ are drawn, cutting any 
plane in the sets of points, P, Q, R ; and X, Y, Z respectively. Prove 
that PX, QY, RZ are parallel. 

3B6. If a and b are straight lines in the planes a and /S respectively, 
and a || ft and b || a, prove that a || b. 

3B7. Prove that the middle points of the edges of a regular tetra¬ 
hedron are vertices of a regular octahedron. 

3B8. Prove that the centroids of the faces of a cube are vertices 
of a regular octahedron. 

3B9. Prove that planes drawn through the edges of any tetra¬ 
hedron so as to bisect the opposite edges are concurrent. 

3B10. If M and N are opposite vertices of any parallelepiped, 
prove that the middle points of the edges that do not reach M or N 
form a plane hexagon with concurrent diagonals. 
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3B11. A number of electric lamps hang by separate cables from a 
flat ceiling, and only one is lighted. Prove that the shadows cast on 
the ceiling by the other cables are parts of concurrent straight lines. 

3B12. If ABCD,XYZW is any parallelepiped, and P any point in 
space, prove that the planes PAX, PBY, PCZ, PDW are coaxal. 

3B13. The bases of three equal upright poles AA', BB', CC' are in 
a straight line ABC, and AB : BC = 1 : 2. On a sunny day shadows of 
the tops of the poles fall on an inclined roof at P, Q, R. If the 
distances of P and Q from the ridge of the roof are 5 ft. and 8 ft. 
respectively, find the distance of R from the ridge. 

3B14. Show that the centroids of the faces of any octahedron are 
vertices of a parallelepiped. 

3B15. Omit. 

3B16. If P, Q are given points on two opposite edges of a tetra¬ 
hedron, show that through every point on PQ there is one and only 
one plane section of the tetrahedron whose diagonals intersect on PQ. 

3B17. Show that there are three directions in which parallel 
straight lines can be drawn through the four vertices of any tetra¬ 
hedron so that they may cut every plane in the vertices of a parallelo¬ 
gram. 

3B18. Show that, parallel to each of any three skew straight lines, 
there is one straight line that intersects the other two. 

3B19. If two parallel straight lines lie one on each of two inter¬ 
secting planes, show that they are both parallel to the fine of inter¬ 
section of the planes. 

3B20. P, Q, R, S are fixed points, one on each of four rods which 
are loosely hinged together at their extremities to form a variable 
skew quadrilater&l. Show that, if P, Q, R, S are coplanar in one 
position of the rods, they will be coplanar in every position. 

EXAMPLES 3C 

3C1. Find the locus of the centre of a variable parallelogram whose 
vertices move on four skew straight lines. 

3C2. Prove that a section of a tetrahedron made by a plane 
parallel to two opposite edges is a parallelogram whose diagonals 
intersect in the fine joining the middle points of opposite edges. 
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303. Prove that, if the base of a pyramid is a parallelogram, then 
every section which is a parallelogram is parallel to the base. 

3C4. If ABCD is one face of a parallelepiped, and the edges 
through A, B, C, D are cut by any plane in the points P, Q, R, S 
respectively, prove that AP + CR =BQ + DS. 

3C5. Prove that the medians of any tetrahedron intersect at the 
middle point of every straight line joining the middle points of 
opposite edges. 

306. Show that there is one and only one parallelepiped which has 
three edges lying in three given skew straight lines. 

307. If the joins of points on two pairs of opposite edges of a 
tetrahedron bisect one another, show that they divide those edges 
proportionally. 

308. If ABCD,XYZW is any parallelepiped, then through any point 
on AY a straight line can be drawn to intersect BZ, CW, and DX. 

309. ABCD and XYZW are any two parallelograms with corre¬ 
sponding sides parallel, and a variable straight line through AY, BZ, 
CW cuts the plane ADWX in the point P. Find the locus of P. 

3010. Show how to construct a parallelepiped so that three given 
skew straight lines may be diagonals of three of its faces. How many 
solutions are there ? 

3011. Given the representations of ABCD, XYZW, two parallelo¬ 
grams with corresponding sides parallel, and any point P on AY, 
construct a straight line through P to cut BZ, CW, and DX ; and find 
its points of intersection with planes ABCD and XYZW. 

3012. Two circles are drawn in parallel planes, and OA x , QB X ; 
OA 2 , QB 2 ; OA 3 , QB 3 ; etc., are pairs of parallel radii such that the 
angles A x OA 2 , A 2 OA 3 , etc. are equal. Prove that AiB 2 cuts each of the 
lines BiA 2 , B 2 A 3 , B 3 A 4 , etc. 

3013. Show that, if a regulus is determined by three skew straight 
lines which are all parallel to the same plane, then its generators are 
all parallel to another fixed plane. 
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Def. : If the angle between two straight lines (whether skew 
or coplanar) is a right angle, they are said to be “ at right angles ”, 
or “ perpendicular to one another 

Def. : If a straight line is perpendicular to every straight 
line in a plane, it is said to be normal to the plane, or to be per¬ 
pendicular, or at right angles to it. 

Notation : The sign _j_ stands for “ is (or are) perpen¬ 
dicular to ”. 

Theorem 4T1 

If a given straight line is perpendicular to a pair of non¬ 
parallel straight lines in or parallel to a plane, it is normal to 
the plane itself. (Fig. 28.) 

Let p_\_m and n, and let m 
and n || a ; to prove that pj_<x. 

Let AB be any straight line 
in a. 

Draw AP || p, and let planes 
Am, A n cut a in AM, AN respec¬ 
tively. 

Then 

AM || m, and AN || n. (3T1) 

Produce PA to Q, making AQ=AP, and let MN cut AB in R. 

As MA, NA bisect PQ at right angles, (3T6) 

PMQ, PNQ are isosceles triangles ; 

.’. triangles MPN, MQN are congruent; 
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PR = QR ; 

triangles PAR, QAR are congruent; 

ARJLPA; 

/. AB±p ; (3T6) 

pA_ every straight line in a ; 

PA-X- (Q.E.D.) 

Cor. 1. If a straight line is normal to one of a set of 
PARALLEL PLANES, IT IS NORMAL TO THEM ALL. (3T3) 

Cor. 2. If a plane is normal to one of a set of parallel 
STRAIGHT LINES, IT IS NORMAL TO THEM ALL. (3T6) 

Theorem 4T2 

Planes that are normal to the same straight line are 
parallel to one another. ^ (Fig. 29.) 


A 



Fig. 29. 


Let AB J_a and j8 at A and B respectively. 

A 

If there were a point X common to planes a and /3, XAB and 

A 

XBA would be right angles ; but this is impossible, as XAB is a 
triangle. 

a and /3 have no common point; 

.*. they are parallel. (q.e.d.) 

Cor. 1. Through any point in space there is one and 

ONLY ONE PLANE NORMAL TO A GIVEN STRAIGHT LINE. 

Cor. 2. If a set of connected straight lines are all 

PERPENDICULAR TO A GIVEN STRAIGHT LINE, THEY ARE CO- 
PLANAR ; for each pair determines a plane normal to the given 
straight line. 


$;\C 
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E.g.: if the straight lines AB, BC, CD, CE, CF are all perpen¬ 
dicular to the straight line p, they are coplanar. 

Theorem 4T3 

Straight lines that are normal to the same plane are 
parallel to one another. (Fig. 30.) 

Let AB and CD _[_ plane BDE; to prove that 
AB || CD. 

In plane BDE, draw BF_|_BD. 

Then AB, BD, DC are all perpendicular to BF; 

.‘. they are coplanar. (4T2) 

But AB, CD are both J_ BD ; 

.'. they are parallel. (q.e.d.) 

Cor. 1. Through any point in space there is one and 

ONLY ONE STRAIGHT LINE NORMAL TO A GIVEN PLANE. 

Cor. 2. If a set of connected straight lines are all 

PERPENDICULAR TO A GIVEN PLANE, THEY ARE COLLINEAR. 



Theorem 4T4 

There is one and only one common perpendicular inter¬ 
secting two skew straight lines, and its intercept is the 

shortest distance between them. 
(Fig- 31.) 

/ Let AB, CD be any two skew straight 

/ lines , and let AC be any straight line 

joining them. 

w Let DE H AB * 

Then AB || plane CDE. (3T1) 

E Let AM J_ plane CDE. (4T3) 

Let plane ABM cut CD in N. 

As AB in plane ABM is parallel to plane CDE, 

AB || MN. (3T1) 

Complete the parallelogram AMNP. 
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Then PN || AM, and AM_Lplane CDE ; 

PNJ_pl. CDE ; ( 4T1 ) 

PN J_CD and DE ; 

PNJ_CD and AB. (3T6) 

(Q.E.D. (i).) 

(ii) If P'N' were another common normal, 

P'N'_Lpl. CDE ; (3T6) 

P'N' || PN ; (^T3) 


which is impossible, as AB, CD are not coplanar ; 

the common normal is unique. 

(q.e.d. (ii).) 


(iii) As AM_Lpl. CDE, 

AMXCM ; 
/. AM<AC; 
PN<AC. 


Similarly PN<any other line joining AB and CD. 

• PN is the shortest distance between AB and CD. 

(q.e.d. (iii).) 


WORKED EXAMPLES 

4W1 Show that every plane section of a sphere is a circle. 

(Fig. 32.) 

If O be the centre of the sphere, and 
A, B, C any three points on the line of 
section of the spherical surface with a plane, 
let ON be the normal from O to the plane. 
In triangles ON A, ONB, ONC, 

ON is common, 

OA = OB = OC (radii of sphere), 
ONA, ONB, ONC are right angles ; 
the triangles are congruent; 

/. NA=NB=NC ; 



Fig. 32. 
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/. the line of section is a circle with centre at the foot of the 
perpendicular from the centre of the sphere to the plane of 
section. (q.e.d.) 

4W2. Show that one and only one sphere will pass through any 
four points not in the same plane. 

(i) Let A, B, C, D be the given 
points , R the middle point of BD, 
and P, Q the centres of circles 
BCD, ABD. 

As A, B, C, D are not co¬ 
planar, PRQ is not a straight 
line. 

In plane PRQ, draw PS, QS 
JLPR, QR respectively, and let 
S be their point of intersection. 

As BDJLRP, RQ, 

BD J_SP, SQ ; 

SPJ_BD, RP, and SQi_BD, RQ ; 

.*. SP_Lpl. BCD, and SQJ.pl. ABD. (4T1) 

Triangles AQS, BQS, DQS are congruent, as AQ = BQ = DQ, 
and angles at Q are right angles. Similarly triangles BPS, CPS, 
DPS are congruent; 

/. AS = BS = CS = DS ; 

S is the centre of a sphere through A, B, C, D. # 

(q.e.d. (i).) 

(ii) Suppose S' is the centre of another sphere through A, B, G, 
D ; and draw S'P', S'Q' J_ planes BCD, ABD respectively. 

Then triangles AQ'S', BQ'S', DQ'S' will be congruent, as 
AS' = BS' = DS', and the angles at Q' are right angles. 

Q' must coincide with Q,; and similarly P' will coincide 

P ; S' must coincide with S ; 

.*. there is a unique spherical surface through the four given 
points A, B, C, D. (q.e.d. (ii).) 


(Fig. 33.) 



(4T1) 
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4W3. If the middle points of the edges of a tetrahedron lie 
on a sphere, show that opposite edges are at right angles to one 

another. (Fig. 34.) 

Let P, Q, R ; X, Y, Z be the 
middle points of the edges BC, CA, 
AB; DA, DB, DC of a tetrahedron , 
and let P, Q, R ; X, Y, Z lie on a 
sphere; to prove that AB J_C D, etc. 

XY, joining the middle points 
of DA, DB, is || AB and =|AB. 
Similarly, QP || AB and =|AB ; 

• XY = and || QP ; 



XYPQ is a parallelogram. 

It is inscribed in a plane section of a sphere ; i.e. in a circle; 


it is a rectangle ; 
XYJ_YP; 

/. ABJ_CD. 

Similarly, BOX AO, and CAXBD. 


(3T6) 


(q.e.d.) 


4W4. If two pairs of opposite edges of a tetrahedron are at right angles, | 
show that the remaining pair of opposite edges are at right angles. j 

(Fig. 34.) : 


Let ABXCD and BCXAD ; to prove that CAXBD. 

As ABXCD, XYPQ is a rectangle. (3T6) 

Similarly, QRYZ is a rectangle, as BCXAD ; | 

the diagonals PX, QY, RZ are equal, and bisect one 

another; j 

PRXZ is a rectangle ; j 

ACXBD. (3T6) j 
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4W5. If two pairs of opposite edges of a tetrahedron are at right angles 
to one another, the third pair are at right angles ; and the altitudes are 
concurrent, and pass through the ortho¬ 
centres of the opposite faces. (Fig. 35.) 

Let AA', BB', CC', DD' be the alti¬ 
tudes of a tetrahedron ABCD ; let 
ADJ_BC and CD J_AB ; to prove that A 
BDJ_AC, that A', B', C', D' are the 
orthocentres of the faces , and that 
AA', BB', CC', DD' are concurrent 8 tiq. 35. 

ADJ_BC, AA'J_DBC, and DD'J_ABC ; 

AD, AA', DD' are connected straight lines J_BC ; 

they lie in a plane J_ BC ; (4T2) 

AD'_LBC. 

Similarly, as CD J_AB, 

CD'_LAB ; 

D' is the orthocentre of triangle ABC ; and similarly A', 
B', C' are orthocentres of the other faces ; (q.e.d. (i).) 

/. ACJLBD' and DD'; 

7. AC_LBD. (4T1) 

(q.e.d. (ii).) 

Again, from the fact that AD J_BC, it has been shown that 
DD' is coplanar with A A' ; 

/. DD' meets AA'. 

But every two opposite edges are at right angles ; every 
altitude intersects every other altitude. 

if three of the altitudes were not concurrent, they 
would determine a plane, and the other would lie in it. This 
is impossible, as A, B, C, D are not coplanar ; 

the altitudes are concurrent, (q.e.d. (iii).) 
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Def. : If the altitudes of a tetrahedron are concurrent, their 
point of intersection is called the orthocentre of the tetrahedron, 
which is said to be orthocentric. 

EXAMPLES 4A 

4A1. If two planes meet in a straight line, and, from any number 
of given points in the line, pairs of straight lines are drawn at right 
angles to it, one in each plane, show that the angles so formed are 
equal. 

4A2. ABCDEF is a skew hexagon, and every pair of adjacent and 
alternate sides are equal and perpendicular to one another. Show 
that opposite vertices are at equal distances apart. 

4A3. If a , b, c are sides of a triangle, and a±x±.b±y J_c, state and 
prove the relation that exists between x and y. 

4A4. If a set of skew straight lines are parallel to the same plane, 
prove that the shortest lines joining them in pairs are all parallel to 
one another. 

4A5. If a plane is normal to one of two perpendicular straight 
lines, prove that it is parallel to the other. 

4A6. Why cannot the word “ non-parallel ” be omitted from the 
statement of 4T1 ? 

4A7. What conclusion can be drawn if a/?_i_ay and fiy ? 

4A8. If a, b are two parallel straight lines, and c, d two intersecting 
straight lines, and if a±c, and b±d , prove that a_Lpl. cd . 

4A9. AC is a diagonal of a parallelogram ABCD, and P a point out¬ 
side its plane. If PA, PC are perpendicular to AB, CD respectively, 
prove that AC J_AB. 

4A10. Find the locus of tangents to a sphere at a given point on it. 

4A11. Prove that the extremities of any straight line are equi¬ 
distant from any plane that bisects it. 

4A12. Prove that the diagonals of a skew rhombus, (a skew 
quadrilateral with four equal sides), are at right angles to one 
another. 

EXAMPLES 4B 

4B1. From a point outside a plane normals are drawn to the plane 
and to a given straight line in it. Prove that the given straight line 
is at right angles to the join of the feet of the normals. 
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4B2. From a point A in a plane a, AB is drawn J_ a, and AC _L 
another plane ; AB and AC meet in B and C respectively. Prove 
that BC_L a/?, the line of intersection of the planes. 

4B3. Prove that, if three concurrent edges of a rectangular 
parallelepiped are equally inclined to the diagonal through their 
point of intersection, the parallelepiped is a cube. 

4B4. If two circles, not in the same plane, intersect in two points, 
or touch one another (i.e. touch the same straight line at the same 
point), prove that they He on a sphere. 

4B5. If two planes are respectively perpendicular to two straight 
lines in a third plane, prove that the latter is perpendicular to their 
line of intersection. 

4B6. Prove that the locus of points equidistant from two given 
points is the plane which bisects at right angles the straight line 
joining them. 

4B7. Show that the locus of points equidistant from three given 
points is the normal to their plane at the centre of the circle through 
them. 

4B8. Prove that the three perpendiculars drawn from a given 
point to two planes and their line of intersection are coplanar. 

4B9. If two rectangles, coplanar or otherwise, have a common 
diagonal, prove that their free corners are vertices of athird rectangle. 

4B10. If A, B, C, ... are the feet of the perpendiculars from the 
vertex V of a pyramid upon the sides a, b, c, ... of its irregular plane 
base, prove that the straight lines x, y, z, ... drawn through A, B, 
C, ... at right angles respectively to a, b, c, ... in the plane of the base, 
are concurrent. 

4B11. If two opposite edges of a tetrahedron are at right angles, 
show that every section parallel to them is a rectangle. 

4B12. Find a point in a given plane such that the sum of its 
distances from two given points on the same side of the plane is a 
minimum. 

4B13. Find a point in a given plane such that the difference of its 
distances from two given points on opposite sides of the plane is a 
maximum. 

4B14. ABCD,XYZW is a parallelepiped. BP, PQ, QR are normal 
respectively to the planes DXZ, CYW, and BCZY. Prove that the 
plane PQR passes through B. 
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4B15. Given any triangle ABC and any three points P, Q, R in 
space, show that there is one and only one triangle XYZ with YZ 
through P and perpendicular to BC, ZX through Q and perpendicular 
to CA, and XY through R and perpendicular to AB. Point out one 
degenerate case. 

4B16. Prove that, if all the angles of a quadrilateral are right 
angles, it must lie in a plane. 

4B17. Prove that, if three angles of a skew quadrilateral are right 
angles, the remaining angle is acute, and the sides containing it are 
together greater than the other two. 

4B18. Show that the line of intersection of two spheres is a circle. 

4B19. If three spheres intersect, two by two, prove that their 
planes of section have one straight line in common. 

4B20. Show that, if four spheres intersect, two by two, they have 
six planes of section, and that they are concurrent. 

4B21. Find the length of a diagonal of a regular octahedron, 
taking an edge as unit of length. 

4B22. If each of four equal spheres touches three of the others, 
find the distance of the centre of one from the plane of the centres of 
the others, the unit of length being the radius of one of the spheres. 

4B23. If a variable straight line through a fixed point O cuts a 
fixed sphere in the points P, Q, show that the area of the rectangle 
OP . OQ is constant. 

Def. : A cone whose vertex is equidistant from every point 
on the edge of its base is said to be a right cone. 

4B24. Prove that the base of a right cone is a circle whose centre 
is the foot of the normal from the vertex to the plane of the base. 

4B25. Find the height of a regular tetrahedron, with each edge of 
length 2 a. 

4B26. If three mutually perpendicular generators can be drawn on 
a right cone, find the ratio of its height to the radius of the base. 

4B27. If the generators a, b, c, ... of a cone cut two parallel planes 
in the points A, B, C, ... and A', B', C', ... respectively, prove that the 
polygons ABC ..., A'B'C'..., are similar; and hence show that 
parallel sections of a cone are similar curves. 
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4B28. Show that, if two opposite edges of a tetrahedron are at 
right angles, there is a square section parallel to them, dividing their 
common perpendicular in the ratio of their lengths. 

4B29. If two triangles that are not in the same plane have a 
common base at right angles to the straight fine joining their vertices, 
prove that the latter are coplanar with the orthocentres. 

4B30. If one pair of opposite edges of a tetrahedron are equal, 
prove that the joins of the middle points of the other two pairs are 
afc right angles. 

4B31. If one pair of opposite edges of a tetrahedron are at right 
angles, show that the joins of the middle points of the other two pairs 
are equal. 

4B32. PCJRS is a tetrahedron, and angles PQR, PQS, PRS are right 
angles. Prove, either by means of Pythagoras’ Theorem, or by the 
methods of this chapter, that there is one other right angle. 

4B33. Show that no edge of an octahedron can be skew to more 
than five, or less than four of the remaining edges ; and, of these, it 
cannot be at right angles to more than three or two respectively. 

4B34. QR is the common perpendicular of two straight lines PQ, 
RS, which are equal in length to QR, and inclined to one another at 
an angle of 60°. Find the ratio of PS : PQ. 

4B35. Construct a normal to a given plane from a given external 
point. * 

EXAMPLES 4G 

4C1. If a tetrahedron has three right angles, no two of which are 
adjacent to the same edge, prove that the fourth face is obtuse- 
angled. 

4C2. If three skew straight lines are cut by a common perpen¬ 
dicular, prove that all the straight lines that intersect them are cut 
by a common perpendicular. 

4C3. If AA', BB', CC' are concurrent diagonals of an octahedron, 
and ABC, ABC', ACB', AC'B', A'B'C', A'B'C are all right angles, prove 
that BCA' and BC'A' are right angles. 

4C4. On the same equilateral triangular base, two tetrahedra are 
constructed, one regular, and the other having three right angles at 
the vertex. Prove that the height of the former is double that of the 
Utter. 
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4C5. Two unequal circular holes are cut in a card. Show that the 
card can be folded so that a given sphere, with radius larger than that 
of either of the holes, may be gripped firmly between them. 

4C6. Find the locus in space of a point which moves so that its 
distances from two given points are in a constant ratio. 

4C7. Find the locus of a point which moves in space so that the 
sum of the squares of its distances from two given points is constant. 

Def. : If a is the distance of a point P from the centre of a 
sphere with radius r, then a 2 - r 2 is called the power of P with 
respect to the sphere. 

4C8. Show that the locus of points which have equal powers with 
respect to two given spheres is a plane at right angles to their line of 
centres. 

4C9. If a variable straight line cuts two given spheres in the pairs 
of points P, Q; R, S respectively, and if PQ = RS, find the locus of the 
middle point of QR. What are the limiting positions of the line ? 

4C10. If the radii of the spheres in 4C9 are a and b respectively, a 
being the greater, prove that the area of the locus is nab. 

4C11. Show that, in general, there is one and only one point which 
has equal powers with respect to four given spheres ; and discuss the 
exceptional cases. 

Def. : If Q is a variable point on a given surface, and 0 a j 
fixed point in space, and on OQ, or OQ produced, a point P is ] 
taken, such that i 

OP . OQ = a 2 , I 

where a is constant, then the locus of P is called the inverse of f 
the given surface with respect to a sphere with centre O and | 
radius a. O and a are called respectively the pole and radius of f 

inversion. f 

$ 

We are also said to have inverted the given surface with re- j 
spect to that sphere ; and the locus of P is the result of that f 
process of inversion. 

4C12. Find the inverse of a sphere. What special form does it 
take if the pole of inversion lies on the sphere ? 

4C13' Find the inverse of a plane. 
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4C14. Find the inverse of a circle with respect to any pole, not 
necessarily in its own plane. 

4C15. Parallel to the circular base of a given cone with vertex V 
is a variable plane <p cutting a fixed plane a in a straight line q. If 
the diameter PR of the circular section q? cuts q at right angles in Q, 
and VP, VR cut the plane a in A and B respectively, prove that the 
ratio 

PQ . QR : AQ . QB 

is constant, and hence show that the section of the cone by the 
plane a can be constructed as the orthogonal projection of a circle. 

4C16. Show that the ratio of the length of the edge of a regular 
tetrahedron to that of an inscribed cube having four edges lying in 
four different faces is given by 

2 + s/2 : 1 . 

4C17. If a straight line is equally inclined to three sides *>f a 
triangle, show that it is normal to its plane. 

4C18. If two opposite angles of a skew quadrilateral are equal, 
show that the centre of the sphere through its vertices is equidistant 
from the planes of those angles. 

4C19. If a quadrilateral (skew or otherwise) has two pairs of equal 
opposite angles, show that either there are two pairs of equal sides, 
or the rectangle contained by the diagonals is equal to the difference 
between the rectangles contained by pairs of opposite sides. 

4C20. State the two theorems of plane geometry which are 
particular cases of 4C19. 
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CHAPTER V 

ORTHOGONAL PROJECTION AND DIHEDRAL ANGLES 

Def • The foot of the perpendicular from a given point to 
a given plane or straight line is called the orthogonal projection of 
that point on the given plane or straight hne. 

If the given point trace out a given figure, its orthogonal 
projection traces out the orthogonal projection of that figure. 

Theorem 5T1 

The orthogonal projection of a straight line on a plane is 
either a point, or a straight line. (Fig. 36.) 

If the straight line is normal to 
p ^B the plane> its orthogonal projection 

is clearly their point of intersec¬ 
tion. 

If not, let P be any point on a 
straight line AB, and let A , P , B be 
\ p ' the projections of A, P, B respectively 

on any plane a; to prove that APB 
FlG * 36 ‘ is a straight line. 

AA\ BB', PP' are perpendicular to a ; 

* they are parallel to one another , (4T3) 

PP' and BB' lie in the plane ABA' ; 

P' lies on the line of intersection of the planes a and ABA, 

and this is a straight line ; lin* 

• the projection of the straight line AB is the straight lin 

A'B'". 
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Cor. : A straight line and its projection on a plane 
are coplanar. 

We shall require the following theorems of Euclid : (I. 24, 
I. 25). 

LEMMA. 

If two triangles have two sides of one equal respectively to 
two sides of the other, hut the included angles unequal, then 
the greater of these angles is 
opposite to the greater base, and 
conversely. (Fig. 37.) 

In the triangles ABC, PQR, let 

A A 

AB = PQ, AC = PR, but BAC<QPR ; 
to prove that BC<QR. 

Between PQ, and PR draw PS 

A A a 

making QPS = BAC, and PS = AC. Let the bisector of RPS cut 
QR in T. Join SQ, ST. 

By construction, triangles BAC, QPS are congruent; 

BC = QS. 

Also triangles RPT, SPT are congruent; 

TR =TS. 

Two sides of a triangle are together greater than the third 
side ; 

QT + ST>QS; 

QT+TR>BC; 

QR>BC. (Q.E.D.) 

Conversely, if the bases are unequal, it follows that the 
shorter base cannot be opposite to the greater angle ; while the 
angles cannot be equal without the triangles being congruent; 
the angle opposite to the greater base must be the greater. 

(Q.E.D.) 
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Theorem 5T2 

The angle between a straight line and its projection on a 
plane is the least angle between that straight line and any 
straight line in the plane. (Fig. 38.) 



Fig. 38. 


Let AB' be the projection of any straight line AB on any plane a, 
and let AC be =AB' and || m, any other straight line in a. 

The angle between AB and m is equal to BAC. (3T6) 

If m || AB', C coincides with B', and the inclinations of AB to 
m andAB'are equal. 

Otherwise, as BB'J_a, we have 

BB'JJDB'; 

/. BB'<BC; 

A A . 

BAB'< BAC ; (Lemma) 

/.the inclination of AB toAB'is less than its inclination to m. 

(q.e.d.) 

Def. : The angle between a straight line and its projection 
on a plane is called the angle between the straight line and the 
plane. 

Def. : A line of slope of one plane to another is a straight line 
in the first plane drawn at right angles to the line of inter¬ 
section of the two planes. 
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Theorem 5T3 

Parallel straight lines have parallel projections on parallel 
planes. (Fig. 39.) 



Fig. 39. 


Let AB, XY be parallel straight lines, and A'B', X'Y' their pro¬ 
jections on the parallel planes a, /! ; to prove that A'B' || X'Y'. 
AA' and XX' are normal to parallel planes ; 

/. AA' || XX'; (4T1, 3) 

But AB || XY ; 

/. plane ABA' || plane XYX' ; (3T3) 

these planes cut planes a and f in parallel straight 
lines; (3T4) 

/. A'B' || X'Y'. (q.e.d.) 

Corollaries : 

(1) Parallel straight lines are equally inclined to 

PARALLEL PLANES. 

(2) Lines of slope of one plane to another are equally 
inclined to the second plane. 

Def. : The mutual inclination of two planes is called their 
dihedral angle,' and is measured by the inclination of one to the 
lines of slope of the other. 
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Theorem 5T4 

If a p lan e and a straight line are at right angles to the same 
plane, they are parallel to one another; and, conversely, if 
a straight line is parallel to one plane and normal to another, 
the planes are at right angles to one another. (Fig. 40.) 


X £ Xj 

Fig. 40. 

Let a ±P_Lp / to P rove l ^ at a II P- 
If q be a line of slope of a to £, then 

But P.LP ; 

p II?; 
p II «• 

( 

Converse : Let /3_|_ p || a; to prove that a_l_/3. 
If any plane through p cut a in q, then 


(q.e.d.) 



P\\<1- 

(3T1) 

But 

P±P> 



q±p-> 

(4T1) 


q±ocp-, 



q is a line of slope of a to ; 

.'. «X(3. (q.e.d.) 

Corollaries : 

(1) If a straight line in one plane is normal to 

ANOTHER PLANE, THE TWO PLANES ARE AT RIGHT ANGLES 


TO ONE ANOTHER. 
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(2) At every point in the line of intersection of two 

PERPENDICULAR PLANES THE NORMAL TO EACH LIES IN THE 

other. Hence, 

(3) If one plane is at right angles to two others, it is 

AT RIGHT ANGLES TO THEIR LINE OF INTERSECTION ; for, at the 
common point of the three planes, the normal to the first lies in 
each of the others. 

Theorem 5T5 

Any dihedral angle is supplementary to the angle be¬ 
tween normals drawn to its faces from any internal point. 

(Fig. 41.) 

Let P be any point inside the dihedral 
angle a/3, and let PM, PN be normals to 
planes a and /3 respectively ; to prove 
that angle MPN is the supplement of the 
dihedral angle ocfi. 

Let plane PMN cut the straight line 
a/8 in the point Q. 

Then a/3_L p M and PN ; 

a/J_l_plane PMN ; (4T1) 

/. a/8j_QM and QN ; 

,\ MQN is the measure of the dihedral angle a/3. 

In the plane quadrilateral PMQN, the angles M and N are 
right angles ; 

the angles P and Q are supplementary ; 

the angle MPN is the supplement of the dihedral angle a/3. 

(q.e.d.) 

Corollary : Straight lines that are normal to per¬ 
pendicular PLANES ARE PERPENDICULAR TO ONE ANOTHER, 
and, conversely, planes that are normal to perpendicular 
straight lines are perpendicular to one another. 



Fig. 41. 
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Theorem 5T6 

The length of the projection of a straight line is equal to 
that of the original line multiplied by the cosine of the angle 
it makes with the plane or line of projection. (Fig. 42.) 

Case 1. Projection on a plane. 
Let A'B' be the projection of AB on 
plane a. 

Then AB and A'B' are coplanar. 

(5T1) 

Draw AC || A'B', and let it meet BB' 
fig. 42. in c 

Then ACB'A' is a rectangle ; 

A'B'= AC 

= AB . cos BAC 

=AB . cos (angle between AB and A'B') (3T6) 

=AB . cos (angle between AB and a). 

(Q.E.D. (i).) 

Case 2. Projection on a 
STRAIGHT LINE. (Fig. 43.) 

Let A'B' be the projection of AB on 
the straight line XY. 

Draw AC = and ]| A'B'; 
then CB'=and || AA\ 

But AA' and BB' are _|_ XY ! 



Fig. 43. 


(3T6) 

(4T1) 

(3T6) 


CB' and BB' are J_XY ; 

/. BC_LXY ; 

BCJ_AC; 

AC=AB . cos BAC 

= AB . cos (angle between AB andXY); 
A'B'=AB . cos (angle between AB and XY). 

(Q.E.D. (ii).) 
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Theorem 5T7 

The area of a plane figure is reduced, by projection, in the 
ratio of the cosine of the dihedral angle between the plane of 
the figure and the plane of projection. (Fig. 44.) 



Case 1. (Fig. 44.) 

Let ABCD be any rectangle in the plane a, with AB and 
CD || a/3, the line of intersection of a with any other plane 
/3 ; and let A'B'C'D' be the projection of ABCD on f3; to 
prove that 

A'B'C'D' = ABCD . cosaj8. 


As 

AB || a/3, AB || p ; 

(3T1) 


A'B' =AB. 

(5T6) 

As 

BC_J_AB, BCJ_aj8; 

BC is a line of slope of a to /3 ; 

(3T6) 


/. B'C' = BC . cos a/8. 

(5T6) 

As 

BB'JLjS, BB'J_a/S. 


But 

BCJ_aj8; 



plane BCB'J_a/3; 

.-. B'C'J_aj8; 

(4T1) 


B'C'_LA'B'. 

(3T6) 

It follows that A'B'C'D' is a rectangle ; 

A'B'C'D'=A'B'. B'C' 

=AB . BC . cosajS 
=ABCD . cos a/?. (q.e. 

D. (i).) 


(Q.E.D. (i).) 
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Case 2. (Fig. 45.) 

If we are given any figure F in plane a, we can construct 
two rectangular polygons, X and Y, with parallel sides, one 

O inside F, and the other surrounding F. 

Let F', X'. Y' be the projections on ft. 

The areas of F and F' are inter¬ 
mediate between those of X and Y, 
and X' and Y' respectively. 

Fio 45 By removing small rectangles from 

X and adding small rectangles to Y, 
we can make the difference between X and Y, and con¬ 
sequently the difference between X' and Y', as small as we 
please, while still keeping Y inside F, and F inside X. 


If we make the sides of the figures X and Y parallel and per¬ 
pendicular to ccj3, they and their projections can be cut up 
exactly into rectangles like those of Case 1. 


Then X'=X . cos aft 

and Y' = Y . cos a/?; 

, to any required degree of accuracy, it may be proved that 
F' = F.cosaft (q.e.d. (ii).) 

Def. : Any three concurrent straight lines X'OX, Y'OY, Z'OZ, 
not lying in a plane, may be called a set of axes. If they are 
mutually at right angles, they are called rectangular axes; 
otherwise they are said to be oblique. 

X, Y, Z are said to be on the positive, and X', Y', Z' on the 
negative sides of the axial planes YOZ, ZOX, XOY respectively. 

The distances of a given point P from the axial planes, I 
measured parallel to the axes, are called the coordinates (x, y, z) | 
of P, and each is said to be positive or negative according as P 1 
is on the positive or negative side of the corresponding plane. t 
Def. : The cosines of the inclinations of a straight line to J 
three axes are called its direction cosines with respect to those I 
axes. I 
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Theorem 5T8 

Given any set of axes, if ( x, y, z) are the coordinates of 
any point P in a given plane a, and (u, v, w) the direction 
cosines of the normal OQ from the origin to a, then 

OQ = ux + vy + wz. (Fig. 46.) 



Fig. 46. 

Draw PN || ZO, meeting the plane XOY in N ; and draw 
NM || YO, meeting OX in M. 

Then OM =x, MN = y, and NP = z. 

As OQJ_a, .'. Q is the orthogonal projection of P on OQ; 
let M', N' be the orthogonal projections of M, N on OQ. 

Then OM' =x . cos QOX, M'N' =y . cos QOY, and 

N'Q=z . cos QOZ ; (5T6) 

OM'=wa;, M'N ' =vy, N'Q = wz; 

OQ = OM' +M'N' + N'Q 

=ux + vy + wz. (q.e.d.) 

COROLLARY : If (u, V, w) ARE THE DIRECTION COSINES OF 
THE NORMAL TO ANY PLANE THROUGH THE ORIGIN, AND p IS 
THE DISTANCE OF ANY POINT (x, y, z) FROM THE PLANE, THEN 
p=ux + vy + WZ. 

WORKED EXAMPLES 

Def. : The line of intersection of the plane of the figure and 
the plane of projection is called the axis of projection. 
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5W1. Construct a triangle given its projection, the axis of projection, 
and the magnitude of one angle. (Fig. 47.) 

Let ABC be the projection of the tri¬ 
angle, and let the axis of projection 
cut BC, CA, AB in X, Y, Z respectively , 
and let the magnitude of the original 
angle A be given . 

On ZY construct a segment of a 
circle containing angles equal to the 
true size of A. 

Through A, B, C draw AA', BB', 
CC'iXY, cutting the arc in A', and ZA', YA' in B', C' respectively. 

Then A'B'C' is the original triangle ; for angle A' has the 
given magnitude, lengths parallel to the axis of projection are 
unaltered, and lengths at right angles to the axis are all 
changed in the same ratio. 



Note : If either of the angles AYZ, AZY is obtuse, there will 
be two solutions, both of which may be admissible. (A solution 
obtained by the above method must be disregarded if A' is 
nearer to XY than A ; for lengths at right angles to the axis of 
projection must necessarily be reduced by orthogonal projec¬ 
tion.) Given angle B, we should construct a segment on ZX 
containing angles equal to the supplement of B. 



5W2. Construct a triangle given its projection, ABC, the axis of 


projection, XYZ, and AD, the 
projection of the bisector of the 
angle A'. (Fig. 48.) 

Draw DP || BA, cutting AC 
in P, and complete the par¬ 
allelogram APDQ. 

This is the projection of a 
parallelogram, A'P'D'Q'; 

(5T3) 




A 

Fig. 48. 
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A'D' is the bisector of P'A'Q'; 

A'P'D'Q' is a rhombus ; 

/. its diagonals are at right angles. 

Let PQ cut AD, XY in S, R respectively, and let AD meet XY inT. 
Construct the right-angled triangle RS'T as in 5W1, and so 
proceed. 

5W3. If a, 6, c, d are four straight lines in space, and ad represents any 
plane parallel to a and d t and so on ; 
and if ad±bc, and bd±ca t prove that 
cd±ab. (Fig. 49.) 

From any point O draw OA, 

OB, OC, OD || a, b, c , d respec- A 
tively, and consider the tetra¬ 
hedron whose vertices A', B', C', 

D' are the centres of the spheres 

OBCD, OACD, OABD and OABC 

9 . 9 Fig. 49. 

respectively. 

The circumcentre of the triangle OBC is the foot of each of 


the normals from A' and D'. 

(4W1) 


A'D'_Lplane OBC ; 

A'D'J_OB and OC ; 

A'D' _]_& and c ; 

(3T6) 


.*. A'D'J_plane be ; 

(4T1) 

Similarly, 

B'C'J_plane ad. 


But 

bcj_ad; 



A'D'JLB'C'. 

(5T5) 

Also 

ca±bd ; 

B'D'JLC'A'. 


If two pairs of opposite edges of a tetrahedron are at right 

angles, the remaining pair are at right angles. 

(4W4) 


C'D'J_A'B'; 



ab_\_cd. 

(5T5) 


(Q.E.D.) 










I- CD 


58 


SOLID GEOMETRY 



■ i 




5W4. If OA, OB, OC are three mutually perpendicular lines, 
perpendicular to the plane ABC, prove that 


1 1 1 1 
OP 2 ~OA 2 + OB 2+ OC 2 ‘ 


(Fig. 50.) 



Draw PM_|_plane OAB, and MNXOA. 

Then ON_]_ PM and MN ; 

ONJ_plane PMN ; 


/. ON J_PN ; 

ON is the projection of OP on OA. 
As PM and CO are _L plane OAB, 
they are parallel; 
the projection of OP on OC 

=its projection on PM 


= PM. 


Similarly, the projection of OP on OB 

= MN. 

By the Theorem of Pythagoras, 

OP 2 = ON 2 + NP 2 

= ON 2 + NM 2 + MP 2 ; 
ON 2 NM 2 MP 2 
•* 1_ OP 2 + OP 2 + OP 2 ’ 


ON DriA OP 
— =cos POA = —. 
OP OA 


But 


ORTHOGONAL PROJECTION AND DIHEDRAL ANGLES 69 

1 By this, and similar identities, 

I 1 OP 2 OP 2 OP 2 . 

_ OA 2+ OB 2+ OC 2 ’ 

. JL_1_ J_ _1_ 

“ OP 2 OA 2+ OB 2 + OC 2 ' 

(Q.E.D.) 

EXAMPLES 5A 

5A1. If three planes are perpendicular to the same plane, prove 
that their mutual lines of intersection, if any, are parallel. 

5A2. Show that three mutually perpendicular planes determine 
three mutually perpendicular straight lines. 

5A3. State and prove the converse of 5A2. 

5A4. The locus of a point whose distances from two fixed planes 
are equal is the pair of planes which bisect the dihedral angles be¬ 
tween the given planes. 

5A5. When a plane figure is projected on to another plane, 
straight lines that are equally inclined to the axis of projection are 
reduced in the same ratio. 

5A6. Show that, if a circle is projected orthogonally on to a plane, 
the projection of its centre is the middle point of the projection of 
every diameter. 

Def. : The orthogonal projection of a circle is called an 
ellipse, and the projections of the centre and diameters of the 
circle are termed the centre and diameters of the ellipse. The 
circle is called the auxiliary circle of the ellipse. 

The diameters of an ellipse parallel and perpendicular re¬ 
spectively to the axis of projection are called its major and 
minor axes. 

5A7. Prove that the major and minor axes of an ellipse are re¬ 
spectively its longest and shortest diameters. 

5A8. Prove that the area of an ellipse is given by the expression 
nab, where a, b are its semi-major and minor axes. 

5A9. Find the locus of a point P such that a given triangle ABC 
may have equal projections on the planes PBC, PCA, PAB. 
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5A10. If ABC is any given triangle, find the locus of a point P 
such that the projections of the triangles PBC, PCA, PAB upon the 
plane ABC may be equal. 

5A11. Prove that, with rectangular axes, the sum of the squares 
of the direction cosines of any straight line is equal to unity. 

5A12. Show that the middle points of parallel chords of an ellipse 
lie on a diameter. 

5A13. Show that the square on any straight line is equal to the 
sum of the squares on its projections on any three mutually perpen¬ 
dicular straight lines. 

5A14. Show that the square on any straight line is equal to half 
the sum of the squares on its projections on any three mutually per¬ 
pendicular planes. 

5A15. If three sides of a triangle are equal respectively to three 
sides of its projection, prove that their planes must be parallel. 

5A16. Show, by referring to an exception, that the word “ sides ” 
in 5A15 cannot be replaced by the word “ angles ”. 

5A17. Show that a straight line inclined at an angle (p to the axis 
of projection is reduced in the ratio 

>J(co8 2 (p + 8>m 2 <p cos 2 0): 1, 

where 0 is the angle between the planes. 

EXAMPLES 5B 

5B1. Calculate the dihedral angles of a regular tetrahedron. 

5B2. Calculate the dihedral angles of a regular octahedron. 

5B3. If a point moves so that the sum of its distances from two 
fixed planes is constant, show that its locus is a plane equally 
inclined to the given planes. (Note : Each plane is supposed to have 
a “ front ” and a “ back ” ; and the distances of points in front and 
behind are regarded as respectively positive and negative.) 

5B4. Show that, if regular tetrahedra are constructed on two 
opposite faces of a regular octahedron, the resulting figure is a 
parallelepiped. 

Hence deduce a relation between the dihedral angles of a regular 
octahedron and those of a regular tetrahedron. 
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5B5. Prove that straight lines in one plane which are equally 
inclined to another plane are also equally inclined to the line of 
intersection of the planes. 

5B6. Show that a diagonal of a cube is equally inclined to all 
its edges, and calculate the angle of inclination. 

5B7. Find a plane on which the projection of a given cube is a 
regular hexagon and its diagonals. 

5B8. All the faces of a certain pyramid are inclined at the same 
angle a to a certain axis through the vertex, and the base is inclined 
at the angle ft to the same axis. Prove that the ratio of the area of 
the base to that of the sum of the remaining faces is equal to 

sin a : sin ft. 

5B9. Prove that the sum of the projections of any straight line in 
space on the sides of any triangle ABC is zero, if the directions AB, 
BC, CA are all given the same sign. 

5B10. Given the sides of a triangle and the distances of its vertices 
froin a plane, construct its projection on that plane. 

5B11. Show that any prism may be adequately defined as a solid 
figure with plane faces, two of which are parallel to one plane, and 
the rest perpendicular to another. 

5B12. Construct the projection of a given triangle, given the axis 
of projection and the dihedral angle between the plane of the 
triangle and that of its projection. 

5B13. Find a straight line on which the projections of all the 
twelve edges of a cube are equal. 

5B14. Find a plane on which the projections of the six faces of a 
cube are equal. Show that there are four such planes through every 
point in space. 

5B15. If each of a system of concurrent planes is at right angles to 
one of a system of coplanar straight lines, show that the planes are 
coaxal. 

6B16. If each of a system of connected straight lines is perpen¬ 
dicular to one of a system of coaxal planes, show that the straight 
lines are coplanar. 

5B17. Find the locus of a point P such that the sum of its coordi¬ 
nates with respect to a given set of axes is constant. 

6B18. Construct a triangle, given its projection, the axis of pro¬ 
jection, and the true length of one side. 
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EXAMPLES 5C 

5C1. Three planes are mutually at right angles. Construct a plane 
whose section with them is congruent to a given triangle. 

5C2. Show that, if the straight lines OA, OB, OC are mutually at 
right angles, the square of the area of the triangle ABC is equal to the 
sum of the squares of the areas of triangles OBC, OCA, OAB. 

5C3. If OX, OY, OZ are any three straight lines not in the same 
plane, and, from any point P in a given plane 9 ?, straight lines PK, 
PM, PN are drawn parallel to them and meet planes YOZ, ZOX, XOY 
in the points K, M, N respectively, and if the inclinations of (p to OX, 
OY, OZ are a, /?, y, prove that the expression 

PK sin a + PM sin ft + PN sin y 

is constant. 

5 C 4 . If a straight line of constant length has its extremities on 
two mutually perpendicular skew straight lines, show that the locus 
of its middle point is a circle. 

5 C 5 . If a triangle and its projection are equiangular, prove that 
they must be congruent, and in parallel planes, provided that each 
angle is equal to its own projection. (Cf. 5A16.) 

5 C 6 , 7. Construct a triangle, given its projection, the axis of pro¬ 
jection, and 

( 5 C 6 ), the projection of one altitude ; 

( 5 C 7 ), the points of contact of the inscribed circle with two of the 
sides. 

5 C 8 . Construct a rectangle, given its projection and the axis of 
projection. 

5C9. Construct a rhombus, given its projection and the axis of 
projection. 

5C10. Prove that the sum of the distances of the vertices of a 
tetrahedron from any given point is greater than one-third of the 
sum of the edges. 

5C11. Prove that, if a tetrahedron is divided into four others, the 
total area of the common faces is more than half that of the external 
faces. 


CHAPTER VI 

POLYHEDRAL ANGLES 


Def. : The angles subtended by the sides of a plane polygon 
at any point outside its plane are said to be the face angles of a 
polyhedral angle ; their arms are its edges, and the angles 
between their planes are its dihedral angles. 

A polyhedral angle with 3 faces is called trihedral, with 4, 
tetrahedral, and so on. Polyhedral angles are also called solid 
angles. 

Def. : A polyhedral angle is said to be concave if any face 
angle is cut by the plane of another. 

Polyhedral angles that are not concave are said to be convex. 

Vertically opposite solid angles are not, in general, superpos- 
able, but have the same relation to one another as a pair of 
gloves, or a right-hand and a left-hand screw. They are said to 
be enantiomorphous (Gr. cuautios , opposite), and to have reflex 
| congruence. 

I A solid angle with n equal face angles and n equal dihedral 
| angles is called a regular n-hedral angle. 

There are many analogies between the sides and angles of 
I plane polygons and the face angles and dihedral angles of a 
I solid angle. Some of these analogies will be found in the 
I theorems and examples of this chapter, and will often point the 
| way to their solution. 

I The following theorem enables us to deduce properties of the 
I dihedral angles of one solid angle from those of the face angles 
I of another, and conversely. 
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Theorem 6T1 


If the edges of one polyhedral angle are at right angles to 
the faces of another, the edges of the second are at right 
angles to the faces of the first, and 
the face angles of each are supple¬ 
mentary to the dihedral angles of the 
other. (Fig. 51.) 

Let V, O be vertices of the given 
polyhedral angles. 

Let a, b, c ,... be consecutive edges of 
° the first, and let a, jS, y, ... be the 

faces of the second at right angles to 
a, b, c, ...respectively ; to prove that 
the edges aj8, ...are at right angles to the faces ab,...; and 
that the face angles ab, ... are supplementary to the dihedral 
angles ocf},... , and, similarly, that the face angles oc, ... are 
supplementary to the dihedral angles a, ... . 



and as 


a_[a, .’. a_Laj8; 
b±f, :. b±ocP; 
ajS_|_plane ab. 


(q.e.d. (i).) 


Again, the dihedral angle ajS is supplementary to ab, the 
angle between the normals to planes a and j8. (5T5) 

(q.e.d. (ii).) 

Similarly, the dihedral angle a is supplementary to a, the 
angle between the normals to its faces. (q.e.d. (iii).) 

Def. : If the edges of one polyhedral angle are normal to 
the faces of another, they are said to be conjugate polyhedral 
angles. 
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Theorem 6T2 

An y two face angles of a trihedral angle are together 
greater than the third. (Fig. 52.) 



Let AOC be any face angle of any trihedral angle 0 ,ABC ; to 

prove that a a a 

AOB + BOOAOC. 

If AOB s AOC, the proposition requires no proof; if not, from 

AOC cut off AOD = AOB, and let OD cut AC in the point D. 
From OB cut off OB' =OD ; join B'A, B'D, B'C. 

By construction, triangles AOD, AOB' are congruent. 

/. AB'=AD. 

But AB' + B'C>AC ; 

/. AD + B'C>AD + DC ; 

B'C> DC. 

Then, in the triangles COD, COB', we have CO, OD respec¬ 
tively equal to CO, OB', but B'C>DC ; 

B'OC>DOC ; (Lemma, after 5T1) 

AOB' + B'OOAOD + DOC ; 

AOB + BOC >AOC. 


(q.e.d.) 











i 

HI 

1 

« 




j 


66 SOLID GEOMETRY 


Theorem 6T3 


The sum of the face angles of any convex polyhedral angle 
is less than four right angles. (Fig. 53.) 


p 



Let P,ABC ... be any n-hedral angle 
cut by any plane ABC, and let Q, be any 
point inside the polygon ABC .... 

Considering the face angles of the 
trihedral angles at A, B, C, ... , we get 

AAA 

ABP + PBC>ABC, 

BCP + PCD>BCD, ... 
and similar inequalities. (6T2) 


In Fig. 53, in which the polyhedral angle is concave along PC, 
the angle BCD is exterior to the polygon ; but, if P,ABC ... is 
convex, each of the angles ABC, BCD, ... is an interior angle, and 
forms two angles of the triangles QAB, QBC, .... 


Hence ABP + PBC>ABQ + QBC, 


and similar inequalities. 

The sum of the angles of the n “ sloping ” triangles PAB, 
PBC, ... is equal to the sum of the angles of the n “ horizontal ” 
triangles QAB, QBC, ... ; 

at A, B, C, ... , the sum of the “ sloping ” angles is greater 
than the sum of the “ horizontal ” angles ; 

/. the sum of the remaining angles of the “ sloping ” 
triangles must be less than the sum of the remaining angles of 
the “ horizontal ” triangles ; 

i.e., the sum of the angles at P is less than the sum of those 
at Q; 

i.e., less than four right angles. (q.e.d.) 


*V' 
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Theorem 6T4 

In any trihedral angle, the sines of the dihedral angles 
are proportional to the sines of the opposite face angles. 
(Fig. 54.) 



Let A, B, C be the dihedral angles of any trihedral angle 0,ABC ; 
to prove that 

sin BOC _ sin COA _ sin AOB 
sin A sin B — sin C 

Let AP, AQ, AR be perpendicular to the straight lines OB, OC 
and the plane BOC respectively. 

Then OBJ_AP and AR ; 

OBXPR. (4T1) 

Similarly, OCJ_QR; 

.*. the angles APR, AQR are the measures of the dihedral 
angles B, C; 

. sin B _ sin APR _ AR/AP _ AQ _ 

• * sin C “sin AQR - AR/AQ“ AP ’ 
an( j sin AOC AQ/OA AQ 

n sin AOB - AP/OA ~ AP ’ 

. sin B _ sin AOC 
sin C sin AOB ’ 

, sin COA _ sin AOB 
sin B ~ sin C ’ 
and, similarly, each 


sin BOC 
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WORKED EXAMPLES 

6W1. Show that the removal of a corner from a plane rectilinear figure 
reduces the sum of the angles subtended by its sides at any point outside 
its plane. (Fig. 55.) 



Let the corner B of the figure ABCDEF... be cut off by the straight 
line XY ; and let V be the external point . 

XVY < XVB + YVB; (6T2) 

AVX -f XVY + YVC<AVX +XVB + YVB + YVC, 

i.e., < AVB + BVC. 

The angles subtended by the other sides are not affected ; 

.\ the sum of the angles subtended at V by all the sides of 
the new figure is less than the sum of the angles subtended at 
V by all the sides of the old figure. (q.e.d.) 

6W2. Show that, if one convex figure lies entirely inside another, the 
sum of the angles subtended at any point outside their plane by the sides 
of the inner figure is less than the sum of the angles subtended at the same 
point by the sides of the outer. 

To show this, we first state and prove 6W1, and then proceed 
as follows: 

The inner figure can be cut from the outer by the repeated 
removal of corners ; it follows from the above that each time 
the sum of the angles subtended by its sides at the given point 
will be reduced. The proposition is therefore proved. 

(Q.E.D.) 
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6W3. If F is any plane rectilinear figure, O any point outside its plane, 
and Q any point inside the pyramid OF, show that the face angles of the 
solid angle FQ are together less than 
those of the solid angle FO. (Fig. 56.) 

From Q draw straight lines 
parallel to the edges of the solid 
angle OF. Clearly, they must 
meet the plane of F at points 
inside F. Let F' be the figure of 
which these points are vertices. 

Corresponding face angles of 
the solid angles OF, QF', are 

equal, as their corresponding arms are parallel. (3T6) 

The face angles of QF' are together less than those of QF. 

(6W2) 

the face angles of OF are together less than those of QF. 

(Q.e.d.) 

6W4. Calculate the dihedral angles of a trihedral angle whose face 
angles are 90°, 60°, 60°. 

Let 0,ABC be the trihedral angle , with BOC = 90°, and 
AOB = COA = 60°. 

To find dihedral angle OA, make AB, AC J_OA. (Fig. 57.) 


o 



A 

Fig. 57. 


AOB, AOC are halves of equal equilateral triangles ; 

AB=AC=\/3 . OA, and OB=OC = 2 . OA; 
•\ BOC is half of a square ; 

,\ BC= n /2.0B = 2 n /2.0A. 
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Let D be the middle point of BC. 

BD J2 

Then smBAD = —= -^; 

cosBAD= N /(l-sin 2 BAD)=-jg. 

Dihedral angle OA=twice BAD. (i) 

To find dihedral angle OB, make AB, AC perpendicular to OB, 
OC respectively, and draw AD J_plane OBC. (Fig- 58.) 



Fig. 68. 

AOB and AOC are halves of equilateral triangles ; 

AB=AC=^ OA=V3 . OB = ^3 . OC. 

Also AD and ABX 0B ! 

BDJJDB. (4T1) 

Similarly, CD_|_OC; 

ABD = dihedral angle OB, 
and COBD is a square ; 

BD =OB ; 

BD OB 1 
*'• COsABD -AB _ N /3 .OB"V3' 

/. dihedral angle OB=half of dihedral angle OA, and its 

1 

cosine— 


POLYHEDRAL ANGLES 


71 


EXAMPLES 6A 

6A1. Show that, if a trihedral angle has two right face angles, it 
has two right dihedral angles, and conversely. 

6A2. Show that, in any trihedral angle, any dihedral angle in¬ 
creased by two right angles is greater than the sum of the other two 
dihedral angles. 

6A3. Show that solid angles that are conjugate to congruent 
angles are congruent to one another. 

6A4. Show that the greatest angle between a given straight line 
and lines in a given plane lies in a plane at right angles to the latter. 

6A5. If four straight lines radiate from a point, show that the six 
plane angles so formed are together less than eight right angles. 

6A6. Of two unequal circular sections of a sphere, show that the 
greater is in a plane nearer to the centre. 

6A7. State and prove a two-dimensional analogue of the first part 
of 6C16. Is there a two-dimensional analogue of the second part ? 

6A8. State and prove a two-dimensional analogue of 6C17. 


EXAMPLES 6B 


6B1. If two face angles of a trihedral angle are equal, and the third 
is equal to the dihedral angle opposite to it, then the former are right 
angles. 

6B2. If four straight lines radiate from a point making six equal 
angles, show that the cosine of each is equal to - 

6B3. Prove that the plane bisectors of the dihedral angles of any 
trihedral angle are coaxal. 

6B4. Show that, if three planes bisect the face angles of any tri¬ 
hedral angle and are at right angles to their planes, they are coaxal. 

6B5. If the face angles of a trihedral angle are respectively 45°, 
45°, 60°, prove that one of its dihedral angles is a right angle. 

6B6. If each of the face angles of a trihedral angle is 60°, show that 


the sine of each semi-dihedral angle is 


n/3‘ 


6B7. Show how to construct a straight line equally inclined to the 
edges of a given trihedral angle. 
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6 B8. Calculate the inclinations of a straight line to the edges of a 
trihedral angle whose face angles are each 60°, if these inclinations 
are equal to one another. 

6 B9. If a pyramid has equal oblique edges, and the base has equal 

sides, show that the angles of the base are equal. 

6 B10. If the three face angles of one trihedral angle are equal 
respectively to those of another, show that the trihedral angles are 
congruent. (Take sections at right angles to a pair of corresponding 
edges and at equal distances from the vertices.) 

6 B11. If the three dihedral angles of one trihedral angle are equal 
respectively to those of another, show that the trihedral angles are 

congruent. (Use 6T1.) , , 

6B12. If two face angles of a trihedral angle are equal, show that 

the dihedral angles opposite to them are equal. 

6B13. State and prove the converse of 6B12. 

6B14. If a tetrahedral angle has two pairs of equal opposite face 
angles, prove that it has two pairs of equal opposite dihedral angles. 
6B15. State and prove the converse of 6B14. 

6B16. Prove that two trihedral angles are congruent if two face 
angles and the dihedral angle between them in one are respectively 
equal to the corresponding parts of the other. 

6B17 If two face angles of one trihedral angle are equal respec- 
tively to two face angles of another, and the dihedral angles opposite 
to the first of each pair are equal, show that the dihedral angles 
opposite to the second of each pair are either equal or supplementary. 
6B18, 19. Interchange the words “ face ” and dihe ra in 

6B16, 17. . - 

6B20. Show that, if a tetrahedral angle has two pairs of equa 

adjacent face angles, its diagonal planes are at right angles to each 

0 t 6B21. Show that, if a tetrahedral angle has two pairs of equal 
opposite face angles, its diagonal planes bisect its diagonal angles. 

6B22. Show that the n dihedral angles of any convex polyhedra 
angle, together with four right angles, are greater than 2n ngh 

6B23 If two face angles of one trihedral angle are supplementary 
to two face angles of another, and the included dihedral angles are 
equal, find the relation between the remaining face angles. 
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6B24. If two face angles and the included dihedral angle of one 
trihedral angle are respectively supplementary to two dihedral 
angles and the included face angle of another trihedral angle, find 
the relation between the remaining face angle of the first and the 
remaining dihedral angle of the second. 

6B25. If aj 3y, a'fi'y' are two trihedral angles and a=a' and 
0 + £'=a/S+a'/S' = 18O o , find the relation between the face angles 
y and y'. 

6B26. Show that, in general, two trihedral angles are congruent 
if two face angles of one, and the dihedral angles opposite to them, 
are equal respectively to the corresponding parts of the other. Show 
that there is one, and only one, exceptional case. 

EXAMPLES 6C 

6C1. Show that, if a pyramid has equal oblique edges and the 
angles of its base are equal, then alternate sides of the base are equal, 
and hence that the base must be regular if it has an odd number of 
sides. 

6C2. Two unequal polygons, each with n equal sides, are placed in 
two parallel planes so that the sides of one are bases of equal isosceles 
triangles with their vertices at the vertices of the other ; prove that 
both polygons must be regular. 

6C3. Show that, if three planes pass through the edges of any 
trihedral angle and are at right angles to the opposite faces, they are 
coaxal. 

6C4. Show that the sum of the angles subtended by the edges of 
any tetrahedron at any point inside it is greater than half the sum 
of the face angles. 

6 C5. Each of the four face angles of a given quadrihedral angle is 
equal to 60°. Show that, if one of the diagonal angles is acute, the 
other must be obtuse. 

6 C6. A solid figure is bounded by twelve congruent rhombuses, 
and two opposite tetrahedral angles are regular. Sketch the figure, 
and prove that the largest square section has twice the area of the 
next largest. 

6 C7. In the solid figure of 6C6, prove that the diagonals of each 
rhombus are in the ratio \'2 :1. 
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6C8. If the ratio of a sloping edge of a regular square pyramid to 
an edge of the base is as s/3 : 2, show that alternate triangular faces 
are at right angles to one another. 

6C9. Show that the rhombic dodecahedron (the solid described in 
6C6) has 24 dihedral angles, each of 120°. 

6C10. If every face of a solid figure has n equal angles, and m 
edges meet at every vertex, show that 

m + n>\mn. 

6C11. If the sum of the face angles of a solid angle is equal to the 
sum of its dihedral angles, show that it must be trihedral. 

6C12. If one straight line subtends equal obtuse angles at the 
extremities of another, show that it subtends a greater angle at any 
internal point of the second line. 

6C13. Show that the sum of the angles between the edges of any 
trihedral angle and any straight line drawn inside it from its vertex 
is less than the sum of the face angles, but greater than half their 
sum. 

6C14. Show that space can be filled by fitting together eight 
regular trihedral angles, and six regular tetrahedral angles, each face 
angle being of 60°. 

6C15. Show why the word “ obtuse ” cannot be omitted from 
6C12. 

6C16. WVA and WVB are two equal angles. Show that there is, 
in general, one and only one straight line VP such that each of the 
dihedral angles W(AV)P, W(BV)P, is equal to half of the dihedral 
angle A(PV)B, inside which W lies. 

Show also that, with one particular value of the angle WVA, there 
is an infinite number of possible positions of the straight line VP. 

6C17. If a Py 9 a' ft'y' are two trihedral angles in which 
a= a', /? = /?', and fiy + /?'y' = 180°, 
find the relation between the dihedral angles y a and y'a'. 

6C18. If a (iy, a 'fi'y' are two trihedral angles in which a + a' = 180°, 
and py = p r y' 9 and yoL — y'oi, find the relation between the face 
angles ft and /?'. 


{ 
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CHAPTER VII 

VOLUMES OF POLYHEDRAL SOLIDS 
Theorem 7T1 

The areas of parallel sections of a pyramid are propor¬ 
tional to the squares of their distances from the vertex. 
(Fig. 59.) 



Let N, N ' be the 'projections of the vertex V on any two parallel 
plane sections ABCD... , A'B'C'D'... . 

By similar triangles, 

vir = Ay == AB'. 

VN “ AV “ AB ’ 

. Area A'B'C'D'... A'B' 2 VN' 2 

“ Area ABCD... " AB 2 “ VN 2 ' 

(Q.E.D.) 

Corollary : The same is true op a cone. (See Note 
before 8T1.) 

Def. : A right prism is one whose ends are orthogonal pro¬ 
jections of one another. 
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Def. : The area of a plane rectilinear figure is expressed as 
the number (integral or otherwise) of unit squares which can 
be formed from it by any process of subdivision and recon¬ 
struction. 

Def. : The volume of any polyhedral solid is expressed as the 
number (integral or otherwise) of unit cubes which can be 
formed from it by any process of subdivision and reconstruc¬ 
tion. 

Note : Subdivision may be external as well as internal ; i.e., 
if a figure is treated as part of a larger whole, it may be regarded 
as the algebraic sum of positive and negative parts. 

In Plane Geometry we have the following propositions : 

(1) Every plane rectilinear figure can be subdivided into 
triangles. 

(2) Any two congruent triangles can be put together to form a 
parallelogram. 

(3) Two parallelograms on the same base and between the same 
parallels can be subdivided into the same set of parts. 

(4) Hence every plane rectilinear figure can be dissected and 

reconstructed so as to form a rectangle . ! 

If the three-dimensional analogues of (1), (2), and (3) were 
all true, the analogue of (4) would follow. Actually there is no 
three-dimensional theorem analogous to (4) because there is 
none analogous to (2), although, corresponding to (1) and (3) 
we have the propositions : 

(1) Every plane-faced solid figure can be subdivided into tetra • 
hedra. 

(3) Any two parallelepipeds on the same base and between the 
same parallel planes can be subdivided into the same set of parts. 

It is therefore impossible to discuss the volumes of plane¬ 
faced solids in general without recourse to analytical methods. 

These are employed in 7T3 to establish the fact that 

Pyramids with equal bases and equal heights have equal . 
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volumes ; which is the three-dimensional analogue of the pro¬ 
position : 

Triangles with equal bases and equal heights have equal areas . 

We are then able, in 7T4, to prove that 

The volume of any pyramid is equal to one-third of that of any 
prism on the same base and with the same height ; which is the 
analogue of the proposition : 

The area of any triangle is equal to one-half of that of any 
parallelogram on the same base and with the same height. 

We are then in a position to find the volume of any plane¬ 
faced solid. 

Theorem 7T2 


If two right prisms have equal heights and bases of equal 
area, they have equal volumes. (Fig. 60.) 

By definition, the bases 


can be cut up, and their 
parts rearranged to form 
the same number of unit 
squares. 

If the dissection is made 
by planes at right angles to 
the bases, the prisms them¬ 



selves will be cut up at the same time, and their parts may 
be similarly rearranged to form the same number of right 
prisms on unit square bases. 

mi . . . _ 


These are equal in height; 


.’. they are congruent; 

the original prisms are equal in volume. 

(q.e.d.) 

Cor. 1 . If any right prism is of height h , and has a 

BASE OF AREA A, ITS VOLUME IS Ah . 


Cor. 2. The same is true of right cylinders. (See 
Note before 8T1.) 
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Theorem 7T3 


Pyramids with equal bases and equal heights have equal 
volumes. (Fig. 61.) 



Fig. 61. 


Let the altitude of 
each pyramid be divided 
into n equal parts by 
means of planes parallel 
to the base, and then 
construct (w-1) right 
prisms, one on the under 
side of each section {ver¬ 
tical edges black in dia¬ 
gram), and n right 
prisms, one on the upper 
side of each section and 


one on the base {vertical edges dotted ), and let each of these 
prisms lie between a neighbouring pair of parallel planes. 

Evidently each given pyramid is greater than the first, and 
less than the second set of prisms formed on its sections ; and 
the second set is equal to the first with the addition of the 
lowest prism. 

The areas of parallel sections of a pyramid are proportional 
to the squares of their distances from the vertex. (7T1) 

as the bases of the two given pyramids are equal in area, 
corresponding sections are also equal in area ; 

corresponding prisms are equal in volume ; (7T2) 

the volumes of the given pyramids cannot differ by more 
than that of the lowest prism, and this can be made as small 
as we please by taking all the planes of section sufficiently close 
together; 

the given pyramids must be equal in volume. 

(q.e.d.) 

Cor. : The same is true of cones. (See Note before 8T1.) 
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Theorem 7T4 

The volume of any pyramid is equal to one-third of that of 
any prism with the same base 
and height. (Fig. 62.) 

Let ABCV be any tetrahedron v* x 
and ABC,PQR any prism on the N 
same base ABC and with the same 
height; to prove that 

ABCV = J ABC,PQR. 

Join BP, PC, CQ. Fig. 62. 

Then the tetrahedron ABCV 

= tet. ABCP with same base ABC and same height; (7T3) 

= tet. BCPQ with equal bases ABP, BPQ, and same height; 

(7T3) 

= tet. CPQR with equal bases BCQ, CQR, and same height; 

(7T3) 

tet. ABCV = ^ prism ABC,PQR ; 

/. the theorem is proved for the case of a triangular pyramid. 
Every pyramid can be cut up into triangular pyramids with 
the same vertex and the same height; 

the theorem is true for all pyramids. 

(q.e.d.) 

Corollaries : 

(1) Prisms which have equal heights and bases of 

EQUAL AREA HAVE EQUAL VOLUMES. 

(2) The volume of any prism is equal to Ah , where h is 

THE HEIGHT, AND A THE AREA OF THE BASE. 

(3) The volume of any pyramid is equal to % Ah . 

(4) This theorem and corollaries are true of cones 
and cylinders. (See Note before 8T1.) 
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Theorem 7T5 

The volume of a prism of length k and cross-section S is 
equal to Sk. (Fig. 63.) 



Let d be the perpendicular distance between the ends, and 
A the area of each ; and let 0 be the angle between the planes of 
A and S. 

As k and d are measured in directions at right angles to 
planes S and A respectively, 

6 is equal to the angle between the directions of k 


and d. (5T5) 

d is the projection of k, and S the projection of A ; 

.*. d=k . cos 6, (5T6) 

and S = A . cos 9. (5T7) 

The volume of the prism 

= A d (7T4) 

= - ^ -5 k cos 6 
cos 9 

= S k. (q.e.d.) 


Cor. : The same is true of cylinders. (See Note before * 
8T1.) I 


Theorem 7T6 



The edges of any tetrahedron are diagonals of the faces of 
a parallelepiped whose volume is three times that of the 
tetrahedron. (Fig. 64.) 

Let ACFH be any tetrahedron. Through 
the middle point of AC, draw a straight 
line BD =and || FH and bisected by AC. 

Then ABCD is a parallelogram. 

Also BF = and||DH. 

Draw AE and CG = and || BF. 

Then EFGH is a parallelogram ; 

.*. ABCD,EFGH is a parallelepiped, and the edges of the 
given tetrahedron ACFH are diagonals of its faces. 

Tet. ABCF = J prism ABC.EFG with same base ABC and same 
height (7T4) 

= | parallelepiped ABCD,EFGH. 

Similarly, each of the tetrahedra ACDH, FGHC, HEFA is equal 
to £ of the parallelepiped ; 

.'. together they make up § of the parallelepiped ; 

.". when they are removed, the remaining tetrahedron 
ACFH must be J of the parallelepiped. (q.e.d.) 


Corollary : If a, b are lengths of two opposite edges 

OF A TETRAHEDRON, h THE DISTANCE BETWEEN THEM, AND 6 
THE ANGLE BETWEEN THEM, THEN THE VOLUME = \abh sin 6. 

The area of each of the four triangles into which AC and BD 
divide the parallelogram ABCD 


1 AC BD 

2 2 2 


sin 6 ; 


.*. ABCD = £AC . BD sin 0 ; 

.’. the volume of the parallelepiped = \hab sin 9 ; 

.’. the volume of the tetrahedron, one-third as great, 

= $hab sin 9. (q.e.d.) 
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Theorem 7T7 
The volume of a prismoid is equal to 

L 

g (A +4B + C), 

where h is the distance between the parallel faces, A and C 
are their areas, and B the area of the parallel section mid¬ 
way between them. (Fig. 65.) 
^ (This is a particular applica- 

-— \\ \ ^ on Simpson’s Rule, which is 

J \T^^V / discussed books on Integral 

Calculus.) 

L^~t\ a// Each end can be cut up into 

\ triangles, and, by joining their 

vertices, we can divide the solid 

Fig. 65. 

into tetrahedra, each of which 
will have either one of its faces in one of the ends and the 
opposite vertex in the other, or a pair of opposite edges one in 
each end. 

Let A' stand for the base of a tetrahedron in end A, B' for its 
middle section, and C' for its vertex. 

Then B' = JA', and C' = 0; (7T1) 


^(A'+4B' + C') 


= ^(A' + A' + 0) 


= volume of the tetrahedron. (7T4) 

Again, let B" stand for the middle section of a tetrahedron 
which has a pair of opposite edges A", C" in the planes A, C 
respectively. 
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Then A" = O, C" = O (in area), 

and B" is a parallelogram with sides parallel and equal to 
halves of the edges A" and C" ; 

/. if a, c are the lengths of A", C", and 6 the angle between 
them, 

tf a c • f\ 

B =22 Sm0; 

|(A" + 4B"+C”) 

= t( o+4 *li sin0+o ) 

h . 

= - ac sm 0 
o 

= volume of the tetrahedron. (7T6) 

the Theorem applies to every tetrahedron into which the 
given solid has been divided ; 
the volume of the solid 

=St( A '+ 4B '+ c ') 

= ^(ZA'+iZB'+ZC') 

== 6^ A + 4B + C ^‘ (q.e.d.) 

Theorem 7T8 

The volumes of similar polyhedral solids are proportional 
to the cubes of corresponding lengths. 

Let ABC..., A'B'C'... be corresponding faces of any two similar 
solids, and let VN, V'N' be normals drawn to them from corre¬ 
sponding internal points V, V'. 
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Then V,ABC..., V',A'B'C'... are similar pyramids; 

• vol-of V,ABC— jVN. ABC... (7T4\ 

• # vol. of V',A'B'C'... |V'N'.A'B'C'... K ’ 

_VN VN 2 , 7Tn 

~V'N'Vn' 2 K ' 

_ VN 3 
~V'N' 3 ’ 

The same applies to pyramids with vertices at V, V', and 
bases on any other pair of corresponding faces. 

Hence the proposition. 

Corollary : The theorem applies to every pair of 

SIMILAR SOLIDS, WHETHER THEIR FACES ARE PLANE OR NOT. 

(See Note before 8T1.) 

Note : It is easy to prove the analogous two-dimensional 
theorem : the areas of the surfaces of similar solids are 

PROPORTIONAL TO THE SQUARES OF CORRESPONDING LENGTHS. 


WORKED EXAMPLES 

7W1. Show that a plane which bisects two opposite edges of a tetra¬ 
hedron bisects its volume. (Fig. 66.) 

Let P, Q be the middle 'points of 

AC, BD respectively , and let any 

s' vy plane through PQ cut AB, CD in 

\\ R, S respectively; to prove that 

AD, RPSQ includes half of the volume 

IZ o of the tetrahedron ABCD. 

\ 7s Through P there is a plane par- 
allel to AB and CD. (3T3) 

Fia 66 c As this plane bisects AC, it must 

also bisect BD and RS. (3T5) 
PQ is the line of intersection of this plane with plane 

PRQS; /. PQ bisects RS. 
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It is easy to show that the ends of a straight line are at equal 
(distances from any plane that bisects it; 

/. R and S are equidistant from plane BPD through PQ, and 
A and C are equidistant from the same plane. 

As PQ is a median of triangle BPD, it bisects its area ; 

tet. RBQP=tet. SPQD with equal base and height. (7T3) 
Also tet. ABDP = tet. CBDP with same base and equal 

height; (7T3) 

/. AD,RPSQ = ABDP - BPQR + DPQS 

= ABDP 

= |ABCD. (Q.E.D.) 

7W2. If a triangular prism is cut off by a. plane not parallel to the ends, 
show that the volume of the remainder 

_ a 4- h + c 


where S is the area of the right section, and a, 6, c are the lengths of the 
parallel edges. (Fig. 67.) 

Let h be the perpendicular 
height of the edge a above the 
plane be, and let d be the per¬ 
pendicular distance between b 
and c. ____ 

<.... C -.—. > 

If a be the shortest of a, b, c, Fig 67 

take a plane through one end 

of a parallel to the other end of the figure, cutting the figure 
into a triangular prism and a pyramid whose base is a trapezium. 

Volume of prism = Sa. (7T5) 

Volume of pyramid 

(b-a) + (c-a) , h (7^4) 

- 2 3 

= b + cj- 2 a ^ h ( tranS p 0S i n g denominators), 
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(q.e.d.) 

EXAMPLES 7A 

7A1. The four corners are cut from any tetrahedron by planes 
through the middle points of the edges. What solid is left ? Show 
that it contains half the volume of the tetrahedron. 

7A2. Find the volume of a cube inscribed in a sphere of unit 
radius. 

7 A3. One edge of a tetrahedron is trisected in the points P and Q, 
and the opposite edge in the points R and S. Show that the tetra¬ 
hedron PQRS contains rather more than 11 per cent, of the volume 
of the original tetrahedron. 

7A4. If a pyramid is bisected by a plane parallel to its base, show 
that the plane of section is approximately four times as far from the 
vertex as from the plane of the base. 

7A5. Show that any parallelepiped can be cut up into six pyramids 
equal to one another in volume and having parallelograms for their 
bases. 

7A6. Show that the diagonal planes of any parallelepiped divide 
it into twenty-four tetrahedra of equal volumes. 

7A7. Show that the centroids of the faces of any tetrahedron are 
vertices of a second tetrahedron which contains one twenty-seventh 
of the volume of the first. 

7A8. The vertex of any pyramid is cut off by a variable plane 
parallel to a given plane outside the pyramid. Prove that the 
volume cut off varies as the cube of the distance of the vertex from 
the cutting plane. 

7A9. By means of a proof analogous to that of the corresponding 
two-dimensional theorem, show that two parallelepipeds on the same 
base and between the same parallel planes are equal in volume. 

7A10. Replace the word “ six ” in 7A5 by the word “ three.” 
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7A11. Show that more than 27 per cent, saving could have been 
effected in the cost of the materials for any of the Egyptian pyramids, 
by making every edge 10 per cent, shorter. 

7A12. The volume of a cone is increased 10 per cent, by increasing 
its height. If this is done twelve times, what is the total percentage 
increase in height ? 

EXAMPLES 7B 

7B1. Find the volume of a regular octahedron each edge of which 
is 2 inches long. 

7B2. Find the volume of a regular tetrahedron each edge of which 
is 2 inches long. 

7B3. Find the volume of a regular tetrahedron inscribed in a 
sphere of radius r. 

7B4. The vertices of an octahedron are centroids of the faces of a 
cube. Show that the former occupies rather less than 17 per cent, of 
the volume of the latter. 

7B5. If the vertices of a cube are the centroids of the faces of a 
regular octahedron, show that the former occupies rather more than 
22 per cent, of the volume of the latter. 

7B6. If a cube is inscribed in a regular octahedron, so that each 
vertex of the former is on an edge of the latter, show that the cube 
occupies nearly 43 per cent, of the volume of the octahedron. 

7B7. The ridge of a hipped roof is of length a, and is parallel to 
the plane of the eaves, which form a parallelogram with sides of 
length b and c inclined to one another at the angle 6, Prove that the 
volume enclosed by the roof and the plane of the eaves is given by 
the expression 

^(a + 2b) sin 0, 

where h is the height of the ridge above the eaves, and b is the longer 
side of the parallelogram. 

7B8. If A'B'C' is the projection of any triangle ABC on any plane, 
prove that the tetrahedra ABCA' and A'B'C'A are equal in volume. 
Hence show that, if V is the vertex of any pyramid, D its base, O any 
point in D, and D' the projection of D on any plane at right angles to 

D'. OV 

VO, then the volume is equal to-g—• 
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7B9. Show that, if perpendiculars are drawn to the faces of a 
regular tetrahedron from any point inside it, their sum is constant. 

7B10. The comers are cut from a regular octahedron by planes 
through the middle points of its edges. Find the volume of the 
resulting solid if each of its edges is of length a. 

7B11. An earthwork consists of a zig-zag bank with its cross- 
section a trapezium with equal base angles. If the height is h and the 
areas of the flat top and of the ground covered are respectively A, B, 
find the volume of the earthwork. 

7B12. Two unit squares are placed with their sides inclined to one 
another at 45° in two parallel planes at unit distance apart, and their 
alternate vertices are joined forming eight triangles. Find the 
volume enclosed. 

7B13. Inside a regular tetrahedron of height h is a point whose 

distances from three of the faces are respectively ~, g. Find its 
distance from the fourth face. 

7B14. Two rectangles with sides a,b;c,d; are arranged in parallel 
planes at a distance h apart, with the edges a, b parallel respectively 
to the edges c, d. Find the volume enclosed by the rectangles and 
four trapeziums. 

7B15. The area of each of the triangular faces of a square pyramid 
is equal to half of A, the area of the base. Find the volume of the 
pyramid. 

7B16. Show that a cube can be divided into four congruent solids 
each consisting of two unequal tetrahedra on opposite sides of the 
same equilateral base. 

7B17. A cube has the same volume as a tetrahedron; find the 
ratio of the areas of their surfaces. 

7B18. The surface of a cube has the same area as that of a tetra¬ 
hedron ; find the ratio of their volumes. 

EXAMPLES 7C 

7C1. If a dihedral angle and its edge in one tetrahedron are equal 
respectively to a dihedral angle and its edge in another, and the pairs 
of faces about those edges are respectively equal in area, show that 
the tetrahedra are equal in volume. 
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7C2. A right prism stands on a regular hexagon base of side 2m. 
If a plane cuts three successive edges at distances a, b , c from the base, 
show that the volume cut off 

=6n/ 3 . m 2 {cl — b 4- c). 

7C3. It is required to level a site whose plan is a rectangle measur¬ 
ing 132 feet by 64 feet. A line cutting the long sides 36 feet from 
opposite corners is found to be horizontal. Find the volume of soil 
that must be removed from the high to the low part of the ground if 
the greatest difference in level is 6 feet. 

704. A solid figure has eight faces, four of which are regular 
hexagons, and the rest equilateral triangles, with two of the former 
and one of the latter at each vertex. Taking an edge as the unit of 

23s/2 

length, show that its volume = 

7C5. Each of two opposite regular quadrihedral angles of a solid 
figure is formed by the acute angles of four rhombuses, and the four 
remaining faces are squares. Show that its volume is equal to 2^/2 
times that of a cube with edges of the same length. 

7C6. Four parallel edges of a cube are shaved off, making a regular 
octagonal prism, and then the remaining edges are shaved off in the 
same way. Show that the resulting figure has six square and twelve 
hexagonal faces, and that its volume is 4(14 -9^2)a 3 , where 2 a is 
the length of an edge of the cube. 

7C7. Two squares are arranged with the sides of one parallel to 
the diagonals of the other, and their vertices are joined alternately. 
Show that the volume of the figure enclosed by the resulting eight 
triangles and the two squares is given by 

~(cl 2 + s/2ab + b 2 ), 
o 

where a and b are the lengths of the sides of the squares, and c is the 
distance between their planes. 

7C8. A waste paper basket is in the form of a frustum of a square 
pyramid surmounted by a congruent inverted frustum, whose slant 
edges would, if produced, intersect in the centre of the base. If every 
edge with the exception of those at the waist is of length 2 cl 9 show 
that the capacity of the basket is given by 

7\/l4 
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7C9. If two regular polygons, each having n sides of length a, are 
arranged in parallel planes so that the joins of alternate vertices are 
equal to one another, show that the volume enclosed by the polygons 
together with the resulting 2ti isosceles triangles, is given by 


na 2 d 

“ 12 " 


( cot — -f cot 
V n 



where d is the distance between the parallel planes. 

7C10. Show that the word “ regular ” might be omitted from the 
statement of 7C9, as it follows from the remaining data that all the 
angles of the polygons are equal. 

7C11. Show that the formula of 7C9 correctly gives the volume 
of a tetrahedron having a pair of equal opposite edges of length a at 
distance d apart. (Each of these edges should be regarded as a 
polygon of two sides.) 

7C12. Show that the volume of a regular octahedron can be 
correctly calculated by means of the formula of 7C9. 

7C13. By considering the volumes of four tetrahedra, find the 
locus of a point P whose distances p, q,r , from three given planes are 
such that 

ap + bq +cr=v 9 

where a, 6, c are any given numbers, positive or negative, and v is 
any given volume. 
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AREA AND VOLUME OF CONE AND SPHERE 



Def. : A cylinder is called a right cylinder if its ends are 
circles and each is the orthogonal projection of the other. 

Def. : A cone is called a right cone if its base is a circle whose 
centre is the orthogonal projection of the vertex. 

Def. : A straight line joining two points on a sphere is 
called a chord, and a chord which passes through the centre is 
called a diameter. 

Def. : A plane through the centre of a sphere is called a 
diametral plane. 

Def. : A plane divides a solid sphere into two segments, and 
its surface into two caps. 

Def. : Two parallel planes enclose a frustum of a solid 
sphere, and a zone of its surface. 

Def. : A single branch of a conical surface with its vertex 
at the centre of a sphere divides the latter into two sectors. 

Def. : The section of a sphere by a diametral plane is called 
a great circle, and any other plane section of a sphere is called 
a small circle. 

(For proof of the fact that any plane section of a sphere is a 
circle, see 4W1.) 

Def. : The part of a spherical surface enclosed by the halves 
of two great circles is called a lune ; and the part enclosed by 
arcs of three great circles is called a spherical triangle. 

Def. : Three mutually perpendicular diametral planes 
divide a spherical surface into eight octants. 
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MAGNITUDE OF A FIGURE ; ELEMENTS 

The theory of this chapter and the next is based on the 
following set of definitions : 

Def. : Length, area, and volume are called magnitudes of 1, 2, 
and 3 dimensions respectively. 

Def. : The elements of a curve are the chords of any set of 
arcs into which it may be divided. 

Def. : The elements of a surface are the plane polygons 
whose vertices coincide with those of any set of superficial 
polygons into which it is divided. 

Def. : The elements of a solid figure are parts of the poly¬ 
hedron bounded by elements of its surface. 

Notation : If m stands for an element, then 2m stands for 
the total magnitude of all the elements of the same set. 

Def. : If, by insisting on a sufficiently small maximum 
distance between vertices of the same element, we can make 
every possible value of 2m differ as little as we please from 
some definite magnitude M, then M is said to be the limiting 
value of 2m. 

Notation : Lt 2m stands for “ the limiting value of 2m ”. 

Def. : If, for a given figure, Lt 2m exists, it is said to be the 
magnitude of that figure. 

Note : As elements of a cylinder, we can take prisms, 
having, as ends, corresponding elements of the ends of the 
cylinder. 

As elements of a cone, we can take pyramids, with the same 
vertex, and having, as bases, elements of the base of the cone. 

It follows that Theorems 7T1-7T5 hold good if the words 
“cylinder” and “cone” are substituted for “ prism ” and 
“ pyramid ”. 
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1 Theorem 8T1 

The area of the conical surface of the frustum of a right 
cone with slant height k and 

circumferences of ends c, c', is * f y, a, a, 

P(c + c'). (Fig. 68.) / * 

Let the surface of the frustum j I \\ \ / . 

be divided into n equal parts by *1 I \ \ y ^ — * 

planes through the axis , and 2 

let A, EL, AoBo, ... be the lines Bl B * b 3 

1 . . & * Fig. 68. 

of division . 

The equal trapezia A^B^, A 2 B 2 B 3 A 3 , ... are elements; 
let h be the height of each. 

/. the area of the surface 

= Lt 2\ BjB 2 A 2 
= Lt 2\h (A-jA 2 + BjB 2 ) 

= Lt |AZ r (A 1 A 2 4- Bj^Bg). 

But Lt h = k> Lt 2a 1 A 2i = c, and Lt Z'B 1 B 2 = c' ; 

area of surface = \k(c + c'). (q.e.d.) 

Corollaries : 

(1) If c be the average circumference of a conical 
frustum (i.e. the circumference mid-way between the circular 
ends), the area = kc. 

(2) If r, r f be the radii of the ends, the area 

= \k ( 27 tt + 27t/) = 7rk (r + /). 

(3) If r is the average radius, area = 27 r£r. 

(4) As a cone is a frustum with one end reduced to a point, 
THE AREA OF THE SURFACE OF A RIGHT CONE 

= \kc == irkr. 

(5) A cylinder is a frustum with equal ends ; 
the surface of a right cylinder 

— kc = 2irkr. 


(Q.e.d.) 
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Theorem 8T2 

The volume of any conical frustrum with height h and 
areas of ends A, B, is %h (A+Vab + B). (Fig. 69.) 



Fig. 69. 


(i Unlike 8T1, this theorem is not restricted to frusta of right 
cones.) 

Let volume and height of the complete cone be V', t, and 

those of the part cut off V, t. 

ml _ A _t* 

Then g — ^ 2 ' 

V' £B t! 

y 

~t ,3 * 

Hence volume of frustum 

= V'-V 


Also 


-K) 

= W (l-£) 

=£B«' (l-?)(l+? + ^) 
=iB(«'-0(l + ^ + |) 

= P(B + n/AB + A). 


(7T1) 

(7T4) 


(q.e.d.) 
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Theorem 8T3 

Equal areas are intercepted on a sphere and its circum¬ 
scribed cylinder by any two planes parallel to the circle of 
contact. (Fig. 70.) 

Let AOB be the diameter of 
the sphere at right angles to the 
plane of the circle of contact, 
and let C be any point on the 
latter. 

Let the given planes cut 
the semicircle ACB in the 
points D, E ; let the arc DE 
be divided into n equal 
parts ; and let PQ be one of 
them. 

Draw OR_[_PQ, and let 
P', R', Q' be the projections of P, R, Q on OB. 

A 

Then the angle between PQ and OB = ORR'; 

P'Q' = PQ cos ORR' (5T6) 

_ _ RR\ 

_PQ> OR’ 

PQ . RR'=P'Q'. OR. 

Hence the area of the conical surface carved out by PQ 

= 2wRR'. PQ (8T1) 

= 27rOR. P'Q'. 

The n chords like PQ will all be equal, and at equal distances 
from the centre; 

the total surface carved out by the n chords like PQ 
= 2wOR. Zp'Q! 

= 27tOR.D'E'. 
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As D'E' is constant, the area of the surface carved out de¬ 
pends only on the length of OR. 

By sufficiently reducing the length of each chord, we can 
make the difference between OR and OC, and, /., the difference 
between 

2ttOR.D'E' and 2 ttOC . D'E' 
as small as we please ; 

the area of the zone carved out by the arc DE 
= 2 ttOC . D'E' 

= the area of the surface of a right cylinder with radius OC 
and length D'E' (8T1) 

= the area of the circumscribed cylinder between the given 
parallel planes. (q.e.d.) 

Corollary 1. The surface of a sphere of radius r 

=2 r . 2nr j 

= 477T 2 . 

Corollary 2. The surface of a cap or zone of depth h j 

ON A SPHERE OF RADIUS T 

= 2urh. 

Def. : The angle of intersection of two curves is the angle be- ; 
tween their tangents at their point of intersection. 

It follows that the angle of intersection of two great circles 
of a sphere is equal to the dihedral angle between their planes ; 
for their tangents are at right angles to their common diameter, 
which is in the line of intersection of their planes ; 

, if the angles of a lune are each equal to A radians, its area 

A 

is of the surface of the sphere. 

2i7T 

Corollary 3. The area of a lune with angle of A 

RADIANS 



= 2A r 2 . 


Theorem 8T4 

The area of a spherical triangle with angles A, B, C is 
r 2 (A + B-f C- 7 r) 

where r is the radius of the sphere. (Fig. 71.) 



Fig. 71. 


Let the diameters through A, B, C be AA', BB', CC' respectively. 

Although the spherical triangles ABC, A'B'C' cannot, in 
general, be superposed, as one is “ left-handed ” and the other 
“ right-handed ”, it is evident that corresponding elements will 
be congruent; 

sph. triangles ABC, A'B'C' are equal in area. 

These two triangles, together with the hemisphere C,ABA'B', 
are equivalent to the three lunes ABA'C, BCB'A, CA'C'B', the 
first two of which overlap to the extent of the triangle ABC. 

The areas of the lunes are 2Ar 2 , 2Br 2 , 2Cr 2 respectively, and 
that of the hemisphere is 27 tt 2 ; (8T3) 

.\ 2 A ABC + 2wr 2 = 2r 2 (A + B + C) ; 

A ABC = r 2 (A + B + C — 7r). (q.e.d.) 

Def. : Any figure drawn on the surface of a sphere sub¬ 
tends at the centre a solid angle whose magnitude is measured 
by the ratio of the area of the figure to that of the square 
on the radius. 

Corollary : The magnitude of a trihedral angle with f I 
DIHEDRAL ANGLES A, B, C, IS A + B + C - 77. 11 
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Theorem 8T5 

If the spherical surface of a sector is of area A, and r is 
the radius of the sphere, then the volume of the sector is 

f. (Fig- 72.) 

Q The elements of the sector are pyramids with 
a common vertex at the centre of the sphere, 
and with their bases forming the elements of 
the spherical surface A. 

FIG. 72 . Let h be the height, and a the area of the 

base, of an element. 

Let A', r' be any quantities very slightly smaller than A, r 

respectively. . 

By sufficiently reducing the maximum area of individual 
elements, and correspondingly increasing their number, we can 
ensure that 

A '<Ua <A ; 
and h <r ; 

Ur'a < Uha < Ura ; 
r’Ua*CUhcr^rUa ; 
r'A' <r’Ua< Uha < rUa < rA. 

/A' < Uha < rA; 

we can make g — as nearly equal to -g- as we please , 


/. the volume of the sector =- 


(q.e.d.) 


Corollary 1. The volume of a sphere of radius r 
47rr 2 r 4 , 

- 3 "" 57rr * 

Corollary 2. The volume of a sector on a cap o? 
depth h 


2rrrh . r 27 rr 2 h 
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If a segment of depth h is cut from a sphere of radius r, 
its volume is 

^(3 r-h). (Fig. 73.) 

Let AB be a diameter of the segment , and CD 
the perpendicular diameter of the sphere , cutting 
fKB in E. 

Then AE . EB = CE . ED ; 

/. AE 2 = /*(2r-A); 
the volume of the cone with vertex at O, the centre of the 
sphere, and with the plane surface of the segment for base 

= ^7tOE . AE 2 
= ^77(r - h) . h(2r-h) 

= i7rh{2r 2 -3rh + h 2 ). 

The volume of the sector composed of the cone and the 
segment 

= §77T 2 A (8T5) 

= M(2r 2 ); 

•\ the volume of the segment 

= \irh (3rh - h 2 ) 

= %7rh 2 (3r-h). (q.e.d.) 

WORKED EXAMPLES 

Def. : If ( x , y, z) are the coordinates of any point P on a 
sphere with respect to three mutually perpendicular planes 
through its centre, and if (ax, hy, cz) are the coordinates of a 
point Q, then the locus of Q is called an ellipsoid, and its inter¬ 
cepts on the axes of coordinates are called its semi-axes. 

Def. : If a = 6, the ellipsoid is called a spheroid, and is said 
to be prolate or oblate according as c is greater or less than a . 
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8W1. Show that, if a, 6, c are the semi-axes of an ellipsoid, its volume 
is ^rrabc. 

Let m, m' be corresponding elements of the ellipsoid and of the 
concentric unit sphere. 

Linear measurements of m parallel to the axes are respec¬ 
tively a, b , c times those of m'; 

m = abcm f ; 

volume of ellipsoid = abc times that of the unit sphere 
= abc .^7r(l) 3 

=^7ra&c. (q.e.d.) 

8W2. Show that the area of the part of the earth’s surface visible from 
a balloon at height h is 

/\ 277 r 2 h 

A \ r + /&’ 

where r is the radius of the earth. (Fig. 74.) 

^ A L e t b be the balloon , O the centre of the earth , 
( r>0 ) BP a tangent from B to any plane section of the 

V J earth through OB, N the foot of the perpendicular 

from P to OB, and Q the point of intersection oj 
fig. 74. OB with the surface of the earth. 

OP 2 r 2 . 

Then ON= OB “7+F 


QN=r-^- r+A 
the area of the cap visible from B 


= 27rr. 


rh _ 27 tt% 
r + h r+h' 




(Q.E.D.) 
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8W3. A napkin ring is in the form of a sphere pierced by a cylindrical 
hole. Prove that its volume is the same as that of a sphere with diameter 
equal to the length of the hole. (Fig. 75.) 



Let a be the radius of the sphere , and 2b the length of the hole. 
The part removed consists of 
two segments of depth (a - b) 

+ two cylinders of height b and radius ^(^-ft 2 ), 
i.e. two segments of depth (a - 6) 

4- six cones of height b and radius J{a 2 - & 2 ), 
i.e. two sectors on caps of depth (a - b) 

-f four cones of height 6 and radius ^/(a 2 - & 2 ). 

The area of each cap = 27ra(a-6) ; 

volume of each sector. 2ira(a - 6). 

The volume of each cone = \. 7r(a 2 - 6 2 ); 

o 

.’. volume of hole 

=|7ra 2 (a - 6) + |7r6(o 2 - h 2 ) 

=(a 3 - aPb + aPb - IP) 

=|tt (a?-IP). 

The napkin ring 

= (original sphere) - (part removed) 

= |7ra 3 —1^77 (a 3 — IP) 

= && 

=sphere with diameter equal to the length of 
the hole. (q.e.d.) 
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EXAMPLES 8A 

8A1. Find approximately what per cent, of the earth’s surface lies 
in the Tropics (i.e. between latitudes 23|° North and 23£° South). 

8A2. Show that the area of a belt of the earth’s surface between 
two parallels of latitude is proportional either to the difference be¬ 
tween the sines of the latitudes, or to their sum. 

8A3. Six equal cones are packed inside a cube with their vertices 
at the centre and their bases inscribed in the faces. Show that the 
volume of each unoccupied corner comprises nearly 2-7 per cent, of 
the volume of the cube. 

8A4. Find the volume of a hollow cylinder open at the ends and 
having radii a , b, and height h. 

8A5. Find the volume of a hollow sphere with radii a, b. 

8 A6. If r is the average of the inner and outer radii of a hollow 
sphere of thickness t, find its volume. 

8A7. Find the number of cubic inches of lead per inch of piping, 
if d and t are respectively the internal diameter and the thickness of 
the wall, both in inches. 

8 A8. Verify the formula for the area of a spherical triangle (8T4), 
in the case of an octant. 

8A9. If ABC is any spherical triangle, show that the area of the 
remainder of the surface of the sphere can be correctly calculated by 
treating it as a spherical triangle with angles 2n - A, 2n - B, 2 n - C. 

8 A10. If a right cone, a hemisphere, and a cylinder have the same 
base and height, show that their volumes are in the ratios 1:2:3, 
and their total surfaces in the ratios 

l + sJ2: 3:4. 

EXAMPLES 8B 

8B1. The annular space between two concentric cylinders of 
radii r, R, is divided into two parts with volumes P, Q,, by a 
conical frustum with radii r, R, and height equal to that of each of 
the cylinders. Prove that 

P : Q = R + 2r : 2R+r. 

8B2. Four cones are packed into a regular tetrahedron with their 
vertices at the point of intersection of the medians and their bases 


AREA AND VOLUME OF CONE AND SPHERE 103 


i 

inscribed in the faces. Prove that each unoccupied corner comprises 
nearly ten per cent, of the volume of the tetrahedron. 

8 B3. If eight cones are packed into a regular octahedron in the 
manner described in 8B2, show that the volume of each unoccupied 
corner is approximately 6-6 per cent, of that of the octahedron. 

8B4. Show that approximately *33 per cent, of the earth’s surface 
is included between latitudes 45° and 60° North and longitudes 45° 
and 60° East. 

8B5. The surface of a peg-top consists of a major spherical cap 
and its tangent cone. If these are equal in area, find the ratio in 
which their plane of contact divides the axis. 

8 B6. A right cylinder is carved by means of a lathe into a succes¬ 
sion of conical frusta, each having ends with radii a and b. If the 
ends of the carved model are unequal, show that its volume is inde¬ 
pendent of the number of frusta, and of their individual heights, and 
that these need not be equal to one another. 

8 B7. A lead weight is in the form of a sphere surmounted by a 
tangent cone, and the total height is twice the diameter; find the 
ratio of the total volume to that of the sphere. 

8 B8. A buoy is in the form of a hemisphere surmounted by a cone ; 
if the total height is twice the diameter, find the ratio of the total 
volume to that of the hemisphere. 

8B9. Find the volume of a lens of diameter (or aperture) 2a, and 
thickness 2d, the two spherical surfaces being of equal curvature. 

8B10. A cone with semi-vertical angle 30° is inscribed in a sphere ; 
find the ratio of its volume to that of the sphere. 

8 B11. Show that the ratio of the volumes of two cubes inscribed in, 
and circumscribed about, the same sphere is the same as the ratio of 
t he volumes of two spheres inscribed in, and circumscribed about, the 
same cube. 

8B12. Show that, if a paper cone be formed by joining the straight 
edges of a sector of a circle with radius r and angle. x°, and pressing 
the curved edge on a plane, its total surface is 


jtxr 2 

360 



8B13. Show that the volume of the cone of 8B12 is 


nxV 

3(360) ! 


Mmf- 
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8B14. Show that, if a sphere can be inscribed in a frustum of a 
right cone, the ratio of their volumes is equal to that of their surfaces. 

8B15. Assu mi ng the earth to be a smooth sphere with radius r, 
find the volume of its atmosphere up to a height h between latitudes 
45 ° north and south. 

8B16. The rim of a right cone is pared away by means of a lathe 
until the remaining solid consists of a cylinder surmounted by a cone 
equal to it in volume. Find what fraction of the original volume is 
removed. 

EXAMPLES 8G 

8C1. A sphere is cut by two parallel planes at distances H and h 
from one extremity of the diameter at right angles to them. If r is 
the radius of the sphere, find the volume enclosed between the 
planes. 

8C2. A segment of thickness h is removed from a sphere, and then 
a slice of thickness t. The longer edge of this shoe is then trimmed off, 
leaving a right cylinder. Find the volume thus trimmed away, if r 
is the radius of the sphere. 

8C3. Find the volume of a hollow cone with semi-vertical angle 
30°, height H, and thickness t, and with a base of the same thickness. 

8C4. The ends of a certain solid figure are segments of spheres, and 
the middle portion is a conical frustum, whose surface is tangential 
to the completed spheres. If the latter have radii a, b, and would 
just touch one another in the interior, show that the area of the 
surface is equal to that of a sphere with radius s/(a 2 + 6 2 ). 

8 C5. If the volume of a cone is n times that of its inscribed sphere, 
show that the ratio of its height to the radius of the sphere has one 

of the values 2n ( I ±*J 1 - - )• 

8 C6. If the distance between the planes of two circles is k times the 
sum of their radii, show that the areas of the spherical and conical 
zones bounded by them are in the ratio 

V(l+P):l. 

8C7. Def. : The comers of a cube, cut off by a sphere which 
touches its twelve edges, are called pendentives. 
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If each straight edge of a pendentive is of length a , show that its 
volume is 

a* - na 3 


8 C8. Show that the area of the curved surface of the pendentive in 
8C7 is equal to 

J^a 2 (3 N /2-4). 

8C9. A hemisphere and a right cone of semi-vertical angle 30° 
stand on the same side of the same circle, whose radius is 2a. Show 
that the volume of the part of the hemisphere that is outside the cone 

2 7ZCI? 

is —--T-, and that the volume of the part of the cone which is outside 

sJS 


the hemisphere is 


ijra 3 (10V3-16). 


8C10. A spindle-shaped figure consists of two unequal right cones 
with a common circular base. Inside it is inscribed a right cylinder 
in which a cube is capable of being inscribed. Shoy that the ratio of 
the volumes of cylinder and spindle is as 3r 2 (R - r): R 3 , where r , R are 
their radii. 


8C11. An hour-glass is bounded by parts of two equal spheres with 
radius a, and their common tangent double-cone, whose semi- 
vertical angle is 30°. Find its surface and volume. 







CHAPTER IX 


CENTROIDS 

Def. : If is the distance of a plane a from any point of an 
element m of a given figure, and if Lt Emp = 0, then a is called 
a centroidal plane of the figure. 


Theorem 9T1 


Parallel to any given plane there is one and only one 
centroidal plane for any finite figure. (Fig. 76.) 



fig. 76. 


Let a be any given plane, a any 
plane parallel to it at a distance d> 
and p', p their distances from any 
point P in any element m. 

Then p=p'-d ; 

Lt Emp — Lt Em ( p ' - d) 

= Lt Emp' — Lt Emd 
= Lt Emp ' -d. Lt Em. 


The values of Lt Emp' and Lt Em are independent of our 
choice of the plane a. 

We may, therefore, choose the plane a so that 
, Lt Emp ' 
d ' UEm * 

With this plane, 

Lt Emp f - d . Lt Em =0 ; 


Lt Emp = 0; 

a is a centroidal plane. (q.e.d.) 
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/ Theorem 9T2 

If three centroidal planes of a figure have a common 
point O, but not a common straight line, then every plane 
through O is a centroidal plane. 

(Fig. 77.) A r 

Let OX, OY, OZ be the lines of / \ / Y 

intersection of the given centroidal / / 

planes, a any other plane through \ / 

0, and (w, v , w) the direction 
cosines of its normal with respect \ 
to the axes OX, OY, OZ ; and let \ 

(x, y , z) be the coordinates of any \ rv 

point P of any element m of the \ oc / X 

figure, and p its distance from a. \ / 

Then p = ux + vy + wz ; (5T8) yig.77. 

/. mp = m (ux + vy + wz ). 

Each element has its own x , y, 2 , and m ; but u , v, and w are 
the same for all; 

Lt Emp = u . Lt Emx + v . Lt Emy + w . Lt 


as the planes of the axes are centroidal planes ; 
Lt Emp = 0 ; 
a is a centroidal plane. 


(Q.E.D.) 


Corollary 1. All the centroidal planes of the same 

FIGURE HAVE A COMMON POINT. 

Def. : The point common to all centroidal planes of a figure 
is called its centroid. 

Corollary 2. Every finite figure has a unique 

CENTROID. 
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Theorem 9T3 

If R be the distance of the centroid G of a figure M from a 
plane j3, and r the distance of any point P in an element m 
from the same plane, then 

RM =Lt Srm. (Fig. 78.) 
p Let a be the plane through G||ft 
and let p be the distance of P from a. 

Then r=R+p; 

/.' Lt Srm = Lt SRm + Lt Spm 
=r . Lt Sm +Lt Spm 
=RM+0. (q.e.d.) 

Theorem 9T4 
If a figure be divided into any number of portions (not 
necessarily small or equal), and if M x , M 2 , ... be their magni¬ 
tudes and Rj, R 2 , ... the 
distances of their centroids 
from any plane j8, then the 
distance R of the centroid of 
the figure from j8 is such that 

r(M 1 + M 2 + ...) 

=R 1 M 1 +R 2 M 2 + .... (Fig. 79.) 

Let m 1 be any element of 
Mj, and m 2 any element of M 2 , 
and so on; and let r v r 2 ... 
be the distances of points of 
mj, m 2 ,... from /?. 

Then R^+R 2 M 2 +... 

=Lt Srpm ^+Lt Sr 2 m 2 +... (9T3) 

=Lt Srm, 

since the elements of the M’s are the elements of the figure. 
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But R(M 1 + M 2 + ...) = Lt Srm ; (9T3) 

R(M 1 + M 2 + ...)=R 1 M 1 +R 2 M 2 +... . (Q.E.D.) 

Corollary : The position of the centroid of a set of 

FIGURES DEPENDS ONLY ON THEIR MAGNITUDES AND THE POSI¬ 
TIONS OF T HE IR CENTROIDS, AND NOT ON THEIR SHAPES. 

Theorem 9T5 
(Theorem of Pappus.) 

If a one- or two-dimensional plane figure of magnitude M 
revolve through an angle a about an axis in its plane and at 
distance r from its centroid, then the area or volume swept 
out =M”a. 

Let m be any element of M, and r the 
distance of any point of it from the axis of 
rotation. 

Case 1. One-Dimensional Figure : 

(i.e. a straight line, or curve). (Fig. 80.) fm. so. 

Here m is a short straight line. Let r 
be the distance of its middle point from the axis of rotation. 

In a complete revolution it carves out a conical zone of slant 
height m and average radius r; 

its area = ^irrm ; (8T1) 

rotation through an angle a produces a portion of area 

rm ; 

i.e. arm ; 

the area carved out by the whole figure 
=Lt Socrm 
=a Lt Srm 

=aMr. (9T3) 

(Q.E.D. (i).) 
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Case 2. Two-Dimensional Figure. (Fig. 81.) 

Take as elements rectangles with their sides parallel or perpen¬ 
dicular to the axis of rotation . 



Fig. 81. 

In any one rectangle let 6, a be the lengths of sides respec¬ 
tively parallel and perpendicular to the axis, so that m — ab ; 
and let r be the distance of the centre of the rectangle from 
the axis. 

each side of length a carves out an area am. (Case 1) 
the rectangle sweeps out a cylinder (in the general sense 
of the term) of height b and base area am ; 

/. its volume = b . am ; (7T2) 

= mm; 

the volume swept out by the figure 
= Lt Emm 
=a Lt Emr 

=aMr. (9T3) 

(q.e.d. (ii).) 

Corollary: If the angle a = *°, the area or volume 
Mrfar 

SWEPT OUT = -jgjj . 
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Theorem 9T6 

If M, M' are the areas or perimeters of right and oblique 
sections respectively of any cylinder, and C is the centroid 
of M and the projection of a point 
C' in M', then M . CC' is the cylin¬ 
drical volume or area between the 
sections. (Fig. 82.) 

(Notice that C' is not always the 
centroid of M'.) 

Let m , m f be corresponding elements 
of M, M' ; let P, P' be any two of their 
corresponding points , y , y the lengths 
of PP', CC', and x the distances of P, C from the line common 
to the planes of section , and 0 the dihedral angle between those 
planes . 

The element mm ' is 

either a rectangle with height y and base m, 
or a right prism with height y and base area m ; 

/. in both cases, the magnitude of mm ' = my ; 

the cylindrical volume or area between the sections 
= Lt Emy 
— Lt Emx . tan 0 
= tan 6 . Lt Emx 

= tan 6 . MS (9T3) 

=m y 

= M.CC'. (Q.E.D.) 

WORKED EXAMPLES 

9W1. Show that the centroid of a circular arc of radius r and angle 2a 
r sin a 

is at a distance --from the centre. 

a 

The length of the arc is 2m. 
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If rotated about the diameter of the circle parallel to its 
chord, the arc carves out a zone of a sphere. 

Depth of zone = 2 r sin a ; 

its area = 2r sin a . 2777*. (8T3) 

By symmetry, the centroid of the arc lies on the radius that 
bisects it. Let x be its distance from the centre. 

Then 2ra. 27 tx = 2r sin a. 277/*; (9T5) 


r sin a 

.’. x = - 

a 


(q.e.d.) 


9W2. Show that the centroid of a sector of a circle of radius r and 

2 r sin a 

angle 2a is at a distance --from the centre. 

3 a 

This problem may be solved by the same method as 9W1, 
but it is simpler to proceed as follows : 

Let the sector be divided into n equal sectors. 

By making n large enough, the ratio of the segment of each 
narrow sector to its triangle may be made as small as we please ; 

the distance of the centre of the circle from the centroid 
of each sector can be made as nearly equal to f r as we please. 

The position of the centroid of the sum of the sectors depends 
only on their magnitudes, (which are equal), and the positions 
of their centroids ; (9T4) 

/. it is the same as the centroid of the circular arc of radius 
§r and angle 2a ; 

its distance from the centre is 

? (9W1) 

3 a 

(q.e.d.) 


9W3. A single bay of the vault of a crypt consists of two equal half- 
cylinders, of length and diameter 2a, piercing one another at right angles, 
so that their lines of intersection, (the groins), terminate in the vertices of 
a square. Show that the area of the surface of this bay is 4a 2 (77 — 2). 

(Fig. 83.) 
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Let ABCD be the square , E the point of intersection of the groins; 
and let EF || DA meet the vertical plane through AB in F. 

Let G be the centroid of arc AF, 
and draw GH || AD cutting the ver¬ 
tical plane through AE in H. Let 
E', F', G', H' be the projections of 
E, F, G, H on the plane ABCD. 

The surface of the vault is equal ^ 
to eight times the cylindrical tri¬ 
angle AEF. A 

This is the cylindrical area be- FlG ‘ 83 ' 

tween the right. and oblique sections AF, AE, of the cylinder 
whose base is the arc AF ; 

its area = arc AF . GH. (9T6) 

gf'= — yvfo (9wi) 



_ a £, 

J2 TT ’ 

G'F' = GF' cos \tt 
_ a 4 1 


GH =G'H'=AG' =AF' - G'F' 


the area of the surface of the bay 


= 4a 2 (tt - 2). 


(q.e.d.) 
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9W4. A radius OA of a circle is of length a, and is bisected at right 
angle by a chord BC. Show that the centroid of the minor segment cut 
off is at the distance 

sjsg 

K 'N. 477 — 3^/3 

^ \ from the centre of the circle. (Fig. 84.) 

I \ -q j As BC bisects OA at right angles, 

V J AB = OB = OA; 

s' BOA = 60°, and BC=ajS. 

Fig. 84. The area of the segment ABC 

= sector 0,BAC — triangle OBC 
77 a 2 1 a 

= -3“"22-^ 3 

= g(4w-3V3). 

Let G, H, K be the centroids of the triangle, sector, and seg¬ 
ment respectively. 

_ 2 a a 

0G 3 2 3’ 

2 . a sin ^ 

_ o /OTQ\ 


_ *J3ci 

7T 

OH . 0,BAC =OG . OBC + OK . BAC ; 
OK . BAC = OH . 0,ABC — OG . OBC ; 

/. 0 K.g(47T-3V3) 

_ JSa 7TO 2 _ a J3a 2 . 

77 3 3 4’ 

OK (477 - SJ3) = iJ3a - J3a —3^/3 a \ 

• ok 3,73a 
•• W_ 4t7-3V3' 


(Q.E.D.) 
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EXAMPLES 9A 

. 9A1. Show that, if a chord divides a circle into two parts in the 
ratio m: n, the distances of their centroids from the centre of the 
circle are in the ratio n : m. 

9A2. Use Pappus’ Theorem to find the volume of a cone. 

9A3. Use 9T4 to show that the point of intersection of the medians 
of a tetrahedron is its centroid. 

9A4. Show that the centroid of a pyramid or cone divides the 
straight line joining the vertex to the centroid of the base in the 
ratio 3:1. 

9A5. Show that the centroid of the curved surface of a cone 
divides the axis in the ratio 2:1. 

9 A6. If h is the height, and h the slant height, of a cone, show that 
the centroid of the total surface is at the distance 

k(k-^W^W) 

3 h 

from the base. 

9A7. Two solid cones with heights a, b 9 stand on opposite sides of 
the same base. If a is greater than b, find the distance of the cen¬ 
troid of the combined figure from the common base. 

9A8. A solid figure consists of a cylinder with height b surmounted 
by a cone with height a . Find the distance of the centroid from 
the vertex. 

9A9. An anchor ring with mean radius a is made from an iron rod 
with circular section and radius b. Find its volume. 

9A10. Find the area of the surface of the ring of 9A9. 

9A11. Find the centroid of a semicircular arc of radius a. 

9A12. Find the centroid of a semicircle of radius a . 

9A13. Find the volume swept out by the revolution of a plane 
figure consisting of two parts with areas A , B, and their centroids 
at distances x, y, from the axis. 

9A14. Find the centroid of a spherical zone. 

9A15. Find the centroid of a spherical cap with height h on a 
sphere with radius r. 

9A16. By regarding a semicircle as the sum of two quadrants, and 
making use of 9A12 and 9T4, find the centroid of a quadrant of a 
circle of radius a. 









116 


SOLID GEOMETRY 




9A17. Find the centroid of a quadrant of an ellipse bounded by a 
semi-major axis of length a and a semi-minor axis of length b. 

9A18. A right cone and a right cylinder have the same base and 
height, and the cone is inside the cylinder. Find the centroid of the 
remainder of the cylinder. 

9A19. Find the centroid of a sphere of radius a having a spherical 
cavity of radius b, if c is the distance between the centres. 

EXAMPLES 9B 

9B1. Discuss whether C' in 9T6 is the centroid of M'. 

9B2. Show that the position of the centroid of a semi-ellipsoid can, 
but that of its curved surface cannot, be deduced from the positions 
of the centroids of a hemisphere and a hemispherical surface. 

9B3. Use the method of 9W2 to find the distance of the centroid 
of a hemisphere from its centre. 

9B4. Find the distance of the centroid of an octant from the 
centre of its sphere. 

9B5. If an octant of a sphere of radius a is cut from a cube with 
edge of length a , show that the centroid of the remainder is at a 
distance 

3n/3(8 - n)a 
8(6 - n) 

from the right-angled corner. 

9B6. If a quadrant of a circle of radius a is cut from a square con¬ 
structed on its radii, show that the centroid of the remainder is at a 
distance 

2sJ2a 
3(4- n) 

from the right-angled comer. 

9B7. If a, b are the lengths of the parallel sides of a trapezium, 
and h is the distance between them, prove that the distance of the 
centroid from the side is given by 

Ji 2d + b 
3 ~a+b' 

(Regard the trapezium as either the sum or the difference of two 
triangles.) 
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9B8. From 9B7 prove that, if one side of a trapezium is of length 
h and at right angles to two others of lengths a, b respectively, its 
distance from the centroid is equal to 

1 a 2 + ab + b 2 

3 a + b 

9B9. Use 9B8 to find the volume of a frustum of a cone with radii 
a , b, and height h. 

9B10. The top of a right cylinder is the base of a right cone of 
height a. If b is the height of the cylinder, and its base rests on a 
spheroid of depth c, show that the distance of its centroid from its 
point is equal to 

3 ( a 2 -f- 2 b 2 + c 2 ) + 4 (26c -f 2 ca + Sab) 

4 (a+ 36 +2c) 

9B11. A section through the axis of an iron wheel consists of two 
capital T’s of height h, width w, and thickness t, with their feet 
separated by a space t, corresponding to the hole of that diameter 
for the accommodation of the axle. Find the volume of the wheel. 

9B12. A peg-top is in the form of a hemisphere and an inverted 
cone on opposite sides of a common base. Find the distance of its 
centroid from the common base, a being the radius of the hemi¬ 
sphere, and b the height of the cone. 

9B13. By cutting up a spherical sector into elementary sectors, 
and applying 9T4, find the distance of the centroid from the centre 
of the sphere, if a is the radius of the sphere, and h the depth of the 
cap. 

9B14. The central vertical section of the inner surface of a round 
salad-bowl consists of two equal semicircles with diameters at right 
angles to a straight line joining their lower ends. Show that the area 
of the inner surface is given by 

£ n (d 2 - 2dh + 5h 2 ) -f J n 2 h (d-h), 
where h is the height and d the inner diameter of the bowl. 

9B15. The end of the horn of a loud-speaker is formed by the 
revolution of a quadrant of radius R about an axis parallel to the 
tangent at one comer, and at a distance r from it. Show that the 
area of its surface is given by 

rc 2 R(R+r)-2;rR 2 . 
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9B16. A solitaire board has a circular groove of semi-circular 

section, flanked by an outer ridge of equal semi-circular section. If 

V is the volume of the largest marble that can touch the bottom of 

the groove, show that the volume of the ridge exceeds that of the 

. 3jtV 
groove by -g— 

9B17. Show that the volume of the spike formed by the revolution 
of a quadrant about the tangent at one comer is equal to 

-jg-(10 — 3 tt), 

where r is the radius. 

9B18. Two cylinders with radius c and lengths a, b, intersect at 
right angles forming a cross. Show that its volume is equal to 



9B19. Show that the curved surface of the cross described in 9B18 
is equal to 

2nc(a + b-~^J. 

9B20. In the centre of the base of a cone with height H, is bored a 
similar conical hole with height h . Show that the distance of the 
centroid of the remaining hollow cone is at the distance 
H +h H 2 + fc 2 

4 H 2 + H h + h 2 

from the base. 

9B21. Prove 8W3 by the methods of this chapter. 

9B22. Find the centroid of a sector of a sphere of radius a if the 
plane of its rim is at a distance b from the centre. 

9B23. Find the centroid of a minor segment of a sphere of radius a 
cut off by a plane at a distance b from the centre. 

9B24. Show that the formula obtained in 9B22 gives the centroid 
of the remainder of the sphere if this is regarded as a sector whose 
rim is at a distance ( - b) from the centre. 

9B25. Show that the centroid of the major segment in 9B23 is 
given by replacing 6 by - b in the formula for the centroid of the 
minor segment. 
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EXAMPLES 9G 

. 9C1. A solid of revolution is swept out by a minor segment of a 
circle with chord ^/3a, and radius a. Prove that its volume is 

eqUalt0 na \a /q ^ \ 

9C2. An anchor ring of mean radius p and thickness 2 q is split 
into inner and outer rings of semi-circular section ; show that the 
ratio of the volumes of the parts 

= Znp - : Snp + 4g. 

9C3. A bay of a Gothic vault is formed by the intersection of 
circular cylinders with their axes along the sides of a horizontal 
square ABCD. (Alter Fig. 83 so that A, B are centres of arcs BF, 
AF respectively, and so on.) Show that the area of the surface of the 
vault is 4^2 

y-(2rc-3V3), 

where a is the length of AB. 

9C4. Show that the volume of the air-space in the bay of vaulting 
described in 9C3 is ( 2 ;r- 3 ^ 3 ). 

9C5. Show that the distance of the centroid of a segment of a 
circle from the centre is 2 r sin 3 a 

3 (a - sin a cos a)’ 

where r is the radius, and 2 a the angle subtended at the centre by 
the arc of the segment. 

9C6. Show that, if a radius of a circle bisects a segment, its 
distance from the centroid of the half-segment is equal to 
a (1 - cos 6 ) 2 (2 +cos 6) 

3 6 - sin 6 cos 0 

where a is the radius of the circle, and 6 the angle subtended at the 
centre by the arc of the half-segment. 

9C7. If a segment of a circle is rotated successively about the 
tangents and diameter parallel to its chord, show that the difference 
between the volumes of the first two solids is equal to twice that of 
the third. 

9C8. Show that the distance of the centre of a circle from the 
centroid of the figure bounded by an arc and the tangents at its ends 
is equal to rsin 3 a 
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where r is the radius of the circle, and a the angle subtended at its 
centre by either tangent. 

9C9. Show that, if the figure bounded by a circular arc and the 
tangents at its ends revolve about one of these tangents, the volume 
swept out is equal to 


2 nr *. 


sin «(3 — sin 2 a) - 3 a cos a 
3 cos a 


where r is the radius of the circle, and a the angle subtended at the 
centre by either tangent. 

9C10. A, B, C, D, E, are points of contact of pairs of four equal 
circles ABX, ACD, BCE, DEY, and r is the radius of each. The con¬ 
tinuous curve XACDYECBX (like a figure-of-eight) revolves about 
the tangent at C carving out a solid resembling an hour-glass. Show 
that the area of its surface is equal to 


4jrr a (l 4- 


f> 


9C11. Show that the volume of the hour-glass described in 9C10 
is given by 

^(2 + 3^3 -n). 


9C12. XY is the axis of a circular cylinder, and A, B are two points 
on the right section through X. BC is a generator, and B C its pro¬ 
jection on the plane AXY. If the plane ACC 7 cuts the cylinder in the 
arc AC, show that the area of the cylindrical triangle ABC is equal to 
ac(0 - sin 0) ' 

1 - cos 6 9 

where a=XA, c=BC, and 0 = angle AXB. 

9013. Show that the volume of the solid ABB',CC' in 9C12 is 

equal to . 

a 2 c(36 - 3 sin 0 cos 0 - 2 sm 3 0) 

1 6(1 - cos 0) 

9C14. Show that the air-space in the bay of the crypt-vault dis¬ 
cussed in 9W3 has the volume 


2a 3 /0 .v 

-g-(3:7r-4). 


9C15. Show that the major segment in 9C1 sweeps out a volume 

^(W + 8n). 


CHAPTER X 
RABATMENT 


When a set of coplanar lines of a solid figure has been drawn , it 
is often convenient to imagine a stiff sheet of cardboard pro¬ 
jecting from the paper and hinged to it along one of the straight 
lines already drawn, and having another set of coplanar lines 
drawn upon it. 

We then suppose this sheet of cardboard to be turned back¬ 
wards or forwards about the crease until it lies flat on the 
paper, where its lines can now actually be drawn . 

This process is called rabatment. 

If A, B, C are points in a plane that cuts the paper in the 
straight line XY, we say “ rabat ABC to A^C} about XY ”. If 
we then rabat the points D, E about ZW (with which they must 
be coplanar), their rabatted positions are called D 2 , E 2 ; while 
for the third, fourth, and subsequent rabatments the suffixes 
3, 4, ... are employed. 


Theorem 10T1 

If a point is rabatted about two different creases, its 
projection on the plane of the paper is the point of intersec¬ 
tion of the perpendiculars 
drawn to the creases 
from its corresponding 
rabatments. (Fig. 85.) 

Let P be rabatted about 
OB and 00 to P v P 2 respec¬ 
tively ; let P X M J_OB, and P 2 N J_OC ; and let them meet in P'; to 
prove that P' is the projection of P on the plane of the paper. 
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Fig. 85. 
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As M and N are on the creases, they are unaltered by rabat- 
ment. 

/. pmxob, and pnj_o° ; 

OBXpl- Pi MP » and OC±pl. P 2 NP ; (4T1) 

/. plane OBCXpl anes p i MP and P 2 NP > ( 5T4: ) 

plane OBCXPP'> their line of intersection ; (5T4) 

/. P' is the projection of P on the plane of the paper. 

(Q.E.D.) 

Corollary : A straight line perpendicular to a crease 

DESCRIBES A PLANE PERPENDICULAR TO THE PLANE OF THE 
PAPER. 

WORKED EXAMPLES 


10W1. Given the base of a tetrahedron and the lengths of the oblique 


edges, find the length and position of the perpendicular from the vertex to 

the base. (Fig- 86.) 



Let the triangle BCD he the given 
base, and let the lengths of the remain¬ 
ing edges AB, AC, AD he given. 

Rabat the face ABD to A X BD about 
BD, and the face ABC to A 2 BC about 
BC (i.e. in the plane of the paper 
construct triangles AjBD and A 2 BC 
congruent respectively to triangles ABD 
and ABC). 

Draw AiMXBD and A 2 NJ_BC, and 
produce them to meet in A'. 


Then AA' is the normal from A to the plane BCD. (10T1) 


AN =A 2 N, and AA'XNA’ i n pl ane BCD ; 

/. we can rabat triangle ANA' to A 3 NA' (i.e. construct triangle 
A'NA 3 making NA'A 3 a right angle, and NA 3 = NA 2 ). 

Then A' is the foot of the perpendicular from A to the base, 
and A 3 A' is its length. (Q.e.f.) 
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10W2. Find the centre and radius of the sphere circumscribing a tetra¬ 


hedron whose base and altitude and the projection of whose vertex on the 


base are given. (Fig. 87.) 

With the notation of 10W1, 
let P, Q, Q 2 he circumcentres of 
the triangles CBD, ABC, A 2 BC, 
and let K be the middle point 
of BC. 

Then KP, KQ, KQ 2 are all 
_1_BC ; 

A 

QKP = dihedral angle be¬ 
tween planes ABC, DBC 

= A 3 NA'; (10W1) 
/, we can rabat PKQ to 
PKQ 4 by drawing 

KQ 4 ||NA 3 and = KQ 2 . 

Let R be the centre of the 
sphere. 



a, 

Fig. 87. 


Then RPJ_pl. BCD, and RQJ_pl. ABC ; (4W1) 


,\ BC is perpendicular to each of the connected straight 
lines KQ, KP, RQ, RP ; 


these straight lines are coplanar ; (4T2) 

the point of intersection of straight lines drawn from 
Q 4 ±KP, KQ 4 respectively is the rabatment of R about 
KP. 


As RP_Lpl. BCD, RP_LPD ; 

we can rabat RPD to R 5 PD about PD. 

Then R 6 D is the radius of the sphere, R 4 P and R 6 P are equal to 
the distance of the centre from the plane of the base, and P is 
the projection of the centre on the base. (q.e.f.) 
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10W3. Given the face angles of a trihedral angle, find its dihedral 
angles ; and, conversely, given the dihedral angles, find the face 

angles. (Fig. 88.) 

Let a, j8, y be the given face 

A 

angles. Construct BOC=a, in 
the plane of the paper, and 

A A 

rabat to COA 1 and y to BOA 2 . 
(N.B.—Make OA 1 = OA 2 , as they 
are rabatments of the same 
line OA.) 

Draw A X M J_OC, and A 2 N J_OB, 

and produce them to meet in A'. 

Then A' is the projection of A. (10T1) 

Rabat A'MA to A'MA 3 , and A'NA to A'NA 4 , making MA 3 = MA 1 , 
and NA 4 = NA 2 . 

Then OC_Lpl. AMA'; (10T1) 

/. dihedral angle aj8 = A'MA = A'MA 3 . Similarly dihedral 

A 

angle ya = A'NA 4 . 

By a similar construction we could find dihedral angle fiy. 

(q.e.f.) 

Converse : Construct the supplements of the given dihedral 
angles. 

These are equal to the face angles of the conjugate trihedral 
angle. (6T1) 

Find its dihedral angles. 

Construct their supplements. 

These are equal to the face angles of the given trihedral 
angle. (6T1) 

(q.e.f.) 
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/ 

10W4. Given the face angles of a trihedral angle, find the locus of the 
points of contact of its faces with its inscribed spheres. 


Analysis : (Fig. 89). Let a sphere 
touch the faces of the given trihedral 
angle in the points P, Q, R, and let 
the plane PQR cut the edges in the 
points A, B, C. 

Then OP = OQ = OR (tangents to the a 
sphere), and BP = BR (tangents to the 
circle PQR). 

triangles POB, ROB are con¬ 
gruent ; 

A A 

POB = ROB, and two similar equalities. 

AAA 

AOR+ROB +POC = half the sum of the face angles ; 

A A 

/. AOB + POC is constant; 



Fig. 89. 


A 

POC is constant; 

/. the required locus is the set of three infinite straight lines 


o 



OP, OQ, OR. 

Hence the following 
construction : 

Construction : (Fig. 
90). 

Rabat the angles 
BOA, COA, to BOA 2 , 
COA 1 , on plane of BOC ; 

A 

and let OK bisect A 2 OA 4 . 


From 


BOC cut off BOP = COK, 


from BOA 2 cut off BOR = BOP, 

COAj cut off COQ = COP. 


and from 


(q.e.f.) 
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10W5. Given the base and altitude of a tetrahedron, and the projection 
of its vertex on the base, construct the projection, and find the length, of 
the common perpendicular of two opposite edges. 

Analysis: (Fig. 91). Let 
ABCD be the given tetrahedron, 
and let AB, CD cut their common 
perpendicular in P and Q ; let 
A', P' be the projections of A, P 
on plane BCD, and let a , p, 
a', p ', q be the projections of 
A, P, A', P', Q on the plane 
through BJ_CD. 

Then A a || Pp || Q q || DC ; and 
PQ qp is a plane quadrilateral 
with three right angles ; 

it is a rectangle ; 

PQ = and || yy. 

But PQ J_AB and CD ; /. pq±.kB and A a ; (3T6) 

pq±Ba. (4T1) 

Hence the following construction : 

Construction : (Fig. 92). 

Draw ByJLCD and k'a' ±_Bq. 

Rabat qBa to qBa ± (i.e. from 
a'k ' cut off ofa>i — altitude of 
tet.). 

Draw qPilBa-L ; PiP'±Bq; 
p'P' || a'A' (actually along p'p x 
in the diagram), cutting BA' 
in P' ; and draw P'QJ_CD. 

Rabat BA'A to BA'A 2 . ° Fig. 92. 

Draw P'P 2 || A'A 2 , cutting A 2 B in P 2 . 

Thus the points P, Q, are found, and P'Q is the projection of 
PQ, and p x q is equal to it in length. (q.e.f.) 



a 
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/ NOTE ON THE GRAPHICAL SOLUTION OF 
TRIHEDRAL ANGLES 

Def. : If two trihedral angles have two common edges and 
their remaining edges in the same straight line, they are said 
to be supplementary. 

E.g. if AV is produced to A', the trihedral angles V,ABC, and 
V,A'BC are supplementary. 

It follows that the eight trihedral angles determined by three 
concurrent straight lines may be described as 
a given trihedral angle , 
its three supplements , 

and the four trihedral angles vertically opposite to them. 

It is easy to see that supplementary trihedral angles have 
one face angle and its opposite dihedral angle in common, and 
the remaining corresponding angles supplementary. 

Thus, if ajSy, a'/?'y' are supplementary, 
a = a', 

j8 = 180° ya = 180°-y'a', 

y = 180° — y', aj8 = 180° — a'j8'. 

Contrast these with conjugate trihedral angles, (6T1) 

The method of 10W3 applies to all trihedral angles, whether 
the face angles are acute or obtuse. If j8 (Fig. 88), were obtuse, 
M would fall on CO produced, and A' would lie outside the 
angle BOC. 

If and y were both obtuse, it would be^more convenient to 
construct the supplementary trihedral angle ajS'y'. 

EXAMPLES 10A 

10A1. Find graphically the length of the diagonal of a cube whose 
edge is 3 inches ; find also its inclination to a face. Check by calcu¬ 
lation. 

10A2. Find graphically the length of the diagonal of a regular 
octahedron whose edge is 3*5 inches. Find also the dihedral angles. 
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10A3. Find graphically the altitude of a regular tetrahedron, each 
edge of which is 3 inches long. 

From your figure find the dihedral angles and the inclination of 
an edge to a face. 

10A4. Find the distance between opposite edges of a tetrahedron, 
each edge of which is 2-5 inches long. 

10A5. Find the radius and centre of the sphere which will cut the 
plane of the paper in a given circle of radius 3 inches, and pass 
through a point whose distances from the centre and plane of the 
circle are respectively 5 inches and 3 inches. 

10A6. The sides of the base of a tetrahedron are respectively 3, 
3*5, and 4 inches in length, and the inscribed sphere, the radius of 
which is 0-6 inch, touches the base 2*5 inches from its smallest angle 
and 1-5 inches from its largest angle. Find graphically the dihedral 
angle at the 3-5 inch edge. 

10A7. Given the altitude of a tetrahedron and the sides of the 
base (1|, 3, 2J, and 2 inches respectively), find the remaining edges 
so that the perpendiculars from the four corners to the opposite faces 
may be concurrent. 

10A8. Given the three pairs of opposite edges of a tetrahedron 
(5, 4 ; 7, 8-4 ; 8, 6 cm. respectively), find the distance between the 
middle points of the last pair. 

10A9. Construct the plane section of a cube through two given 
points on one face and one on an adjacent face. 

10A10. Construct the plane section of a cube through two given 
points on one face and one on the opposite face. 

10A11. Three edges of a tetrahedron are inclined at an angle of 
30° to the base, which is an equilateral triangle. Compare the 
lengths of these edges with those of the base. 

10A12. A frustum of a square pyramid has parallel edges 10 feet 
and 4 feet long, and oblique edges 5 feet. Find graphically the 
angles of the trapeziums that form the sloping faces, and also the 
inclination of the parallel faces to the others. 

10A13. Find graphically the radius of a hemisphere that can be 
inscribed in a regular square pyramid, given that the edges at the 
base are 4 inches long, and the face angles at the vertex are 76°. 

10A14. Find graphically the edge of a cube which can be inscribed 
in a hemisphere of given radius, say 3 inches. 
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10A15. Find graphically the length of the edge of a cube that can 
be inscribed in a sphere of radius 3 inches. 

10A16. What restriction is imposed on the number of edges of a 
pyramid, if all the angles at its vertex are required to be obtuse ? 

EXAMPLES 10B 

10B1. If two opposite sides of a rectangle subtend equal obtuse 
angles at a given point in space, show that they determine with it a 
pair of planes equally inclined to the plane of the rectangle. 

10B2. Show why the word “ obtuse ” cannot be omitted from 
10B1. 

10B3. If alternate vertical angles of a rectangular pyramid are 
equal to one another, prove that its oblique edges are equal. 

10B4. Construct the plane section of a cube through one point on 
each of three faces which have a common vertex. 

10B5. Construct the plane section of a cube through one given 
point on each of three consecutive faces. 

10B6. 0,ABCD is a square pyramid with the triangular faces equi¬ 
lateral. A plane through A bisects OC at Q, and cuts OB at P, where 
BP = JOB. Find graphically where it cuts OD. 

10B7. In a right cone 4 inches high and with semi-vertical angle 
25°, is inscribed a cube with its base on the base of the cone. Find 
graphically the length of an edge. 

10B8. Four spheres, each of diameter 2 inches, rest in a hemi¬ 
spherical bowl, touching one another two by two, and just touching 
the surface of the water which fills the bowl. Find graphically the 
diameter of the bowl. 

10B9. Show graphically that if a strip of bandage be wrapped 
round any convex pyramid, towards the point, it will, sooner or 
later, cross over itself, and continue to wind round the pyramid, but 
towards the base, and ultimately lie in one of the faces. What is the 
corresponding statement in the case of a cone ? Are these statements 
true if the base of the pyramid or cone is concave ? 

10B10. The six oblique edges of a pyramid are equal, and each 
face angle at the vertex is 30°. Find graphically the angles between 
the base and the oblique edges and faces. 
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10B11. Given that the edges of the tetrahedron ABCD have the 
following lengths: AB=3*04, BC=2*61, CA=2*13, CD = 1*93, 
AD =3*52, BD —3*95 units, find graphically the magnitude of the 
dihedral angle AB, and, if its plane bisector cuts CD in F, find by 
construction the length of CF. 

10B12. The sphere inscribed in the tetrahedron ABCD touches 
the face ABC in the point S. Find graphically the length of SA, 
given the following measurements : BC = 2*97, CA=4*12, AB = 2*25, 
AD =3-94, BD =2-71, CD =2*32 units. 

10B13. The lengths of the edges BC, CA, AB of the tetrahedron 
ABCD are respectively 2-92, 2*36, and 3-27 units, and those of its 
medians AP, BQ, CR are 2-04, 2-55, and 2-24 units. Find by con¬ 
struction the altitude DD r , and the lengths of the remaining edges, 
AD, BD, CD. (N.B. P, Q, R are centroids of faces.) 

10B14. The plan of a field is a rectangle ABCD, with AB, BC, 600 
and 500 yards long, and running respectively due north and due east. 
The comers A, B, C are respectively 200, 240, and 300 feet above 
sea-level. Find, graphically or by calculation, the direction of the 
line of slope. 

10B15. ABCD,XYZW is a cube, and P is the middle point of AB. 
Find the length and position of the straight line ST which cuts PZ 
and DW at right angles. 

10B16. If ABCD is a tetrahedron in which ACJ_BD, and BC=cr, 
CA=6, AB =c, and CD =d, calculate the length of AD. 

10B17. The straight lines joining the middle points of the opposite 
edges of a certain tetrahedron are mutually at right angles, and their 
lengths are x, y , z . Calculate the lengths of the edges. 

10B18. Find by construction the lengths of the edges of a tetra¬ 
hedron, if the joins of the middle points of opposite edges are 3*5, 
4*5, and 5*5 units long, and the first two of these are inclined to one 
another at 48°, the second two at 70°, and the first and last at 56°. 

10B19. Two opposite edges of a tetrahedron are at right angles to 
one another ; their lengths are respectively 2-5 in., and 3-5 in., and 
they are 3 in. apart. Find the size and position of the square 
section parallel to them. 

10B20. Find graphically the dihedral angles of a trihedral angle 
whose face angles are 30°, 45°, and 60°. 
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10B21. Find graphically the dihedral angles of a trihedral angle 
whose face angles are 90°, 108°, and 120°. 

10B22. Find graphically the face angles of a trihedral angle whose 
dihedral angles are 135°, 120°, and 150°. 

10B23. Find graphically the face angles of a trihedral angle whose 
dihedral angles are 72°, 90°, and 60°. 

10B24. If a, y are face angles of a trihedral angle, and /?y, ya, 

a/3 its dihedral angles, prove that 

„ cosy-cos a cos d 
cosa 8 = — r . 
r suia smp 

10B25. ABCD is a tetrahedron in which AB = 10-73, BC = 13-90, 
CA = 10-98, AD =6-04, BD = 14*75, and CD = 12*0 units. Find the 
shortest distance between AB and CD, and the distance of C from 
their common perpendicular. 


EXAMPLES 10C 

10C1. A sphere of radius 1 inch rests in a trihedral angle whose 
face angles are each 40°. Find graphically the distance of the centre 
of the sphere from the vertex of the angle. 

10C2. The jib of a crane is initially inclined at an angle of 30° to 
the vertical. It is swung about a vertical axis through an angle of 
25°, and then lowered till its inclination to the vertical is 50°. Find 
graphically the angle between its initial and final positions. 

10C3. Find graphically the dihedral angle between two roofs in¬ 
clined at 40° and 50° respectively to the horizontal, if the angle 
between their ridges is 100°. Find also the angle between the hori¬ 
zontal plane and the gutter in the valley between the roofs. Does it 
make any difference whether the ridges or the eaves are on the 
inside of the 100° bend ? 

10C4. Find graphically the radius of the sphere inscribed in a 
tetrahedron which has pairs of opposite edges of the following 
lengths : 3*0, 4*4 ; 3*6, 4*0 ; 4*8, 2*5 units. 

10C5. ABCD is a tetrahedron in which AB=3*3, BC = 3*8, CA=4*2, 
AD =3*1, BD =2*7, CD =2*9. P, Q are points on AD, BC respectively, 
such that AP=0*9, BQ = 1*5 units. If G is the centroid of the tetra¬ 
hedron, find graphically the points R, S, T, U, where the plane PQG 
cuts the edges AB, CD, AC, BD respectively. 
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10C6. Prove, either by construction, or by calculation, that any 
two skew edges of a regular octahedron are trisected by a straight 
line that cuts them both at right angles. 

10C7. Find the ratio of the areas of the faces of cubes that can be 
inscribed in a given sphere and in one of its hemispheres. 

10C8. ABCD,XYZW is a cube, and P is the centre of the face 
XYZW. Construct a straight line through P to cut CD and AY. Find 
its length in terms of that of AB. 

10C9. P is the middle point of the edge WX of a cube ABCD,XYZW; 
through P construct a straight line cutting AZ and DC. Find its 
length in terms of that of AB. 

10C10. A cube is inscribed in a tetrahedron so that each face of 
the latter contains one edge of the former. Show that two edges of 
the tetrahedron are at right angles to one another, and that if there 
are two solutions there must also be a third. 

10C11. Show that three cases of 10C10 arise according as the 
edges of the cube in contact with faces of the tetrahedron consist of 

(i) four separate edges ; 

(ii) two opposite edges and two parallel edges adjacent to one of 

them ; 

(iii) two pairs of opposite edges not all parallel to one another. 

10C12. If ABCD is a tetrahedron, and MN is the common perpen¬ 
dicular to the edges AB, CD, which are at right angles to one another, 
and if PQ is an edge of the inscribed cube which satisfies the con¬ 
ditions of 10C11 (i), show that 

JL_ J.JL+JL. 

PQ~~AB^CD^MN 

10C13. If, in 10C12, AB=3-5, CD =4-2, and MN=30 units, 
calculate the length of PQ, and check by a practical construction. 

10C14. With the notation of 10C12, find PQ if AB = 8, CD =9*5, 
MN =4*8, and N is in CD produced, and DN =2*8. 

10C15. With the notation of 10C12, find PQ if AB = 6-6, CD =4-8, 
and MN = 12-0, and M, N are in AB, CD produced, and BM =3-4, and 
DN =4 0 units. 

10C16. A wireless mast is kept in a vertical position on a hillside 
by means of three wire ropes equally inclined to the horizontal. 
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Two of them, each of length 55 feet, are inclined to the third, which 
is 45 feet long, at angles of 40°, and to one another at an angle of 30°. 
Find the slope of the ground. 

10C17. A lamp-shade is in the form of a frustum of a hexagonal 
pyramid, whose parallel faces are inclined at 45° to the other six. If 
a hemisphere can be inscribed in this frustum, and each edge of the 
base is 9 inches long, find graphically the lengths of the remaining 
edges. 

10C18. Three equal cones with semi-vertical angles 22° have a 
common vertex and touch one another along three generators. Find 
graphically the semi-vertical angles of the cones that will touch them 
externally and internally along three generators. 

10C19. If each of the oblique edges of a tetrahedron is two-thirds 
of the length of a side of the equilateral base, show that the foot of the 
normal from the centre of the base to any other face is the centre of 
the inscribed circle of that face. 

10C20. Three equal cones have a common vertex and touch a 
plane along three generators and each other along three others. 
Either construct or calculate their semi-vertical angle. (Use 10C19.) 

10C21. If two face angles of a trihedral angle are respectively 50° 
and 36°, and the dihedral angle between them is 75°, find by con¬ 
struction the remaining face angle. 

10C22. If two dihedral angles of a trihedral angle, and the included 
face angle are respectively 49°, 103°, and 84°, find graphically the 
remaining dihedral angle. 

10C23. Three equal cones with semi-vertical angle 6 touch a cone 
with semi-vertical angle q> along three generators, and touch one 
another along three other generators. Obtain an expression for 6 
in terms of <p. 

10C24. Each face angle at the vertex of a square pyramid is equal 
to 50°. A plane cuts three consecutive edges at distances 4*0, 4*6, 
5*8 units from the vertex. Find graphically its point of intersection 
with the fourth edge, and its inclination to the axis. 

10C25. ABCD is a tetrahedron in which BC=3-75, CA = 3-35, 
AB=3*50, and the distances AP, BQ, CR, of A, B, C from the opposite 
faces are respectively 1*88, 1-96, 2-76. Find graphically the dihedral 
angles at the base, the altitude, and the lengths of the remaining 
edges. 
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POLYHEDRA 

Def. : If a single portion of space not pierced by holes is 
bounded only by plane polygons, it is called a polyhedral solid, 
and its surface is called a polyhedron. (Quoted from Chap. I.) 

A polyhedron is said to be regular if its faces and solid angles 
are regular. 

It follows that all the face angles are equal to one another, 
and therefore that all the faces, and all the solid angles, are 
congruent to one another. 

Def. : Any plane net-work which adequately represents the 
arrangement of the faces, edges, and vertices of a polyhedron 
without regard to area, length, or angle, is called a distorted 
representation. 

Imagine, for example, one face of a cube or octahedron 
opened like a window, so that the whole of the interior may be 
viewed through it (Fig. 93). 



Fig. 93 . —Distorted Representation of Cube and Octahedron 
(First Method). 

The arrangement of the other faces may be represented by a 
plane net-work whose outline is that of the “ window ”, while 
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the “ window-face ” itself may be represented by the rest of 
the plane outside the outline. 


Alternatively (Fig. 
94), imagine the in¬ 
terior of each of these 
solids viewed from a 
point just inside one 
of its vertices. 




The faces that meet fig. 94—Distorted Representation of Cube. 
at this vertex will be AND Octahedron (Second Method). 

represented by parts of the plane outside of the rest of the 
diagram, separated by diverging straight lines representing the 
corresponding edges. The vertex itself cannot be represented, 
(The numbering of the faces is the same in Figures 93 and 94.) 


Theorem 11T1 
(Euler’s Theorem.) 

The number of faces of any polyhedron, together with the 
number of vertices, is two more than the number of edges. 

Let f, v , e be the numbers of faces, vertices, and edges respec¬ 
tively ; to prove that 

f+v-e = 2. 

Using either a model or a distorted representation of any 
polyhedron, mark the edges in turn, starting with the outline 
of a single face. 

For any polygon, v = e, and, as it divides the polyhedron into 
two parts, we may say that/=2. 

/., when only one face is outlined, 
f+v-e = 2. 

As each new edge is marked, if it is attached at one end only, 
it marks a new vertex without completing a new face ; if the 
edge is attached at both ends, it completes a new face without 
marking a new vertex. 
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the difference between e and f+v is unaltered. 

, at every stage of the marking, 

f +v ~e = 2. (Q.E.D.) 

Note : Instead of regarding the uncompleted part of the 
polyhedron at each stage as an additional face, we may prefer 
to count only the faces actually marked. 

In this case, /= 1 at the beginning, and 
f+v-e=l 

as long as the polyhedron is incomplete. 

As the last face can be put in place without the addition of 
either edges or vertices, we have, for the complete polyhedron, 

/ +v _e = 2. (QE.d.) 


Theorem 11T2 


If a regular polyhedron has m edges to each vertex, and 
n edges to each face, then 

(m-2) (w-2)<4. 

If the sides of any polygon are produced in turn, the exterior 
angles so formed are together equal to 360° ; 

each angle of a regular polygon with n sides 

= 180 °-^°. 
n 

The sum of the face angles of any convex polyhedral angle is 
less than 360°. q (6T3) 

each angle <» 


18 o“-—<252 

n m 


, .2 2 . 

.. 1 ^ —I— > 
n m 


mn<2m + 2n ; 
wm-2w-2m + 4<4 ; 
/. (m-2)(»-2)<4. 


(Q.E.D.) 
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Corollary : It follows that every regular polyhedron 

IS INCLUDED IN THE FOLLOWING TABLE : 


m —2 

n —2 

m 

n 

Polyhedron 

3 

1 

5 

3 

(11T4) 

2 

1 

4 

3 

Octahedron 

1 

1 

3 

3 

Tetrahedron 

1 

2 

3 

4 

Cube 

1 

3 

3 

5 

(11T3) 



Theorem 11T3 

There exists a regular polyhedron with five edges to each 
face and three to each vertex. (Fig. 95.) 

In a model, or a distorted a 

representation, start with 
a single pentagonal face 
ABODE. Attach edges AA 3 , 

BB 1} , making three edges b 
at each of the vertices 
A, B,. .. . Complete the faces 
A 3 ABB 1 D 2 , B 1 BCC 1 E2, ... > 
making three edges at each 
of the vertices A 3 , B 3 , ... . 

Attach edges A 2 A 3 , B 2 B 3 , ... 
and complete the faces c Fiq 95 D 

••• 9 

making three edges at each of the vertices A 3 , B 3 , ... , and 
enclosing a new face A 3 B 3 C 3 D 3 E 3 . 

Thus there exists a regular polyhedron with five edges to each 
face and three to each vertex, and it has 12 faces, 30 edges, and 
20 vertices. (q.e.d.) 

Def. : A polyhedron having twelve regular pentagonal faces 
is called a regular dodecahedron. 
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Theorem 11T4 

There exists a regular polyhedron with five edges to each 
vertex and three to each face. (Fig. 96.) 

In a model, or a 
distorted represen¬ 
tation, start with 
five concurrent edges, 
AO, BO, CO, DO, EO 
(represented by di¬ 
verging straight lines, 
the vertex O not 
being represented). 
Complete the faces 
OAB, OBC, ... , and 
the adjacent faces 
ABD t , BCE X ,... , mak¬ 
ing five edges at 

each of the vertices 
Fig. 96. ~ i , 

A, B, ... . Complete 

the faces ACjDj, BD^, ... , making four edges at each of the 
vertices A 1? Bj, ... . One new face is required adjacent to 
each of these faces, and one new edge at each of these vertices. 
All these are supplied by attaching five concurrent edges 

°i A i> °i B i’ °i c i’ °i D i’ °i E i- . 

Thus there exists a regular polyhedron with five edges to 

each vertex and three to each face ; and it has 20 faces, 30 

edges, and 12 vertices. 

Def. : A regular polyhedron having twenty triangular faces 
is called a regular icosahedron. (q.e.d.) 

Cor. : There are, in all, five regular polhhedra, 

NAMELY, THE TETRAHEDRON, OCTAHEDRON, ICOSAHEDRON, 
CUBE, AND DODECAHEDRON. 
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CARDBOARD MODELS OF REGULAR POLYHEDRA. 


Suppose a model of a polyhedron made out of thin cardboard, 
and then cut along the edges so that it can be flattened without 
distorting the faces. The resulting plane figure is called a 
11 net ” of the polyhedron. 

Conversely, to construct a cardboard model when the shape 
of a net is known, we cut out the net, score half-way through 
the thickness of the cardboard along the common edges of faces 
that are adjacent in the net, bend along each edge with the cut 
side outermost , and join up the free edges with adhesive tape. 

If we have a distorted representation of a regular polyhedron, 
or of any polyhedron of which the size and shape of the faces are 
known, we can construct a net without any previous knowledge 
of the form. It is sufficient to number all the faces in the dis¬ 
torted representation, and to notice the order of faces adjacent 
to particular faces, and the order of faces at particular vertices. 
Notice, however, that this gives the inner surface of the net, which 
must therefore be turned over before scoring and making up. 

Thus, in the distorted representation of the regular octa¬ 
hedron (Fig. 93), the faces adjacent to face 8, taken in clockwise 
order, are 3, 5, 

7. We begin 

the net with the /\ /\ /x 

equilateral tri- / 1 \ / 7 \ / 5 > 


equilateral tri¬ 
angle 8, and 
equilateral tri¬ 
angles 3, 5, 7 ^ 

drawn on its Fra. 97.—Regular Octahedron and its “ Net ”. 

sides. The faces at one vertex are 3, 8, 7, 2, in clockwise order. 
We accordingly construct equilateral triangle 2 on the proper 
edge of triangle 7, so that in the model another edge will join 
on to triangle 3. Proceeding in this way, we obtain the net 
shown in Fig. 97, or some equally good alternative. 
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Similarly the distorted representations in Figs. 95, 96 give 
the nets shown in Figs. 98, 99 respectively, in which the faces 
retain their former numbers. 



98 ._“ net ” of Begular Dodecahedron. 

Def. : If every figure that satisfies certain data is congruent 
to one or other of a finite set of figures, each is said to be 
determined by the data; if all these figures are congruent to 
one another, each is said to be uniquely determined by the 
data. 



Fig. 99.—“ Net ” of Begular Icosahedron. 


It sometimes happens that, for particular values of a set of 
data, the figure determined by them is impossible . Thus, a 
triangle is uniquely determined by the lengths of its sides ; but 
if two of them are together less than the third, the triangle is 
impossible. 

We have seen that a net is determined by its solid, but not 
uniquelv. Indeed, the number of alternative nets to a given 
solid ma y be very great; but it is always finite* 
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The question arises, whether a solid is determined by its 
net. 

Clearly, a solid may not be uniquely determined by its net; 
unless we exclude concave solids ; for a part of a polyhedron 
may be “ turned inside out ” without altering its net. The 
same net, for example, will serve a cube surmounted by a 
pyramid, and a cube with a pyramidal indentation. 

It is also easy to show that a solid is determined by its net 
provided that all its solid angles are trihedral; for the face 
angles of a trihedral angle determine its dihedral angles. 

Certain other cases are considered in 11W4, and 11C22-24. 

Def. : The orthogonal projections of a figure on a given 
horizontal and a given vertical plane are called respectively its 
plan and elevation. 

PLAN AND ELEVATION OF THE REGULAR 
DODECAHEDRON. 

We see from the distorted representation (Fig. 95), that, in 
the projection of this polyhedron on the plane A 3 B 3 C 3 D 3 E 3 , 

( 1 ) vertices with the same letter will be collinear ; 

( 2 ) vertices with the same suffix will be concyclic ; 

( 3 ) these circles will be concentric ; 

( 4 ) edges that appear to radiate from the centre of the dis¬ 

torted representation will have equal projections, 
because they will, in fact, be equally inclined to the 
plane A 3 B 3 C 3 D 3 E 3 . (5T6) 

It follows from (3) and (4) that circles AjBjCj and A 2 B 2 C 2 will 
coincide. 

The faces adjacent to A 3 B 3 C 3 D 3 E 3 can be rabatted upon it. 

B 3 C 2 _LC 3 D 3 . (10T1) 
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C 2 is the point of intersection of the radius through C 3 
and the perpendicular from B 3 to C 3 D 3 . 

It is therefore a simple matter to construct the plan as in 
Fig. 100. 

Once the plan is drawn, all we need to know in order to 
construct any elevation or vertical 
V T if? 1 ? ! a j # I •* ? ?• section is the heights of the other 

H three rings of vertices above the 

plane of the base. 

Let X, Y be the middle points of 
CD, C 3 D 3 respectively. Then the 
K * height of A x will be One side of a 
right-angled triangle of which the 
. t t t other short side and hypotenuse are 

i ; j I e v 1 3 j 'b . • : ; i respectively equal to the lengths of 

• cLA^He bj /\! A 3 Y, A 3 Y on the plan. Similarly the 
\ I .'i height of A 2 will be the third side 
\j\ \Y\\ |i\i i\i of a right-angled triangle whose 

A \T \ • : * i X A77* other short side and hypotenuse are 

V equal to A 3 A 2 , A 3 B 3 on the plan. 

The sum of these two heights is 
equal to that of A, i.e. the height of 

Fig. ioo.—Plan and eleva- the dodecahedron. 
tion of Regular dodeca- We therefore draw straight lines, 

HEDRON. n , , ,, 

parallel to one another, m any 
direction through all points of the plan, naming them with 
the corresponding small letters. The elevation of the plane of 
the base A 3 B 3 C 3 D 3 E 3 is a straight line parallel to XY, and cutting 
& 3 , e 3 , d s , in A 3 ', E 3 ', D 3 '. With centre D 3 ' and radius YA 3 , 
describe an arc cutting a x in A x '. With centres A 3 ' and A x ', and 
radius A 3 B 3 , describe arcs cutting a 2 , a in A 2 ', A' respectively. 
Through A 2 ', A x ', A', draw straight lines parallel to XY cutting 
d 2 , e 2 ; b v c x ; 6, c respectively in the pairs of points D 2 \ E 2 '; 
B x ', C/ ; B', C'. 


tion of Regular Dodeca¬ 
hedron. 
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PLAN AND ELEVATION OF THE REGULAR 
ICOSAHEDRON. (Fig. 101.) 


It follows from the definition of a regular solid angle that the 
extremities of the five edges of a regular icosahedron that meet 


at a vertex are vertices of a regular 
pentagon. We see, further, from 
the distorted representation, Fig. 96, 
that there are two regular pen¬ 
tagonal pyramids, O,ABODE and 
O 1 AB 1 C 1 D 1 E 1 joined by a girdle of 
ten equilateral triangles alternately 
upright and inverted, and that the 
pentagons ABODE, are in 

parallel planes, and have the sides 
of one opposite to vertices of the 
other and parallel to the sides 
opposite to those vertices. 

Accordingly (Fig. 101), we con¬ 
struct these pentagons in the plan 
with a common centre, O, or O x . 
Joining their alternate vertices, we 
get the plan of the “ girdle ”, and 
joining A, B, C, D, E to O, and 



B x , Cj, D x , E x to O x , we get the fig. ioi.—Plan and Eleva- 


plans of the pyramidal ends. 

To draw' the vertical section 


tion of Regular Icosa¬ 
hedron. 


OACVq, we notice that it bisects CD and C X D 3 in the points X, X 1? 
say, and that the true length of AX 3 is equal to the height of an 
equilateral triangle on base AB ; hence the distances of the 
planes ABODE, A 1 B 1 C 1 D 1 E 3 from O, O x respectively, and from 
each other, can easily be constructed. 
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PICTORIAL REPRESENTATION. (Fig. 102.) 

A Plan and Elevation convey all the information we need in 
order to deduce any required geometrical fact about a solid 
figure ; but, to get a vivid impression of its form, what we 
want is some means of representing length, breadth and height 



Fig. 102—Pictorial Representation. 


The Plan and Elevation are orthogonal projections of the 
solid on two perpendicular planes. Let these, and a third 
plane at right angles to them, intersect the plane of the paper 
in the triangle XYZ, and let O be the projection on the paper of 
their common point O'. 

Then O'ZJLO'X and O'Y ; 

O'ZJ_XY. (4T1) 

Also ‘ O'OJLXY; OZJ_XY. (4T1) 

It follows that O is the orthocentre of triangle XYZ. 

Rabat O' about YZ> ZX, XY to X', Y', Z' on OX, OY, OZ 
respectively. (10T1) 

The Plan and Elevation give us the coordinates (x, y , z) of 
any point P' of the solid. 
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From Z'X, Z'Y, X'Z cut off Z'A', Z'B', X'C' equal respectively 
to x, y , z. Then the projections of P' on O'X, O'Y, O'Z are repre¬ 
sented by the points A, B, C on OX, OY, OZ respectively, such 
that A'A and B'B are || ZO, and C'C || XO. 

Complete the parallelo¬ 
gram AOBP", and draw 
P"P = and || OC. Then P is 
the representation of the 
given point P', and P" that 
of its projection on the 
plane XOY. Thus P' is deter¬ 
mined by P and P". 

Figs. 103 and 104 have 
been prepared in this way 
from the plans and eleva¬ 
tions in Figs. 100 and 101 
respectively. The number¬ 
ing of the faces is the same as in the earlier figures, face 1 
being removed in each case to reveal part of the interior. 



Fig. 104.—Regular Icosahedron. 

Def. : A/A 2 ', B^B^, C 1 'C 2 ' are called the axial lengths of a 
straight line PjPj,. 



Fig. 103.—Regular Dodecahedron. 
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PARALLELOHEDRA 

Dep. : Congruent polyhedra that can be stacked together so 
as to fill space completely are called parallelohedra. 

A plane can be cut up into congruent triangles, but half of 
them must be “ upside down ” compared with the other half ; 
hence, if they are bases of prisms with equal heights and 
parallel oblique edges, these will not, in general, be congruent. 
(Fig. 105.) “ ' 



Fig. 105 .— Parallelohedra : 

Stack op Parallelepipeds or Hexagonal Prisms. 


Associated together, however, in twos or in sixes, they 
form congruent parallelepipeds or hexagonal prisms. Thesg, there¬ 



fore, are parallelohedra. 

Suppose space cut up into con¬ 
gruent parallelepipeds that are 
alternately opaque and transparent 
(Fig. 106), and let each transparent 
parallelepiped be divided into six 
pyramids with a common vertex at 
its centre and its faces for their 


Fig. 106 .— Parallelohedra : 
Rhomboidal Dodecahedra. 


bases, and associate each opaque 
parallelepiped with the six trans¬ 


parent pyramids standing on its faces. It is not difficult 


to see that the triangular fa«es unite in pairs forming parallelo¬ 
grams with the edges of the opaque parallelepiped for diagonals, 
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so that the resulting figure has twelve faces, opposite pairs of 
which are congruent, and opposite edges of which are parallel. 
Thus the whole of space may be divided up into congruent 
twelve-faced solids which may be called rhomboidal dodecahedra. 
If the original parallelepipeds had been cubes, the resulting 
figures would have been rhombic dodecahedra. We see that each 
of these parallelohedra is equivalent to two of the original 
parallelepipeds. (Notice that, in the figure, only four faces of 
each dodecahedron are made opaque.) 

Next imagine each face that is parallel to a given edge of the 
original parallelepipeds to be stretched .so that it acquires an 
extra pair of edges in the given direction, the other edges re¬ 



taining their length and direction. (Fig. 107.) The resulting 
figures will still be congruent dodecahedra completely filling 
space, but four faces of each will be hexagons while the other 
eight remain parallelograms. These parallelohedra may be 
described as rhombo-hexagonal dodecahedra. 

Lastly (Fig. 108), the vertices and centres of a stack of con¬ 
gruent parallelepipeds are centres of another kind of parallelo¬ 
hedra. Let each parallelepiped be divided into eight congruent 
parallelepipeds by three planes through its centre. It is easy 
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to prove that the middle points of the six edges of any one of 
the smaller parallelepipeds that do not meet a given diagonal 
of the larger are coplanar, and that their plane bisects the 
volume of the smaller. It follows that the part of the original 
parallelepiped inside these eight planes is a solid having half its 
volume and bounded by eight hexagonal and six rhomboidal 
faces (parallelograms), the latter lying in the six original faces. 
Further, the centres of the original stack of parallelepipeds 
are the vertices of a congruent stack \ and the adjacent 
corners cut from any eight parallelepipeds at a point form a 
solid that bears the same relation to the new stack as the solid 
already described bears to the old. 

Hence these solids are parallelohedra. They are called trun¬ 
cated octahedra, those formed from cubes and cuboids being dis¬ 
tinguished by the epithets regular and rectangular respectively. 


WORKED EXAMPLES . 

11W1. Show that there exists a solid bounded by congruent isosceles 
triangles with their base angles grouped in eights at some vertices, and 

their vertical angles grouped in threes at 
the remaining vertices. (Fig. 109.) 

Let A be the vertical angle of the 
“ window ” ABC in the distorted 
representation. Draw AD, the third 
edge at A, the triangle BCE with 
base angles at B and C, and EF, the 
third edge at E. 

We now have five edges each at 

Fig. 109. ~ B and C - Draw BG ’ BH ’ Bl at B, 

and CJ, CK, CL at C, and complete 

the triangles with vertical angles at G, I, J, andL. Three new 

edges are required at each of the vertices H and K, and one at 

each of the vertices F and D. Draw DM, FN, making vertical 
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angles at M and N, and supply the last edge at each of the 
vertices H and K by drawing the straight line HK. 

We see that there are eight trihedral angles, which are 
vertices of triangular pyramids on equilateral bases. By 
symmetry, these equilateral triangles are faces of an inscribed 
regular octahedron, whose vertices are at the six octahedral ver¬ 
tices of the solid. (This solid is called a triakis octahedron; see 
No. 8 in the Table of Cubic Forms, at the end of Chapter XV.) 

11W2. If all the solid angles of the figure of 11W1 are regular, show 
that the ratio of a pair of its unequal 
edges is as 2 + J2 : 2. (Fig. 110.) 

Let B be any trihedral ver¬ 
tex, Q, R, S the adjacent octa¬ 
hedral vertices, QDS the face 
adjacent to QBS, and QT a 
diagonal of the octahedron. 

Let a symmetrical section of 
the regular octahedral angle 
at Q cut QR, QB, QS, QD, QT 
respectively in the points A, B, 

C, D, K. Let N be the middle 
point of SQ, produce AB, DC 
to meet in M, and let BM =x. 

Then ACQ is an equilateral 
triangle, and AKQ, BMC are 
right-angled isosceles triangles. 

.*. AB = BC= n /2 . x ; 

/. AC 2 = AM 2 + CM 2 , 

==z 2 U/2 + l) 2 + z 2 ; 

/. BQ 2 = AQ 2 = AC 2 = ^(4 + 2^2). 

As BN_LCQ, 

.\ BC 2 = BQ 2 + CQ 2 -2CQ.NQ; 

.*. 2CQ.NQ = 2BQ 2 -BC 2 ; 



FlQ. 110. 
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BQ. SQ = 2 BQ 2 — BC 2 ; 

. SQ_ BC 2 
*' BQ BQ 2 

2x 2 

cc a (4 + 2 v /2) 

= 2 - 1 

2 2 +n /2 

= 2-W 2 

4-2 

_ 4-(2- n /2) 

2 

_ 2 +n /2 

2 ’ (q.e.d.) 


11W3. Construct a “ net ” for the solid described in 11W1. 

(Fig. 111.) 

We have first to construct one face. This may be done with 

the help of the numerical result 



of 11W2, or as follows : Con¬ 
struct an isosceles triangle with 
the base and one side equal 
respectively to sides of a regular 
octagon and a square inscribed 
in the same circle (c.f. ABCDEFGH 
and ACEG in Fig. 110). The 
vertical angle of this triangle is 


Fig. ill. 


equal to each base angle of the 


required face. 

One of these, joined to two others along its shorter sides, 
forms a net of the oblique faces of one of the triangular pyra¬ 
mids whose bases are the faces of the inscribed regular octa¬ 
hedron. Each face, therefore, in the net of Fig. 99, has to be 
replaced by one of these subordinate, three-faced nets, which 
may be similarly numbered. (q.e.f.) 
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11W4. Show that the size and shape of any pyramid are uniquely deter¬ 
mined by the lengths of its edges and the order of their arrangement. 

(Fig. 112.) 

Let V be the vertex, VN the altitude, and A^AgAg ... A n the 
base of any pyramid, and let the 
length of each edge be given. 

Let VP^A-jAg, VP 2 J_A 2 A 3 , and 
so on. 

Then A 1 A 2 ±VP 1 and VN ; 

.\ A X A 2 _LP X N, and so on. (4T1) 

Also the lengths of VP X , VP 2 ... 
are determined, as they are 
altitudes of triangles whose sides 
are given. 

If possible, let VN increase, in response to some change in the 
shape of the pyramid. 

As P X N 2 == VP X 2 - VN 2 , it follows that P X N decreases ; 
angles P x AjN, P X A 2 N decrease ; 
angle A X NA 2 increases. 

Similarly it may be proved that every angle at N increases. 

But this is impossible, as their sum is equal to four right angles; 

•\ VN cannot increase ; and in the same way it can be 
proved that it cannot decrease ; 

the length of VN is constant. 

But AjN 2 = AjV 2 — VN 2 ; 

t \ A X N is determined. 

It follows that the sides of the triangles A X NA 2 , A 2 NA 3 , ... are 
determined. 

the angles of the base of the pyramid are determined, and 
also the position of the foot of the perpendicular from the 
vertex, and the altitude. 

the shape and size of the pyramid are uniquely deter¬ 
mined. (q.e.d.) 
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11W5. The plane of the paper cuts three mutually perpendicular axes 
in the points X, Y, Z. O' is their common point, and O is its projection on 



the paper. Given 6 , the inclination 
of O'X to XY, and <f> 9 the dihedral 
angle between plane O'XY and 
the paper, construct OX, OY, OZ, 
and rabat O' about YZ, ZX, XY to 
X', Y', Z' respectively. (Fig. 113.) 
Rabat O'XY to Z'XY, making 

YXZ' = 0, and XZ'Y = 90°. Draw 
Z'VJ_XY. 

As shown in the discussion 


of Pictorial Representation, Z' lies on OZ ; 


/. XY_Lplane Z'VO'. 

Rabat Z'VO' to Z'VW, making Z'VW = </>, and VW = VZ'. 
Draw WZ_LVW cutting VZ' produced in Z, and draw WOJ_VZ. 

(q.e.f. (i).) 

As X', Y', Z' are all rabatments of the same point O', XY' =XZ', 
and YX' = YZ'; hence arcs through Z' with centres X, Y cut 
OY, OX in Y', X' respectively. (q.e.f. (ii).) 


EXAMPLES 11A 

11A1-5. New figures may be obtained by cutting the corners from 
known solids, which are then said to be “ truncated ”. Let every 
comer so removed be a pyramid with each slant edge of length x , and 
let a be the length of each edge of the original solid. 

Find, by distorted representation, or by means of a rough sketch, 
the number and shapes of the faces of the new figure obtained from 
each of the following solids in the two cases where (i) x =Ja, (ii)x< \a. 

(11 Al) Regular tetrahedron. 

(11A2) Cube. 

(11 A3) Regular octahedron. 

(11A4) Regular dodecahedron. 

(11A5) Regular Icosahedron. 
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11A6. Tabulate the numbers of vertices, faces, and edges in the 
series of pyramids having. 4, 5, 6, ... n vertices. (Cf. 1W4.) 

11A7. Tabulate the numbers of vertices, faces, and edges in the 
series of prisms having 6, 8,10, ... 2 n vertices. 

HA8. How many differently shaped pyramids have all their 
edges equal ? 

11A9. Tabulate the numbers of vertices, faces, and edges in the 
solids obtained by cutting the corners from the series of pyramids 
having 4, 5, 6, ... n vertices, so that every edge is bisected. 

HA10. Tabulate the numbers of vertices, faces, and edges in the 
solids obtained by cutting the comers from the series of prisms 
having 6, 8, 10, ... 2 n vertices, so that every edge is bisected. 

HAll. Show that the centres of the faces of every regular solid 
are vertices of a regular solid. 

11A12. Show that only two new solids have their vertices at the 
middle points of the edges of the five regular solids. 

11A13. Show that a regular tetrahedron can be inscribed in a cube 
so that each edge of the former lies in one face of the latter. 

11A14. Show that a regular tetrahedron can be inscribed, in a 
regular octahedron with each vertex of the former at the centre of 
one face of the latter. 

11A15. Show that the lengths of the edges of the tetrahedron and 
octahedron in 11A14 are in the ratio 2 : 3. 

11A16. Tabulate the number of vertices, faces, and edges in the 
solids formed by constructing pyramids on the faces of the five 
regular solids. 

11A17. Draw the plan and elevation of a cube with one edge 
vertical and in the plane of the paper, and the faces adjacent to this 
edge inclined to the paper at angles of 60° and 30°. 

HA18. With the help of the figure of 11A17, draw the plan and 
elevation of the figure obtained by cutting off the comers of the cube 
by planes bisecting its edges. 

11A19. Construct the axes for a pictorial representation, such that 
plane OXY is at an angle of 80° to the paper, and angle OXY represents 
an angle of 40°. 

11A20. Construct the pictorial representation of a cube with its 
edges parallel to the axes of 11A19. 
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11A21. With the help of 11A20, construct the pictorial represen¬ 
tation of the solid formed by constructing pyramids on the faces of 
the cube so that all the vertices are at the same distance from the 
centre. 

11A22. If the axes in a pictorial representation are equally in¬ 
clined to one another, show that the plane of the paper cuts off equal 
intercepts from the actual axes. 

11A23. Repeat 11A9, with the edges trisected, and the cuts not 
overlapping. 

11A24. If two faces of a prism are rectangles, and not parallel to 
one another, prove that all but two of the faces must be rectangles. 

EXAMPLES 11B 

11B1. Find the distance between two opposite edges of a regular 
tetrahedron, if a is the length of an edge. 

11B2. Find the distance between two opposite faces of a regular 
octahedron, a being the length of an edge. 

11B3. Show, by means of the two methods of distorted represen¬ 
tation, or by means of a rough sketch, that two equal regular tetra- 
hedra may be constructed with corresponding edges bisecting each 
other at right angles. 

11B4. Find what solid has its vertices at the vertices of two 
regular tetrahedra whose edges bisect one another at right angles. 

11B5. Describe the figure common to the two tetrahedra of 11B3. 
(Give the number of edges, and the number and shapes of vertices 
and faces.) 

11B6. Show by means of a rough sketch, or by means of the two 
methods of distorted representation, that every edge of a cube can 
be bisected at right angles by one edge of another regular solid. 

11B7. Describe the figure common to the two interpenetrating 
solids of 11B6. 

11B8. Describe the solid whose vertices coincide with those of the 
two interpenetrating solids of 11B6. 

11B9. Show that every edge of a regular dodecahedron can be 
bisected at right angles by one edge of another regular solid. 

11B10. Describe the figure common to the two solids of 11B9. 
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11B11. Describe the figure whose vertices are those of the two 
solids of 11B9. 

11B12. Show, by means of distorted representation, that a cube 
can be inscribed in a regular icosahedron, so that each vertex of the 
cube is at the centre of a face of the icosahedron. 

11B13. Show that a regular dodecahedron can be inscribed in a 
cube, so that there is one edge of the dodecahedron in each face of the 
cube, parallel to two edges, and half-way between them. 

11B14. Show that a cube can be inscribed in a regular dodeca¬ 
hedron, so that each vertex of the former coincides with one vertex 
of the latter. 

1 IB 15. Show that a regular icosahedron can be inscribed in a cube, 
so that one edge of the former lies in each face of the latter. 

11B16. If ABCDEF is a regular plane hexagon, and ACEG a 
regular tetrahedron, find the ratio of AB to AG. 

11B17. If one of the base angles of an isosceles triangle is equal to 
the angle AGB in 11B15, find the ratios of its three sides. 

11B18. Tetrahedra are constructed on the faces of a regular tetra¬ 
hedron so as to form a new solid with all its solid angles regular. 
Prove that its faces are congruent isosceles triangles. 

11B19. Find the ratio of two unequal edges of the solid of 11B18. 

11B20. Find the ratio of the total length of the longer edges of 
the solid of 1 IB 18 to that of the shorter edges. 

11B21. Find by construction the mutual inclination of the axes of 
a pictorial representation, given that their inclinations to the plane 
of the paper are 84° 20', 37°, and 43°. 

11B22. If three mutually perpendicular axes are inclined at angles 
f, rj, £ to the plane of the paper, show that the mutual inclinations 
of their projections are the supplements of the angles of a triangle 
whose sides are of lengths ^/( cosec 2 ?; + cosec 2 £), etc. 

11B23. Given the points X, Y, Z, where the paper is cut by three 
mutually perpendicular axes O'X, O'Y, O'Z, show how to find the 
inclinations of these lines to the plane of the paper. 

11B24. If a, (3, y are the mutual inclinations of the axes in a 
pictorial representation, show that their inclinations to the plane of 
the paper are equal to 


COS - 1 

> SI 


-cos a 


sin ft sin y 


, etc. 
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11B25. Given five points A, B, C, D, E, in pictorial representation, 
find the point of intersection of the straight fine AB with the plane 
CDE. 

11B26. Given, in pictorial representation, the points A, B, C on 
the axes OX, OY, OZ respectively, these being equally inclined to 
one another, construct the normal from O to the plane ABC. 

11B27. Given any two straight fines in pictorial representation, 
cut off from one a part equal to the other. 

11B28. Construct the bisector of the angle between any two inter¬ 
secting straight fines in pictorial representation. 

11B29. Given the pictorial representation of a straight fine, and 
the centre and radius of a sphere, find their two points of intersection. 

11B30. A polyhedron has/faces, e edges, and v vertices. If every 
edge is bevelled (i.e. cut off by a plane parallel to itself), leaving a 
new figure with F faces, E edges, and V vertices, find expressions for 
F, E and V in terms off, e, v . 

11B31. Find expressions for F, E and V if the polyhedron of 11B30 
is not bevelled, but truncated as in 11A1-5. 


EXAMPLES 11C 

11 Cl. Show that there exists a solid bounded by congruent 
rhombuses, and having some solid angles bounded by three obtuse 
angles, and the rest by four acute angles. 

HC2. Find the ratio of the diagonals of a rhombus in 11C1. 

HC3. Find the volume of the solid in 11C1, if a is the length of 
an edge. 

11C4. Show that there exists a solid bounded by squares and 
equilateral triangles, and such that each square is adjacent to four 
triangles, and each triangle is adjacent to three squares. 

11C5. Find the volume of the solid in 11C4, if a is the length of 
an edge. 

11C6. Show that there exists a solid bounded by equilateral 
triangles and regular octagons, so that each triangle is adjacent to 
three octagons, and each octagon to four triangles and four other 
octagons on alternate sides. 
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11C7. Find the volume of the solid in 11C6, if a is the length of 
an edge. 

11C8. Show that there exists a solid bounded by squares and 
hexagons, such that two hexagons and one square meet at every 
vertex. 

11C9. Find the volume of the solid in 11C8, if a is the length of an 
edge. 

11 CIO. Show that a solid can be constructed with its surface con¬ 
sisting of thirty congruent rhombuses, the long diagonals of which 
form the edges of a regular dodecahedron. 

11C11. Show that the solid in 11C10 is the part common to five 
interpenetrating cubes. 

11 Cl2. Show that the lengths of the edges of the cube and icosa¬ 
hedron in 11B15 are in the ratio 2 : ^/5 - 1. 

11C13. Given that the ratio of the length of the diagonal of a 
regular pentagon to that of the base is as s/5 -f1 : 2, prove that the 
ratio of the length of the edge of the cube in 11B13 to that of the 
edge of the inscribed dodecahedron is as + 3 : 2. 

11C14. If ABC is a face of a regular icosahedron, and D, E, F are 
vertices of the adjacent faces, show that the plane DEF divides the 
remaining edges at A, B, C in the same ratio as that in which the 
diagonals of a regular pentagon divide one another. 

11C15. Construct the section DEF (11C14). 

11 Cl6. Show that there exists a solid bounded by congruent isos¬ 
celes triangles with their base angles grouped in sixes at some 
vertices, and their vertical angles grouped in threes at the remaining 
vertices. 

11C17. If all the solid angles in the figure of 11C16 are regular, 
show that the ratio of the lengths of two unequal edges is as 3 : 5. 

11 Cl8. Show that there exists a solid bounded by congruent isos¬ 
celes triangles with their base angles grouped in sixes at some 
vertices, and their vertical angles grouped in fours at the remaining 
vertices. 

11C19. If all the solid angles in the figure of 11C18 are regular, 
show that the ratio of the lengths of any pair of unequal edges is 
as 3 : 4. 
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11C20. Show that there exists a solid bounded by congruent 
rhombuses and having four of its solid angles bounded each by one 
obtuse and three acute angles, and each of the others either by three 
obtuse, or by four acute, or by two obtuse angles and one acute. 

11C21. Show that the ratio of the diagonals of each rhombus in 
11C20 is as 2 : a^5 +1. 

11C22. Prove that a polyhedron, consisting of eight equilateral 
triangles arranged four at each vertex, must have three equal 
diagonals bisecting one another at right angles. 

11C23. Show that the shape of the base of a pyramid is determined 
if the base angles of the other faces are given. 

11C24. Show that, if two vertices of a solid figure are equidistant 
from the remaining vertices, and if the lengths and order of all the 
edges are given, then the shape and size of the figure are fully 
determined. 

11C25. ABODE is a regular pentagon with the vertices C, E on 
opposite faces of a cube, the side AB in the centre of another face, 
and the vertex D in another. Without any assumption as to the 
ratio of the side of a regular pentagon to its diagonal, prove that the 

edge of the cube= ~ AB, thus establishing the ratio given in 
11C13. 1 

11C26. Show that A, B, C, D, E in 11C25 are vertices of a regular 
solid inscribed in the cube. 

11C27. Show that a section of a rhombic dodecahedron mid-way 
between two opposite trihedral vertices is a regular polygon. 

11C28. If each edge of a regular solid is of length a, and the 
corners are cut off by planes cutting each edge at a distance x from 
the vertex, where x is greater than \a, so that all the edges of the 
resulting solid are equal, show that 

x_l 1 + cos <p sin 6 
a~ 2 cos q> (sin q> + sin 6) 9 

where 2 cp and 26 are the magnitudes of face- and dihedral-angles of 
the original solid. 

11C29. Evaluate the ratio x : a of 11C28 in the cases of a cube, a 
regular tetrahedron and a regular octahedron. 


CHAPTER XII 


SEMI-REGULAR AND STAR POLYHEDRA 

Def. : If, in a pair of definitions, or propositions, the words 
“ point ”, “ vertex ”, “ n-hedral angle ”, can be interchanged 
with the words “ plane ”, “ face”, “ n-gon ” respectively, each 
definition or proposition is said to be the dual of the other, 
and the existence of a dual pair is said to be an instance of the 
principle of duality. 

Thus the cube is the dual of the regular octahedron, the 
former having 6 regular 4-gonal faces forming 8 regular 3- 
hedral angles, and the latter 6 regular 4-hedral angles forming 
8 regular 3-gonal faces. Similarly the regular dodecahedron is 
the dual of the regular icosahedron, and the regular tetra¬ 
hedron is self-dual. 

Def. : If all the faces of a polyhedron are regular, and all 
its solid angles are congruent to one another, it is said to be 
facially regular. 

The dual of a facially regular polyhedron is, by the above 
definition of duality, a vertically regular polyhedron. 

By transposing the expressions “ face ” and solid angle , 
we get the definition : 

If all the solid angles of a polyhedron are regular, and all its 
faces are congruent to one another, it is said to be vertically regular. 

The term “ semi-regular ” may appropriately be applied to 
both facially and vertically regular polyhedra ; but it is often 
used exclusively of the former. 

Notation : If a facially regular solid has at each vertex 
p faces with a sides each, q with b sides, and so on, the solid 
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may be given the reference symbol F a p b Q c r .... Thus a regular 
hexagonal prism, which has two squares and one hexagon at 
each vertex, has the reference symbol F^^. 

If every face of a vertically regular solid forms p a-hedral 
angles, q 6-hedral, and so on, the solid can be distinguished by 
the reference symbol Va p b q c r ... . 


Theorem 12T1 

If at each vertex of a facially-regular solid there are 
m 3 3-gons, m i 4-gons, m 5 5-gons, and so on, then the number 
of vertices 


=v~- 


2 g»* 3 -fm 4 — im b —... 

Each solid angle has m n n -gon face-angles, making v . m 
in all; " 

each w-gon has n of these ; 

.'. the number of w-gons 

Jn 7T’ 
f=fs+fi+f 5 + :. 

=v(lm3+ lm i + im 5 + ...). 

Each solid angle has 2m edges, making v 2m in all; but 
each edge of the solid coincides with two of these ; 
the number of edges of the solid 

— e — \v 2m. 

By Euler’s Theorem, 

v-e+f= 2; (11T1) 

\V V J V 

2 - (2m -f m 3 - fm 4 - |m 5 

V 

• 2 - m z - -...) = 


Hence the proposition. 


(q.e.d.) 
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Cobollary 1 . 2> |m 3 + |w 4 + f m s +... . 

Corollary 2. A facially-regular solid cannot have 
MORE THAN FIVE FACES AT EACH VERTEX. (For m 3 has the 
least coefficient, and, if m 3 = 6, £m 3 = 2.) 

Corollary 3. A facially-regular solid cannot have 

FACES OF MORE THAN THREE DIFFERENT SHAPES. (For if there 
were four, there would exist four terms of the “ m series ” ; 
the least possible value of their sum=£ + £ + 3+ g = 2 T 1 5 .) 

Theorem 12T2 

If a certain polygon occurs only once or twice at each 
vertex of a facially-regular solid, the faces sharing edges 
with it must either be all of the same kind, or of two THnHo 
alternating with one another. 

If there were three or more faces congruent to one another 
at a vertex, they might not all occur in the same way ; for 
example, if the faces at a vertex were arranged xxxy, the 
middle x would be adjacent to two x’s, while each of the others 
would be adjacent to one x and one y. 

If, however, a polygon occurs only once or twice at a vertex, 
the faces that share edges with it at one vertex must appear 
in the same way at every vertex, since all the solid angles are 
congruent. 

Hence these faces must be either all alike, or of two kinds 
attached to alternate sides. (q.e.d.) 

Corollary 1 . If the given face has an odd number of 

SIDES, THE I'ACES SHARING ITS EDGES MUST ALL BE CONGRUENT 
TO ONE ANOTHER. 

Corollary 2. If two congruent faces with an odd 

NUMBER OF SIDES HAVE A COMMON EDGE, THERE MUST BE AT 
LEAST THREE OF THEM AT EACH VERTEX, FOR EACH MUST STTABm 
ALL ITS EDGES WITH LIKE FACES. 
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Corollary 3. Ip there are three faces at each vertex 

OP A FACIALLY-REGULAR SOLID, AND ONE OF THEM HAS AN ODD 
NUMBER OF SIDES, THE OTHERS ARE EITHER CONGRUENT TO IT 

(giving a regular solid), or congruent to one another and 

BOUNDED BY AN EVEN NUMBER OF SIDES. 

Corollary 4. Facially-regular solids may be classi¬ 
fied AS FOLLOWS : 

(1) the series of regular prisms, fic 2 n i » 

(2) the series of regular prismoids, ; 

(3) solids with one odd and two even faces at each vertex ; 

(4) solids with three even faces at each vertex ; 

(5) solids with more than three faces at each vertex. 

Theorem 12T3 

With the exception of prisms, there are not more than four 
facially-regular solids with one odd and two even faces at 
each vertex. 

As prisms are excluded, m 4 =0. (12T2) 

2>Jm 3 + |m 5 + ... . (12T1) 

if m 3 = l, the other faces being even, 

+ + + + . 

.*. m 12 , m u , etc., cannot = 2 ; 

we are left with FS^, F3 1 8 2 , F3 1 10 2 . 

If m 5 = l, the other faces being even, 

If >§ m 6 + 4 m 8 + ••• • 

m 8 , m 10 , etc., cannot = 2 ; 
we are left with F5 1 6 2 . 

If m 7 = l, lf>fm 6 ...; 

,\ no m can = 2. 

Hence there are no other solids satisfying the conditions. 
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Theorem 12T4 

With the exception of prisms, there are not more than 
three facially-regular solids with three even faces at each 
vertex. 

As odd faces are excluded, 

2>£m 4 + fm 6 + fm 8 + fmj 0 + ... . 

As prisms are excluded, m 4 cannot = 2. 

If m 6 = 2, §>|m 4 + fm 8 + ... . 

m 8 , m 10 , etc., cannot = 1; 
we are left witli F4 i 6 2 . 

If m 8 — 2, i>Jm 4 + |m 6 +... . 

no m can = l. 

If m 4 = m 6 = l, |>|m 8 + im 10 + fm 12 + ... . 

m 12 , m 13 , etc., cannot = 1 ; 
we are left with F4 1 6 1 8 1 , 

If m 4 =m 8 = l, |>|»ij 0 + ... . 

no other m can = 1 ; 

there is no other solid satisfying the conditions. 

(Q.E.D.) 

Theorem 12T5 

With the exception of prismoids, there are not more than 
seven facially-regular solids with more than three faces at 
each vertex. 

There must be either 4 or 5 faces at each vertex, and they 
must be of either 2 or 3 kinds. (12T1) 

We therefore classify according to congruent faces. 

2>im 3 + §TO 4 + £m 6 + £m 6 + ... . 


(12T1) 
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If Wig — 4, f > W&5 + •.. ,. 

.*. m 6 , m 7i etc., cannot occur, 
we are left with F3 4 4 x , F3 4 5 x . 

If m 3 = 3, 1 >|%+|% + ... . 

no two m’a can occur, and no m can occur twice ; 
we have only the series of prismoids, V3 z n v 
If m 3 = 2, 

the triangles cannot have a common edge; (12T2) 

and the three faces adjacent to either of them are con¬ 
gruent to one another ; (12T2) 

there is only one other type of face. 

Also, f>fm 4 + fm 5 + |m 6 + ... . 

m 6 , m 7 , etc., cannot occur twice; 
we are left with F3 2 4 2 , F3 2 5 2 . 

If Wl 4 = 3, + '5’Wg + ... . 

m 5 , m 6 cannot occur ; 
we are left with FS^j. 

If m i = 2, and m a is not >1, 

l>|m 3 + |m 5 + 4m 6 + ... . 

.'. m 3 , m 5 , m e cannot = 2, and m 3 and m 6 cannot both = 1 at 
the same time ; 

we are left with FS^^. 

If m 5 = 2, and m 3 is not >1, 

4>Jm 3 +|m 4 +4m 6 + |m 7 + .... 

.’. no m can = 2, and no two rrC s can = l. 

there are no other solids satisfying the conditions. 

(q.e.d.) 

Corollary : Excluding prisms, prismoids, and regular 

SOLIDS, THERE ARE NOT MORE THAN THIRTEEN FACIALLY 
REGULAR SOLIDS. 
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From their reference symbols their numbers of vertices, 


edges, and faces of each kind may be calculated by means of 
the formulae 



4 

2 — \m z — \m i — 75 — 3 Wg —... ’ 

(12T1) 


e=\v 2m, 

(12T1) 


, v 
fn=~™n> 

(12T1) 

and 

f=e + 2-v. 

(11T1) 
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tetrahedron; but a pyramid whose base is a regular polygon may 

e called regular if the other faces are equilateral, and semi- 
regular if they are isosceles . 

Theorem 12T6 

There exists a facially regular solid corresponding to every 

reference symbol in the table of 12T5. (Fig. 114.) 



Fig. U4. 


Let F a P b ...be any reference symbol in the table, and let 

** Y ’"' be the * aces at one verte *. arranged in accordance 
, e.g., for F3 2 4 2 , a, y would be triangles, and B, 8 
squares, like faces alternating. 

Let a: be the length of an edge of the solid, and let a', b\ c' ... 

e the distances between alternate vertices of a 8 v 
respectively. * r* r* ••• 

By trial, or with the help of trigonometry, construct a cyclic 
polygon with sides equal to a', b', c\ ... . On the diameter of 
its circumcircle, construct an isosceles triangle with two sides 
o ength x. This is an axial section of the right cone circum- 


,1 
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scribing the given regular polyhedral angle, and its circum- 
circle is a great circle of the sphere circumscribing the solid. 

For it is evident that this sphere is such that one set of con¬ 
current edges corresponding to F a v b q ... may be inscribed in it. 
We may therefore imagine the polyhedron being built up, 
corner by corner, the set of polygons a, /?, y, ... being completed 
at every vertex of each preceding polygon. 

As the network of faces grows, the unoccupied portion of the 
spherical surface diminishes, but as long as there is any space 
left, every corner will be congruent to each of the others. 
Hence the vacant space must ultimately reduce to a regular 
polygon completing the set of congruent solid angles at its 
vertices. 

•\ every reference symbol in the table corresponds to an 
actual polyhedron. (q.e.d.) 

Corollary 1. Every facially regular solid can be 

INSCRIBED IN A SPHERE. 

Corollary 2. In a facially regular solid, vertices 

ADJACENT TO THE SAME VERTEX ARE COPLANAR AND CON- 
CYCLIC, AND THEIR PLANE IS NORMAL TO THE LINE JOINING THE 
VERTEX TO THE CENTRE OF THE CIRCUMSCRIBED SPHERE. 

Theorem 12T7 

The dual of every facially regular solid exists. 

The radius of the circumscribed sphere at any vertex is 
normal to the plane through the extremities of the edges that 
meet in that vertex. (12T6) 

it is normal to the plane which bisects them, 
the plane which bisects the n edges at a vertex is cut by 
similar neighbouring planes in the sides of an n-g6n ; and all 
such w-gons are congruent to one another, and form regular 
polyhedral angles in front of the regular polygonal faces of the 
original solid. 
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.\ the planes which bisect concurrent edges of F a v b q ... form 
the faces of Va P b q .... (q.e.d.) 

Corollary 1. Every vertically regular polyhedron 

MAY BE CIRCUMSCRIBED ABOUT A SPHERE. 

Corollary 2. In a vertically regular polyhedron, 

FACES ADJACENT TO A GIVEN FACE ARE CONCURRENT IN THE 
NORMAL TO THE GIVEN FACE FROM THE CENTRE OF THE IN¬ 
SCRIBED sphere ; for they meet the inscribed sphere at points 
on a circle, and, , touch the tangent cone through this circle 
along a set of generators. 

Corollary 3. The points of contact of a vertically 

REGULAR POLYHEDRON WITH ITS INSCRIBED SPHERE ARE THE 

vertices of a facially regular solid ; for every polyhedral 
angle is regular, its faces touch the inscribed sphere at the 
vertices of a regular polygon ; and, all the faces of the orginal 
figure being congruent, these polygons meet in congruent solid 
angles. 

Corollary 4. Every vertically regular solid is the 

DUAL OF ONE OF THE FACIALLY REGULAR SOLIDS IN THE TABLE 

of 12T5 ; for, by Cor. 3, every vertically regular solid touches 
its inscribed sphere in the faces of its dual; and its dual is a 
facially regular solid ; and every possible facially regular solid 
is included in the table. 

Theorem 12T8 

Any dual pair of semi-regular solids can be so placed, with 
a common centre, that every two corresponding edges are 
at right angles to one another and to the common radius by 
which they-are intersected. (Fig. 115.) 

Let O be the common centre, XY any edge of the facially 
regular solid, C its middle point, and A, B; D, E the middle 
points of other edges at X, Y respectively. 
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Planes ABC, CDE are perpendicular to OX, OY respectively, 
and intersect in PCQ, one of the edges of a dual of the given 
facially regular solid. (12T7) 

CP_Lplane OXY ; (5T4) 

CPJ_OC and XY. 

Also OX = OY ; 

OCJ.XY. 

But CP is one of the edges of the 
vertically regular solid; and any 
similar solid, similarly placed with the 
same centre, will have an edge P'Q' 
parallel to CP and intersecting the fig. 115. 

radius OC. 

.\ P'Q'J_OC and XY, and OCJ_XY. 

(Q.e.d.) 

Corollary 1. Every semi-regular solid has the same 

NUMBER OF EDGES AS ITS DUAL. 

This also follows directly from the definition of duality ; for 
an edge can be regarded either as the straight line joining two 
vertices, or as the line of intersection of two faces. 

Corollary 2. Any edge of a facially regular solid 

SUBTENDS AT THE CENTRE AN ANGLE WHICH IS SUPPLEMENTARY 

to any dihedral angle of the dual (vertically regular) 

SOLID. 

Corollary 3. The edges of any vertically regular 

SOLID ARE TANGENTS TO A SPHERE CONCENTRIC WITH THAT 
WHICH TOUCHES THE FACES. 
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STAR POLYGONS, STAR POLYHEDRAL ANGLES, 

AND STAR POLYHEDRA 

Def. : The straight lines joining alternate vertices of a 
regular polygon form the sides of a star polygon, whose vertices 
coincide with those of the original polygon. 

The two points in which each side crosses two others are not 
vertices, but diagonal points of the star polygon, and correspond 
to the points in which non-adjacent sides of an ordinary regular 
polygon meet when produced. 

It is easy to see that a star polygon must have at least five 
sides, and that, if every side of a regular polygon is produced 
till it meets the alternate side on either hand, a star polygon 
is formed. 

Def. : The angles between alternate edges of a regular poly¬ 
hedral angle form the face angles of a star polyhedral angle. 

The edges of the star polyhedral angle coincide with those of 
the original angle, and the lines in which the planes of the face 
angles of the star polyhedral angle cross one another are 
diagonal edges, corresponding to the lines in which the planes 
of non-ad jacent face angles of an ordinary regular polyhedral 
angle meet when produced. 

A star polyhedral angle must have at least five edges, and, 
if the plane of every face angle of a regular polyhedral angle is 
produced until it meets that of the alternate face angle on 
either hand, a star polyhedral angle is formed. 

Def. : A set of congruent regular star polygons whose 
angles form the face angles of regular polyhedral angles is 
called a star-faced polyhedron. 

A set of congruent regular polygons whose angles form the 
face angles of regular star polyhedral angles is called a star- 
pointed polyhedron. 

Star-faced and star-pointed polyhedra are both called star 
polyhedra. 
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Theorem 12T9 


There are only two regular star-faced polyhedra. 

(Fig. 116.) 

Suppose that there are m star w-gons at each vertex ; 
i.e., suppose that SFw m exists, D 

where SF stands for star-faced . /V\ 

Let ABCDEF... be a face, / \ \ 

B, D, F being consecutive ver- ' \ 

tices, and A, C, E the diagonal 
points alternating with them, n. j \ 

so that ACE ... is the inscribed 

ng ° n * . ri 4- Fig. 116. 

The m triangles, like CDE, at 

each vertex, are oblique faces of m-gonal pyramids. 

If these were all removed, we should have a regular poly¬ 
hedron with each face an m- gon, and its edges also forming 
^ regular w-gons like ACE ... . 

A star polygon must 
have at least 5 sides ; and 
the only regular polyhedra 
whose edges form regular 
polygons (as faces or sec¬ 
tions) with more than 4 sides 
are the dodecahedron and 
the icosahedron, which give 
* pentagons only. 

The former makes m = 5, 
and the latter makes m — 3. 
/. the only star-faced 
Fig. 117. SF5s, great Dodecahedron. p 0 iyhedra have the refer¬ 
ence symbols SF5 6 , SF5 3 . (Figs. 117, 118.) (q.e.d.) 

Corollary 1. In each case the faces are obtained by pro¬ 
ducing the edges of twelve regular pentagons ; 
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. 1 1 0 

% , ; 

J . . .4 




THE star-faced polyhedra have twelve star- 
pentagonal FACES EACH. 

Corollary 2. In each case there are as many edges 

AS IN A REGULAR DODECAHEDRON OR ICOSAHEDRON ; i.e., 30. 



Fig. 118.—SF5 8 , Great Stellated Dodecahedron. 

Corollary 3. The identity 

(12T1), gives 12 = -g-, 
whence SF5 6 has 12 vertices, and SF5 3 has 20. 

Theorem 12T10 

There are only two regular star-pointed polyhedra. 

Suppose that there are m star n-hedral angles to each 
regular polygonal face; i.e., suppose that S Pn m exists, where 
SP stands for star-pointed. (Each face is an m-gon.) 

Let a, /?, y be the planes of the faces at any vertex. 

They will meet 7 r, the plane of the vertices adjacent to it, in 
the sides of a star w-gon. 

the vertices adjacent to any vertex are vertices of a 
regular n- gon, where n must be at least 5. 
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the vertices are vertices of a regular polyhedron, which 
must, therefore, be an icosahedron, as the vertices of a pentagon 
formed by edges of a regular dodecahedron are not equidistant 
from the same vertex. 

Two vertices of a regular icosahedron are equidistant from 
the vertices of a given pentagon formed by its edges ; they 
are at the extremities of the diagonal normal to the plane 
of the pentagon. 

The inscribed star-pentagon subtends star-pentahedral 
angles at both these vertices. 

Choosing the nearer vertex, we get a star-pointed polyhedron 
with pentagonal faces ; if the farther vertex is chosen, the 
faces of the star-pointed polyhedron are equilateral triangles. 

the only star-pointed polyhedra have the reference 
symbols SP5 5 , SP5 3 . (Figs. 119, 120.) (q.e.d.) 



Fig. 119.—SP5 s , Small Stellated 
Dodecahedron. 



Fig. 120.—SP5 3 , Great Icosahedron. 


Corollary 1. In each case the vertices are those of 

A REGULAR ICOSAHEDRON, AND, 12 IN NUMBER. 

Corollary 2. There are five edges at each vertex, but each 
edge serves two vertices ; in each case the number of 
edges = § . 12 = 30. 
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Corollary 3. The dual of the identity of 12T1 is 

f.m , . f m 

v= —> and gives 12 

whence SP5 6 has twelve paces, and SP5 3 has 20. 


WORKED EXAMPLES 
12W1. Discuss the facially regular solid F3 2 5 2 . 

By calculation, v = 30, e = 60,/ 3 = 20, and/ 6 = 12. (12T5) 

We notice that f 5 = 12=/ for a regular dodecahedron ; and 
that v=30=e for a regular dodecahedron. 

we h ave t( > construct pentagons on the faces of a regular 
dodecahedron, and fill in the intervals with equilateral triangles, 
and, at the same time, place one vertex of the new figure on 
each edge of the old. ° 

tlie vertices of F3 2 5 2 must be the middle points of the 
edges of a regular dodecahedron. (See 12W7, p. 180.) 

12W2. Discuss the facially regular solid F5 1 6 2 . 

By calculation, / 5 = 12=/ for a regular dodecahedron; 
/ 6 = 20 = v for a dodecahedron ; and v = 60 = 2e for a dodeca¬ 
hedron. (12T5) 

.. we have to construct pentagons on the faces of a regular 
dodecahedron, and fill in the intervals with regular hexagons 
so that there are two hexagons and one pentagon at each vertex. 
Clearly, the hexagons must have alternate edges in common, 
and pentagons on adjacent faces of the dodecahedron cannot 
have common vertices. /. the pentagons must be smaller than 
those of the figure of 12W1, having their vertices on the lines 
joining the centres of the dodecahedron faces to the middle 
points of their sides. 

Experiment with a distorted representation confirms this 
reasoning. 
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12W3. Discuss the facially regular solid F344!. (Fig. 121.) 

By calculation, / 4 = 6 =/ for a cube; and / 3 = 32 = 4v = v + 2e 
for a cube. (12T5) 


Fig. 121. 

we have to arrange one square on each face of a cube, 
and fill in the intervals with one equilateral triangle at each 
vertex and two across each edge. 

Experiment with a distorted representation shows that this 
is impossible if the sides of the squares are parallel to the sides 
or diagonals of the cube-faces. 

We accordingly give the squares all a right-hand (or all a 
left-hand) twist, so that their vertices fall at the extremities of 

similar “ swastika ” devices : - 1 or j—|—. 

Two distinct solids are possible ; for, if ABC be any corner 
triangle, and P, Q, R the remaining vertices of the adjacent 
triangles, the three squares adjacent to them may be attached 
either to PB, RA, QC, or to PC, QA, RB. 

Each polyhedron may thus be regarded as the other turned 
inside out. Such left- and right-handed pairs are said to be 
enantiomorphous (Gr. enantios = opposite). 

These solids are called snub cubes. 

12W4. Calculate the positions of the vertices of F3 4 4 x on the faces of its 
circumscribed cube. (Fig. 122.) 

Let 2 a be the length of a cube-edge, and 6 , c the lengths of a 
leg and a foot of a swastika. 

Let PQR be a face of the snub cube, Q and R being in the same 
cube-face. 














r 0*Z* V" 
Ml * £ -f'f 

.Slii [a 
. 


'MlrigWi 

IPlf" 

fclf: 

if-1 it:: 


ri» 


SOLID GEOMETRY 

PQ 2 = (2c) 2 + 2 (a - b) 2 

=2 (2c 2 +a 2 + fc 2 - 2ab); 

QR 2 = (6 + c) 2 + (b- c) 2 
= 2(b 2 + c 2 ); 

RP 2 = (b - c) 2 + (a - c) 2 + (a - 6) 2 
= 2 (a 2 + b 2 + c 2 - be - ca - ab). 



Fig. 122.—Snub Cube (F3 4 4,) inscribed in Cube (F4 s ). 

As PQ 2 -qr 2 =0, 

c 2 + a 2 -2ab=0 ; 

c 2 =a(26-a). 

As RP 2 — QR 2 =0, 

a 2 -bc-ca-ab=0; 

. „_a(a-b)' 

• • V ~ j —* , 

Cross-multiplying and simplifying, we get 
ss 3 + a5 2 + *-l=0, 

where x=~. 

a 

An approximate solution may be found by trial as shown in 
the following table : 
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01-5 -6 

0 1 -25 *36 

0 1 -125 -216 

0 3 -875 1*176 

Explanation of the tabular solution : 

For x to be equal to a root, x* + x 2 + x must be equal to 1. 
We find that a root lies between 0 and 1, and try x = *5. This 
gives rather too small a total, so we try -6. This being found too 
large, we try *55. A further trial shows that the root lies be¬ 
tween *54 and *55. 

This result is sufficiently accurate to enable us to draw the 
solid. It is, of course, capable of extension, but if several 
places of deci¬ 
mals were re¬ 
quired it would 
be better to em¬ 
ploy Horner’s 
Method, to be 
found in books 
on the Theory 
of Equations. 

We can now 
calculate c from 
the equation 

a-b 

c = a .- j. 

a + b 

It is found to be 
•29a approx. 

(Q-E.F.) Fia. 123 a. 

12W5. Devise a purely graphical method of constructing a face of a 
snub cube together with the coplanar face of its circumscribed cube, one 
side of the former being given. (Figs. 123 a, 6, c, d .) 



•55 *54 

•3025 -2916 
•1664 1575 
10189 -9891 


x 

x z 

X 3 

x 3 + x z + x 
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Let ABCD be any square face of the snub cube, E, F, 
G, H the vertices of the triangles on AB, BC, CD, DA, and 
I, J, K, L the extremities of the remaining edges at A, B, C D. 
(Fig. 123 a.) 

Draw the faces at A laid out in a plane (Fig. 123 b, dotted 
lines and dashed letters). By trial, draw a concentric circle in 
which can be inscribed the polygon DHIEB. (Cf. 12T6.) 



In a new figure (Fig. 123 c), draw the diameter IM of this 
circle, and find A, so that MA = IA = the true length of IA. 

The circum-circle of triangle AIM is a great circle of the 
circumscribed sphere; in it draw the chords AC, CK, and ON, the 
perpendicular from the centre to AC. Then ON is equal to half 
the height of the cube. 

Draw the cube-face PQRS (Fig. 123 d) and, using its centre, T, 
and radius = JlK (=JMK in Fig. 123 c), describe a circle cutting 
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PQ, RS at the ends of a diameter UV (as well as in the ends 
of another diameter). 

Then U, V are the projections on PQRS of I, K, which are on 
faces adjacent to it and opposite to one another. 

AC lies in UV, and is 
bisected at T. 

The square ABCD may 
now be drawn. 

(q.e.f.) 

12W6. Show that there are 
just two vertically regular 
solids bouuded by rhombuses. 

The angles of a rhombus 
are alternately acute and 
obtuse; and the solid 
angles of a vertically regu¬ 
lar solid are regular; 

.. each face must form 2 acute-angled, and 2 obtuse-angled 
solid angles. 

The face angles at a vertex must together be less than 360°. 

(6T3) 

.. obtuse-angled solid angles must be trihedral. 

.. every vertically regular solid bounded by rhombuses 
must have a reference symbol of the form V3 2 a 2 . 

their duals are given by F3 2 a 2 . 

Reference to the table of 12T5 shows that the only facially 
regular solids with reference symbols of this form are F3 2 4 2 and 
F3 2 5 2 . 

•. the only vertically regular solids bounded by rhombuses 
are V3 2 4 2 , V3 2 5 2 . (The former is the rhombic dodecahedron.) 
(Cf. Fig. 106.) (q.e.d.) 



s R 

Fig. 123 d 
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12W7. Construct one face of the solid V3 2 5 2 . (Fig. 124.) 

This is the dual of F3 2 5 2 , whose vertices are the middle points 
of the edges of a regular dodecahedron. (12W1) 

The faces of V3 2 5 2 bisect the edges of F3 2 5 2 ; 

they are parallel to the edges of the dodecahedron, and 
at right angles to the lines joining the middle points of those 
edges to the centre of the solid. (12T8) 


A F 



Y 

Fig. 124. 


# \ the edges of the dodecahedron are themselves the short 
diagonals of the faces of a similar concentric V3 2 5 2 . 

To find the length of a long diagonal, take a central section 
ABCDEF containing any two opposite edges AB, DE, and 
bisecting two other edges at C and F. (The section can be 
copied from Fig. 100.) 

Draw perpendiculars from the centre, O, to BC, CD, and let 
them meet the line through C at right angles to OC in the 
points X, Y. 

Then XY is the long diagonal of a rhombus whose plane is at 
right angles to that of the paper. 

The required face may now be constructed with diagonals, 
equal to AB, XY, bisecting one another at right angles. 

(q.e.d.) 
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12W8. Show that the pentagonal faces of the facially regular solid 
F3 4 5! lie on the faces of a regular dodecahedron, and construct a pair of 
concentric pentagons to show the arrangement. (Figs. 125 a, 6.) 

Proceeding as in 12W3, we find that the vertices of F3 4 5 x lie 
on the faces of a regular dodecahedron at the extremities of 



Fig. 125 a. 


five-legged swastikas. It is therefore called a snub dodeca¬ 
hedron, and exists, like the snub cube, in two enantiomorphous 
forms. 

Draw a regular pentagon abcde (Fig. 125 a), equal to any 
face of the snub dodecahedron ; and let af be a diameter of its 
circumscribed circle. 

As in 12W5, we obtain the circle through vertices B, E, G, 
A", B", adjacent to a given vertex A (Fig. 125 6), and, by 
rabatting A about the diameter A"M, we construct the great 
circle A" AM of the circumscribed dodecahedron, and place in 
it a chord AF = af. Its distance, ON, from the centre, is half 
of the height of the circumscribed dodecahedron. 
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From Fig. 124 we get the ratio of the altitude of a regular 
dodecahedron to the radius of the circle circumscribing one of 
its faces ; it is the ratio 2 ON : ND. 

Hence, concentric with abode , we can construct a face PQRST 
of the dodecahedron, together with its circumscribed circle, and 



PQR S T', A'B'C'D'E', the projections of an adjacent face, and of 
the circle circumscribing the corresponding face A"B"C"D"E" 
of the snub dodecahedron. 


To find the position of A' on the ellipse A'B'C'D'E' (Fig. a), 
we describe an arc with centre N and radius equal to NA' (Fig. b), 

where A'is the projection of A" on FA produced. 

This gives two points, A', A/, which are projections of 
vertices of the two enantiomorphous snub dodecahedra that 
can be inscribed in the regular dodecahedron. 

Then NA' cuts the circle abcde in the point A, and the face 
ABODE can be drawn in its proper position on the face PQRST. 


(q.e.f.) 
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12W9. Construct a pictorial representation of a snub dodecahedron. 

(Figs. 126, 127.) 

Construct a single face AB&DE of the snub dodecahedron, 
inscribed in the corresponding face PQRST of a circumscribed 
regular dodecahedron. (12W8 ; Fig. 126 a.) 



c R 

Fig. 126 a. 


Let straight lines joining each vertex of ABCDE to the two 
farthest vertices of PQRST meet the opposite sides of the latter 
in the two sets of points a, b , c, d, e and a\ c', d', e' respec¬ 
tively. 

Construct a pictorial representation of a regular dodeca¬ 
hedron, showing all the faces, both front and back. (For sake 
of clearness in indicating the method followed, only a few faces 
are treated in Fig. 126 b.) 

Divide each edge in the ratios Pa : aQ, P b r : V Q, measuring 
from each end in turn so as to obtain four points of division. 
(If a slide rule is available, this may be done most expeditiously 
by calculation and measurement; otherwise graphical methods 
may be employed in a subsidiary diagram.) 
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On every face in turn construct the two sets of lines corre¬ 
sponding to SAa and RAa' in Fig. 126 a, and obtain the penta¬ 
gonal faces of the snub dodecahedron by joining up the proper 



FiO. 126 b . 


points of intersection. (Notice that the rear faces appear to be 
left-handed ; e.g., the base in Fig. 126 b.) 



Fro. 127. Snub Dodecahedron inscribed in Regular 

Dodecahedron (F5 s ). 

Fig. 127 shows the snub dodecahedron as a solid figure, and 
the regular dodecahedron as a framework of rods. 
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TABLE OF COMMON NAMES OF SEMI-REGULAR 
AND STAR POLYHEDRA 


(“ C.F.” refers to the Table of Cubic Forms, pp. 242-245.) 


^3 4 6 2 

Truncated Tetrahedron. 

(C.F. 9.) 

F3 1 8 2 

„ Cube. 

(C.F. 8.) 

F3 1 10 2 

„ Dodecahedron. 


F4 1 6 2 

„ Octahedron. 

(p. 147 ; C.F. 6.) 

F5 1 6 2 

„ Icosahedron. 


F4 1 6 1 8 1 

Great Rhombicuboctahedron. 

(C.F. 11.) 

F4 1 6 1 10 1 

,, Rhombicosidodecahedron. 


F3 4 4 x 

Snub Cube. 

(p. 176 ; C.F. 13.) 

1 F3A 

„ Dodecahedron. 

(p. 184.) 

t F3 2 4 2 

Cuboctahedron. 

(C.F. 2.) 

F3 2 5 2 

Icosidodecahedron. 


F3]4 s 

Small Rhombicuboctahedron. 

(C.F. 10.) 

F3 1 4 2 5 1 

,, Rhombicosidodecahedron. 


F3 3 Wj 

w-gonal Prismoid. 


i F4 2 n x 

n-gonal Prism. 


j SF5 s 

Great Dodecahedron. 

(p. 171.) 

I SF5 3 

„ Stellated Dodecahedron. 

(p. 172.) 

SP5 s 

Small Stellated Dodecahedron. 

(p. 173.) 

SP5 3 

Great Icosahedron. 

(p. 173.) 

V3j6 2 

Triakis Tetrahedron. 

(C.F. 9.) 

V3 1 8 2 

Triakis Octahedron. 

(C.F. 8.) 

V3j10 2 

Triakis Icosahedron. 


V4j6 2 

Tetrakis Hexahedron. 

(C.F. 6.) 

i V5 x 6 2 

Pentakis Dodecahedron. 


V4 1 6 1 8 I 

Hexakis Octahedron. 

(C.F. 11.) 

j V4 1 6 1 10 1 

Hexakis Icosahedron. 


1 V3 A 

Pentagonal Icositetrahedron. 

(C.F. 13.) 

i V3 4 5 j 

Pentagonal Hexecontahedron. 


( V3 2 4 2 

Rhombic Dodecahedron. 

(p. 146 ; C.F. 2.) 


<**■. *> *■( 




* 
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V3 2 5 2 Rhombic Triacontahedron. 

Icositetrahedron. (C F 10) 

VSjlgSj Rhombic Hexecontahedron. 

w-gonal Trapezohedron. 

V4 2 «i w-gonal Bipyramid. 

EXAMPLES 12A 

12A 1. Show that, with the exception of prisms, prismoids, and 
the snub cube and dodecahedron, all the facially regular solids may 
be obtained by cutting the comers from regular solids, or from 
solids so obtained. 

12A2. Describe the series of vertically regular solids that are the 
duals of the prisms. 

12A3. Describe the series of vertically regular solids that are the 
duals of the prismoids. 

12A4. Show that five vertically regular solids can be obtained by 
erecting pyramids on the faces of the five regular solids 

JiSff- VerticaIly re 8 ular solids are bounded by pentagons ? 

A6. Which vertically regular solids are bounded by kites, i.e., by 
quadrilaterals with two pairs of equal adjacent sides ? 

12A7. Which regular solids are bounded by scalene triangles 
i.e., triangles with three unequal sides ? 

. State and discuss the duals of the following statements : 

(o) ^ Regular polygons with the same number of sides are congru- 
ent. ( b) The facially regular solid F a Jl b a has p congruent regular 
a-gons at each vertex.” 

Def : Two congruent semi-regular pyramids on opposite 
sides of the same base are said to form a bipyramid. 

12A9. Is it true to say that every bipyramid bounded by con¬ 
gruent isosceles triangles is a vertically regular solid ? 

12A10. What are the duals of vertically regular bipyramids ? 

12A11. Make faint tracings of drawings of the regular solids, and 
using them as foundations, draw facially regular solids by the 
method of 12A1. 

12A12. Make a faint tracing of a drawing of a cube, and use the 
figures of 12W5 to convert the cube into a snub cube. 
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12A13. Using a tracing of a projection of a regular dodecahedron 
and the figures of 12W8, construct a pictorial representation of a snub 
dodecahedron. 

12A14. Show that a regular octahedron can be circumscribed 
about a snub cube, so that one face of the latter lies in each face of 
the former. 

12A15. How many snub cubes can be inscribed in a regular octa¬ 
hedron, so that each face of the latter contains one face of the 
former ? 

12A16. How many regular octahedra can be circumscribed about 
a snub cube ? 

12A17. Show that every star polyhedron can be inscribed in one 
regular solid and circumscribed about another. 

12A18. Show that the planes containing vertices of a facially 
regular solid adjacent to the same vertex enclose a vertically regular 
solid. 

12A19. Interpret 12A18 in the case of regular solids. 

12A20. State the duals of the first five theorems of this chapter, 
and their corollaries. 

12A21. Show that all the dihedral angles of a vertically regular 
solid are equal to one another. 

12A22. Show that the volume of a vertically regular solid is equal 
to that of a set of congruent pyramids, and that that of a facially 
regular solid is equal to that of two or three sets of congruent 
regular pyramids. 

12A23. The edges of a facially regular solid are all equal; what is 
the corresponding property of a vertically regular solid ? 

EXAMPLES 12B 

12B1. Show that Euler’s Theorem (11T1) breaks down in the case 
of certain star polyhedra, and point out where the proof of that 
theorem fails to apply to star polyhedra. 

12B2. If a plane-faced hole is bored through any polyhedral solid, 
show that the numbers of faces, edges, and vertices of the resulting 
solid no longer satisfy Euler’s Theorem, and point out how this fact 
is provided for in the definition of a polyhedral solid (Chap. XI). 
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12B3. If a polyhedral solid is pierced by n holes in succession, so 
that the faces of the resulting solid are all plane, show that the 
numbers of faces, edges, and vertices satisfy the equation 

/-e + v-2 + 2tt=0. 

12B4. To what does a vertically regular bipyramid approximate 
as the number of its vertices is continually increased ? 

12B5. State the dual of 12B4 and its solution. 

12B6. Show that each dihedral angle of any vertically regular 
solid is equal to the supplement of the angle subtended by an edge 
of its dual at the centre of the latter. 

12B7. Show that a circle can be inscribed in any face of any verti¬ 
cally regular solid. 

12B8. If two adjacent faces of a facially regular solid are inclined 
at angles a, to the diametral plane coaxal with them, show that, 
in the dual solid whose edges touch a sphere of radius r, the corre¬ 
sponding edge is of length r(cot a -f cot /?). 

12B9. Show that the angle between any two edges of a vertically 
regular solid is equal to one of the dihedral angles between the 
central planes containing the corresponding edges of the dual solid. 

12B10-18. Taking an edge as unit of length, tabulate, for each of 
the following solids, (i) the distance of each face from the centre, 
(ii) the radius of the circle inscribed in each face, and, hence (iii) the 
inclination <p of each face to the central plane containing one of its 
sides ; also (iv) the angle 6 subtended by any edge at the centre : 

(12B10.) Tetrahedron. 

(12B11.) Octahedron. 

(12B12.) Truncated tetrahedron. 

(12B13.) Truncated cube. 

(12B14.) Truncated octahedron. 

(12B15.) Great rhombicuboctahedron. 

(12B16.) Cuboctahedron. 

(12B17.) Prismoid with 2 n vertices. 

(12B18.) Prism with 2 n vertices. 

12B19. If four triangular faces of a snub cube are adjacent to 
squares, and have their remaining vertices in common with a fifth 
square, the tetrahedral angle formed by their planes is congruent to 
that of a regular octahedron. 


CHAPTER XIII 


SPACE LATTICES 

Def. : The infinite array of parallelepipeds bounded by three 
infinite systems of equidistant parallel planes may be called a 
partition, and each parallelepiped may be called a cell. 

Def. : The cell-vertices of a partition constitute a space- 
lattice, which is said to be determined by the partition or any 
one of its cells. A point is said to be on a lattice if it is a vertex 
of one of its determining cells. 

Theorem 13T1 

If three vertices of a parallelogram are points on a lattice, 
so is the fourth vertex. (Fig. 128.) 

Let ABCD be a parallelogram whose vertices A, B, C are points 
on a lattice . 

Let a partition plane y through 
C cut AB in C', and let the parallel 
plane 8 through D cut AB in D . 

Then DD' || CC' ; (3T4) 

C'D'=CD = BA. 

But consecutive parallel parti¬ 
tion planes intercept equal inter¬ 
vals on any transversal; (3T5) 

/. there is, on each side of y, a partition plane which, 
with y, cuts off an intercept equal to AB, i.e., DC. 

/. 8 is one of these partition planes. 
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Similarly D lies on two other partition planes ; 

it is a point bn the lattice. (q.e.d.) 
Corollary 1. If the extremities of three concurrent 

EDGES OF A PARALLELEPIPED ARE FOUR POINTS OF A LATTICE, 
THE REMAINING VERTICES ARE ON THE LATTICE. 

Corollary 2. If the extremities of three concurrent 

EDGES OF A DETERMINING CELL OF ONE LATTICE ARE FOUR 
POINTS ON ANOTHER, THEN EVERY POINT OF THE FIRST LATTICE 
IS ON THE SECOND. 

Def. : If all points of a lattice are corresponding points of a 
system of congruent and similarly situated figures, the system 
is called a space-pattern, and each figure is called a pattern-unit. 
It follows that a lattice is a simple pattern. We shall generally 
use the single words “ lattice ” and “ pattern ” instead of 
“ space-lattice ” and “ space-pattern ”. 

Theorem 13T2 

The pattern formed by the vertices and centres of one set 
of parallel cell-faces of a partition is a lattice, and may 
therefore be called a base-centred lattice . (Fig. 129.) 



Fig. 129. 


If we retain the planes of the cell-bases, and replace the other 
partition planes by two sets of diagonal planes containing the 
base-diagonals, the resulting partition determines a lattice. 

(q.e.d.) 
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Theorem 13T3 

The pattern formed by the vertices and centres of the 
cells of a partition is a lattice, and may therefore be called a 
cell-centred lattice. (Fig. 130.) 



Fia. 130. 


If we replace one set of partition planes by one set of 
diagonal planes, and retain the others, we get a base-centred 
lattice; (lying on its side, in Fig. 130). (q.e.d.) 

Theorem 13T4 

The pattern formed by the vertices and centres of all the 
cell-faces of a partition is a lattice, and may therefore be 
called a face-centred lattice. (Fig. 131.) 



Fig. 131. 


The centres of two sets of faces are cell-centres of the parti¬ 
tion deter min ing the remaining base-centred lattice. (13T2) 
they form a lattice. (13T3) 

(Q.E.D.) 

Def. : A parallelepiped with three equal edges equally in¬ 
clined to one another is called a rhombohedron, and the diagonal 
through their common vertex is called its principal axis. 

A lattice determined by rhombohedra is called a rhombic 
lattice. 
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Theorem 13T5 

The vertices and points of trisection of one set of cell- 
diagonals of any partition form a lattice, which may there¬ 
fore be called a diagonal-trisected lattice. (Fig. 132.) 



Fig. 132. 


The given cell-diagonals are the lines of intersection of two 
sets of diagonal planes, a, /?, which contain two sets of face- 
diagonals. 

These are bisected by another two sets of face-diagonals, 
lying in a set of planes, y , which trisect the given cell- 
diagonals. (3T5) 

^he given points are the vertices of the partition afty . 

they form a lattice. (q.e.d.) 

Corollary 1 . Ip the pattern-unit op a diagonal- 

TRISECTED LATTICE IS A RHOMBOHEDRON, ITS DETERMINING 
CELL IS A RIGHT PRISM WHOSE BASE CONSISTS OF TWO EQUI¬ 
LATERAL TRIANGLES. 

Corollary 2. A diagonal-trisected rhombic lattice 

FORMS THE VERTICES AND BASE-CENTRES OF A STACK OF 
REGULAR RIGHT HEXAGONAL PRISMS ; IT MAY THEREFORE BE 

called a (base-centred) hexagonal lattice. (See Fig. 105.) 
Corollary 3. The vertices of a rhombic lattice lie 

ON A (BASE-CENTRED) HEXAGONAL LATTICE. 
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SYMMETRY 

Def. : A pattern is said to have a centre of symmetry, O, if 
every straight line, drawn from a point of the pattern to O, and 
produced an equal distance beyond it, is terminated by another 
point of the pattern. 

Def. : A pattern is said to have a plane of symmetry, a, if 
every straight line, drawn from a point of the pattern normal 
to a, and produced an equal distance beyond it, is terminated 
by another point of the pattern. 

Def. : A pattern is said to have an n-fold axis of symmetry, x , 
360° 

if a rotation of —— about x brings the pattern into self-coinci¬ 
dence. When n is 2, 3, 4, or 6, the axis is called dyad, triad, 
tetrad, or hexad respectively. 

Def. : For symmetry in a plane, retain the word ” centre ”, and 
replace the words “ plane ” and “ axis ” by the words " line ” 
and " pole ” respectively. 

Def. : Centres, planes, and axes of symmetry are all referred 
to as elements of symmetry. 

SYSTEMS OF LATTICES 

Def. : A lattice whose determining cell is 

(1) a cube, 

(2) a square prism, 

(3) a cuboid, 

(4) a parallelepiped with two unequal edges at right 

angles to the third, 

(5) a rhombohedron, or, 

(6) a parallelepiped with three unequal edges not 

perpendicular to its faces, 
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is said to be 

(1) cubic, 

(2) tetragonal, 

(3) orthorhombic, (i.e. right-angled rhombic) 

(4) monoclinic, (i.e. one oblique angle at a vertex) 

(5) rhombic, or, 

(6) anorthic, 

respectively ; and each of these lattices gives its name to the 
system of lattices which has the same elements of symmetry as 
itself. 

It will be noticed that only the second and last of the 
above names refer to symmetry, all the others describing the 
form of the determining cell. 

Every lattice has a centre of symmetry at every vertex and 
cell-centre. 

The principal axis of a rhombohedron is a triad axis, the 
diagonal planes in which it lies are planes of symmetry, and 
normal to each is a dyad axis. (Fig. 133.) 



Fig. 133. 


The symmetry of the other lattice-systems depends on the 
following proposition, the truth of which is evident from the 
definitions: 
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Theorem 13T6 

If a partition-plane is perpendicular to a partition-edge, it 
is a plane of symmetry of the lattice ; and there is, perpen¬ 
dicular to it, a plane or an n-fold axis of symmetry of the 
lattice through every line or n-fold pole of symmetry of the 
faces that lie in it; also, every line of symmetry of the plane 
is at least a dyad axis of symmetry of the lattice. 

Corollary : The elements of symmetry of lattices in, and 
normal to given planes may be tabulated as follows : 


Elements of Symmetry. 


Tvnp Of Lattice Cell-Section Parallel 
lype of Lattice. to Given Plane> 


Hexagonal 
Rhombic *1 
Cubic /1 

Tetragonal J 
Orthorhombic 
Monoclinic 


Hexagon 

Equilat. triangle 

Square 

Rectangle 


In Plane. 

PI. 

No. of 
Dyad 
Axes. 

pi. 

6 


3 

PL 

4 

PI. 

2 

PI. 

0 


Triad 

Tetrad 

Dyad 


Notes : (1) Except in the case of the rhombic lattice, the 
given plane is a plane of symmetry. This is indicated by the 
“ PL” in the first column for elements of symmetry in the given 


plane. 

(2) In the case of the cubic lattice, the four dyad axes become 
tetrad. 

(3) The anorthic lattice has no element of symmetry apart 
from its centre of symmetry. 
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Theorem 13T7 


Cell-centred anorthic and rhombic lattices are indistin¬ 
guishable from the corresponding ordinary lattices. 



(Fig. 134.) 

This is evidently true in the case of 
the anorthic lattice, whose centre is its 
only element of symmetry. 

A rhombohedron has three equal dia¬ 
gonals equally inclined to one another ; 

three sets of cell-diagonals of a 
rhombic lattice determine a second rhom¬ 
bic lattice whose points are the vertices 
and cell-centres of the first. (q.e.d.) 

Corollary : The only cell-centred 


LATTICES WHICH FORM DISTINCT TYPES 


ABE THE CELL-CENTRED CUBIC, TETRAGONAL, ORTHORHOMBIC 
AND MONOCLINIC LATTICES. 


Theorem 13T8 


Face-centred tetragonal, monoclinic, anorthic and rhombic 


lattices are indistinguishable from cell-cen¬ 
tred tetragonal and monoclinic, and ordinary 
anorthic and rhombic lattices respectively. 
(Fig. 135.) 

This follows, in the first two cases, from 
13T4, and, in the third, from 13T4 and 13T7. 

Let PQ (Fig. 135), be the principal axis of a 
rhombic cell, and A, B, C the centres of the 
faces concurrent in P. 

PA, PB, PC determine a lattice ; (13T4) 

But they are equal, and equally inclined to 
one another; 



Era. 135. 


the lattice is rhombic. 


(g.e.d.1 
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Corollary 1. The only face-centred lattices which 

FORM DISTINCT TYPES ARE THE FACE-CENTRED CUBIC AND 

V 

ORTHORHOMBIC LATTICES. 

Corollary 2. A 60° rhombic lattice is a face-centred 

CUBIC LATTICE. 

Theorem 13T9 

The only base-centred lattice which forms a distinct type 
is the base-centred orthorhombic. 

Base-centred cubic and rhombic, and rectangle-centred 
tetragonal lattices lose those axes of symmetry which do not 
pass through the centres in question ; . 

they are, by definition, excluded from the corresponding 
systems of symmetry. 

The method of 13T2 shows that base-centred anorthic, 
square-centred tetragonal, and parallelogram-centred mono¬ 
clinic lattices are indistinguishable from the corresponding 
ordinary lattices. 

Reversing the method of 13T3, we see that a rectangle- 
centred monoclinic lattice is indistinguishable from a cell- 
centred monoclinic lattice. 

The only base-centred lattice left to form a distinct type is 
therefore the base-centred orthorhombic. (q.e.d.) 

Cor. : There are thus only 14 types of lattice. 

They are named after Bravais, whose symbols explain them¬ 
selves. (r r , for example, stands for the simple regular, or 
cubic lattice.) 

1,2,3, Cubic: simple, cell-centred, face-centred (TV, TV, JV"); 
4, 5, Tetragonal: simple, and cell-centred (r t , jT/) ; 

6, 7, 8, 9, Orthorhombic : simple, base-centred, cell-centred, 
and face-centred (jT 0 , JV, /V', JY") ; 

10, 11, Monoclinic : simple, and cell-centred ( F m , jT m ') ; 

12, Rhombohedral (r rh ); 13, Hexagonal (J\); 

14, Anorthic (or Triclinic), (jT* r ). 
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WORKED EXAMPLES j 

13W1. Show that a pattern can be formed by regular octahedra j 
arranged so that every vertex is common to three octahedra, two of which j 
have a common edge in line with a diagonal of the other. (Fig. 136.) 



Fig. 136. 


Consider a very large portion of space containing n octahedra. 

Each has 6 vertices, each of which is common to 3 octahedra ; 

.'. there must be approximately 2 n vertices. 

At each vertex there is one common edge, making 2 n in all. j 

.. each octahedron has 2 edges in common with neighbour- I 

ing octahedra. ( 

The simplest supposition is that these are opposite edges, and | 
that the square sections containing the common edges of neigh¬ 
bouring octahedra are coplanar. I 

This gives us a chain of octahedra with their adjacent square ■ 

sections forming a flat ribbon, and their remaining diagonals | 

at right angles to it. 


f 

* 
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At the end of these “ free ” diagonals, and in their plane, we 
must attach two similar ribbons, one on each side of the first, 
and with their common edges in line with its free diagonals. 

Continuing in this way, we can build up the required pattern, 
with all the ribbons at right angles to one plane, which we take 
as the plane of the paper. 


13W2. Determine the pattern-unit and lattice-system of the pattern 
described in 13W1. (Fig. 136.) 

It is easy to see from the figure that the centres of the octa¬ 
hedra belong to two systems with horizontal and vertical 
ribbons respectively; and that each system constitutes a 
tetragonal lattice with its base diagonals parallel to the edges 
of the paper, and its cell-centres occupied by the other system. 

The lattice is therefore cell-centred tetragonal, and the 
pattern-unit consists of one octahedron of^on^^^^m^and ^ 
parts of eight octahedra of the other. > a ml he » > 


EXAMPLES 13A 




13A1. What is the proper description of a monoclinic lattice, if 
those cell-edges that are not at right angles to one another are equal ? 

13A2. Show that the face-centring of any lattice increases the 
number of lattice-points in a given volume in a certain ratio. 

13A3. Show that the centres of any one , two, or three systems of 
parallel faces of any given lattice (without its vertices) form a lattice. 

13A4. Show that the cell-centres of any lattice, together with the 
middle points of its edges, form a lattice. 

13A5. Show that a new lattice can be formed from any given 
lattice by obliterating alternate points from each set of partition- 
edges. 

13A6-14. Enumerate the elements of symmetry of: 

(13A6) a cubic lattice ; 

(13A7) a tetragonal lattice ; 

(13A8) an orthorhombic lattice ; 

(13A9) a rhombic lattice ; 

(13A10) a monoclinic lattice ; 


{> V ^ 2_ I ^ 
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(13A11) an anorthic lattice ; 

(13A12) a stack of semi-regular hexagonal prisms ; 

(13A13) a stack of rhombic dodecahedra ; 

(13A14) a stack of truncated cubes. 

13A15. Show that there are just three ways in which a plane can 
be divided into congruent regular rectilinear figures. 

13A16-18. Show that a plane can be filled by a pattern consisting 
entirely of one of the following sets of regular figures : 

(13A16) triangles and hexagons ; 

(13A17) squares and octagons ; 

(13A18) triangles, squares, and hexagons. 

13A19. Enumerate the elements of symmetry of the three patterns 
of 13A15. 

13A20. Enumerate the elements of symmetry of the patterns of 
13A16-18. 

13A21. What difference is made in the symmetry of a tetragonal 
lattice by placing a small sphere inside each cell in contact with the 
centre 

(a) of the base ; 

or (6) of one of the rectangular faces ; 

so that the spheres occupy corresponding positions in all the cells ? 

13A22. Regular tetrahedra are similarly inscribed in the cells of a 
cubic lattice. Enumerate the elements of symmetry of the resulting 
pattern. 

13A23. Show that a pattern may be formed by regular octahedra, 
arranged two at a vertex, so that all their edges form continuous 
infinite straight lines. 

13A24. Assign the pattern of 13A23 to its appropriate lattice, and 
enumerate the elements of symmetry of the pattern. 

13A25. Eind the ratios of the edges of a cell of the lattice of 
13W2. 


EXAMPLES 13B 


13B1. Show that, if the cell-edges of a tetragonal lattice are pro¬ 
portional to 1: 1: */2, it should be classed in a higher system of 
symmetry. 
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13B2. What is the proper description of a rhombohedral lattice 
with angles of 60° and 120° ? 

13B3. Show that a pattern can be formed by cubes arranged so 
that there are four at each vertex, and that the edges of adjacent 
cubes are collinear. 

13B4. Show that a pattern can be formed by cubes arranged so 
that each vertex is common to two cubes, and that corresponding 
edges at the same vertex are collinear. 

13B5. Show that a pattern can be formed by cubes so that four 
non-adjacent edges of each cube belong to it in common with four 
adjacent cubes, corresponding edges at the same vertex being 
collinear. 

13B6. Show that cubes can be arranged two at a vertex so that 
each is adjacent to four (not eight) others, corresponding edges at the 
same vertex being collinear. 

13B7. Show that a pattern can be formed by congruent, similarly 
placed tetrahedra arranged four at each vertex so that the edges 
form continuous straight fines. 

13B8. Show that a pattern can be formed by regular tetrahedra, 
arranged so that every vertex is common to two tetrahedra, corre¬ 
sponding edges at the same vertex being collinear. 

13B9. Show that a pattern can be formed by regular octahedra, 
six at a vertex, so that every edge is common to two octahedra. 

13B10. Show that a pattern can be formed by regular tetrahedra, 
eight at a vertex, corresponding edges at the same vertex being 
collinear. 

13B11. Show that regular tetrahedra can be arranged two at a 
vertex so as to form a pattern with a system of planes of symmetry 
at right angles to a system of triad axes. 

13B12. Show that a pattern can be formed by cubes so that each 
meets one other at each of four vertices, and the projection of the 
pattern in a certain direction consists solely of squares, equilateral 
triangles, and regular hexagons. 

13B13. Show that a pattern can be formed by regular tetrahedra, 
arranged two at a vertex, so that the projection on a certain plane 
consists solely of regular hexagons, equilateral triangles, and squares 
with their diagonals. 
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CHAPTER XIV 


SPHERE-PACKS 

Def. : If an in fini te number of equal spheres are arranged so 
that every sphere is similarly related to the rest and in contact 
with at least four of them, they ^ 

are said to form a sphere-pack. /•' 

Def. : The density of a sphere- 
pack is the ratio of the volume / Y /\ \ 

of the spheres to that of the x 

continuous space occupied. 'YTv A m\x\ 

' / / A \ \ \ 


Theorem 14T1 

✓ 

/ 

Ih 

If a rhombic lattice has no 

1/ 

yfe 

angle less than 60°, its vertices 

, / 

are centres of a sphere-pack ; 

A 

/ \ 

/ 

and the density is given by 

{? 

V 

the formula 

' 

Y 


12 Vsin 3 0 . sin 30 9 

where 20 is an acute angle of \ / \7y\ / 

the lattice. (Figs. 137, 138.) V Y \ / 

Let ABCD be a cell-face of a \ yV / 

rhombic lattice, every point of 
which is the centre of a sphere \ y 

with radius equal to half of a v 

cell-edge. (Fig. 137.) FlQ ' 137 ‘ 

Then the spheres A, B, C, D touch one another at the middle 
points of the sides of the rhombus ABCD. 

203 
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If the spheres B and D touch one another, BAD is an equi¬ 
lateral triangle ; 



they intersect or miss one an¬ 
other according as the angle BAD is 
less or greater than 60°. 

(q.e.d. (i).) 

Let ABCD,PQRS be a cell (Fig. 
138), with acute angles equal to 20 
at A, and let a be the radius of a 
sphere so that 2 a is the length of an 
edge. 

Draw 

PM J_AB, and PNJ_ plane ABCD. 

Then 

ABJ_PM and PN ; 

/. ABJ_MN. (4T1) 

Clearly, PAM = 20, and MAN =0. 

Hence AM = 2 a cos 20 ; 

AN = AM sec 0 = 2a cos 20 . sec 0 ; 


Fig. 138. 


PN 2 = 4a 2 - 4a 2 . cos 2 20. sec 2 0 ; 


the volume of the cell 


= PN . AB . AD . sin 20 
= 8a 3 .2 sin 0 . cos djl - cos 2 20 . sec 2 0 
= 16a 3 . sin 0 J cos 2 0 - cos 2 20 
= 16a 3 . sin dj\ cos 20 - J cos 40 
= 16a 3 . J sin 3 0 . sin 30. 


The cell contains fragments of the eight spheres at its 
corners, and these are equal to the fragments into which any 
sphere is broken by the eight cells which meet in its centre ; 

their volume = 17ra 3 . 
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the density of the sphere-pack 
/ -J ’ 7ra3 _ _ 77 _ 

16a 3 s/sin 3 0 . sin 30 12\/sin 3 0 . sin 30 (Q-E.D. (ii).) 

Corollary 1. If every angle of the lattice > 60°, 

EACH SPHERE TOUCHES SIX OTHERS AT THE MIDDLE POINTS OF 
THE CELL-EDGES THAT MEET AT ITS CENTRE. 

If every acute angle = 60°, each sphere touches also 

ANOTHER SIX SPHERES AT THE CENTRES OF THE SIX FACES 
WHOSE ACUTE ANGLES MEET AT ITS CENTRE. 

Note : To represent the internal structure of a sphere-pack, 
we replace the actual spheres by small knobs concentric with 
them. These knobs may be connected with one another by 
rods (Fig. 142), or rods and plates (Fig. 140) indicating the 
boundaries of the cells, or by links (Fig. 143) calling attention 
to some other property of the pack. 


Corollary 2. The densest rhombic sphere-pack has 
20 = 60°, and the least dense has 20 = 90°. 

Their centres, therefore, constitute face-centred and simple 


cubic lattices re¬ 
spectively. 

Def. : Spheres 
whose centres 
form a simple 
cubic lattice are 
said to be cubic- 
packed, and to 
form a cubic pack. 

If the lattice 
is face-centred 



i . /. ari0 jjig. 

cubic (i.e., 60 

rhombic), the spheres are said to be cubic-close-packed, and to 


form a close cubic pack. (Figs. 137, 139.) 
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Theorem 14T2 

If the edges of a monoclinic lattice are all equal, and its 
acute angles not less than 60°, its vertices are centres of a 
sphere-pack ; and the density is given by the formula 

77 

6 sin 20 9 

where 20 is an acute angle of the lattice. (Fig. 137.) 

The middle point of each edge of the lattice will be a point of 
contact of the spheres at its extremities. 

As in 13T10, spheres at the obtuse angles of a rhombus will 
intersect, touch, or miss one another according as the acute 
angles are less than, equal to, or greater than 60°. 

each sphere touches at least six others ; 

,\ they form a sphere-pack. 

(q.e.d. (i).) 

If 2 a is the length of an edge, the volume of a sphere = 477 a 3 , 
and that of a cell = 8a 3 . sin 20. 

As in 13T10, the fragments of spheres contained by a cell are 
exactly equal to one whole sphere. 

the density of the pack 

__ 4 77 a 3 

8a 3 . sin 20 

__ 77 

“6". sin 20* (Q.e.d. (ii).) 

Corollary : If every angle of the lattice >60°, each 

SPHERE TOUCHES SIX OTHERS AT THE MIDDLE POINTS OF THE 
CELL-EDGES THAT MEET AT ITS CENTRE. 

IF EVERY ACUTE ANGLE = 60°, EACH SPHERE TOUCHES ALSO 
ANOTHER TWO SPHERES AT THE CENTRES OF THE TWO FACES 
WHOSE ACUTE ANGLES MEET AT ITS CENTRE. In this Case the 
centres of the pack form a regular base-centred hexagonal lattice, 
(cf. Fig. 105, Chapter XI). 
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Def. : If the centres of a sphere-pack form a regular base- 
centred hexagonal lattice, the spheres are said to be hexagonal- 


packed, and to form a 
hexagonal pack. 

Def. : If the cen¬ 
tres of a sphere-pack 
form two base-cen¬ 
tred hexagonal lat¬ 
tices, arranged s 
that every sphere of 
one is in contact 
with six spheres of 
its own lattice and 
with three in each 
of two adjacent lay¬ 
ers of the other, the 
spheres are said to be 



Fig. 140. 


hexagonal-close-packed, 


and to form a close hexagonal pack. (Fig. 140.) 


Theorem 14T3 

Close cubic, and close hexagonal packs are equally dense, 

the density being (Figs. 139, 140.) 

In either of these packs any two adjacent hexagonal layers 
of spheres have their centres at the vertices of a single layer of 
60° rhombohedra. 

the density in each case 

77 

= 12VS 3 "30^7sin : 3T3F (14T1) 



(q.e.d.) 
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Note : If a base-centred hexagonal lattice were not base- 
centred, it would not be a lattice ; it would consist of the 
vertices of a stack of hexagonal prisms. 

Def. : If the centres of a sphere-pack are the vertices of a 
stack of hexagonal prisms, the spheres are said to be hexagonal- 
open-packed, and to form an open hexagonal pack. 


Theorem 14T4 


Any two congruent, similarly placed lattices, displaced 
from one another by a quarter of a cell-diagonal, form the 

vertices of two open stacks of con- 
• gruent, oppositely placed tetrahedra, 

N f TNs each w ^ich has its vertices at the 

\ \ ! YA centroids of the other. (Fig. 141.) 

_ ABCD > A,B 'G'D' be any parallel - 

\ VTV\ epiped, an d G the centroid of the 
s \ \ ! \a\ tetrahedron AA'BD. 

\A \ 

Then AG = f of a median of the 
c ' 0 tetrahedron. (2W2) 

This median lies in the diagonal 
planes through A, and is therefore in AC'. 

The planes A'BD, CD'B' belong to a set of lattice-planes, 
two of which pass through A and C' ; 

they trisect AC'. (3T5) 

AG = § of 3 of AC' = J of AC'. 

Let AC' be placed north and south. 

Then the centroids of the lattice-tetrahedra at the northern 
ends of the cells of the lattice determined by ABCD,A'B'C'D' 
form a congruent, similarly placed lattice on which G lies. 

The second lattice has points of the first as centroids of its 
southern lattice-tetrahedra. ( q . e . d . ) 
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Corollary : If the original lattices are face-centred 
cubic (i.e., by 13T8, 60° rhombic), the tetrahedra are 



REGULAR. 

Def. : If the centres 
of a sphere-pack form 
two face-centred cubic 
lattices displaced by a 
quarter of a cell-dia¬ 
gonal, the spheres are 
said to be tetrahedral- 
packed. (Fig. 142.) 

Def. : If a tetra¬ 
hedral pack is formed, 
not with spheres, but 
with tetrahedral clus¬ 
ters of four spheres 
each, so that every two 
spheres of neighbour¬ 
ing clusters touch one 
another on the common 
altitude of their tetra¬ 
hedra, the spheres are 
said to be tetrahedral- 
open-packed. (If a trac¬ 
ing be made of the 


four-way corners of Fig. 143, it may be fitted over Fig. 142, 
showing that these corners are centres of a tetrahedral pack.) 
The above sphere-packs are themselves referred to as a 


tetrahedral pack and an open tetrahedral pack respectively. 


Def. : If a pattern is formed by spheres of two different 
sizes, so that equal spheres are similarly related to the rest, and 
only unequal spheres are in contact, the structure is called a 
compound sphere-pack. 
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If one set of equal spheres belong to two or more systems, 
such that all in the same system are similarly related to the 
whole pack, the pack is said to be composite. 



If every sphere is at the centre of a straight line, equilateral 
triangle, or regular polyhedron, the vertices of which are at 
the centres of the spheres in contact with it, the pack is said 
to be regular. If this can be said of only one set of equal 
spheres, the pack is semi-regular. 

Complex sphere-packs with spheres of more than two 
different sizes lie outside the scope of this chapter. 
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We shall take the radius of one set of spheres as the unit of 
length, and the other as r ; so that r : 1 is the radius-ratio. 

If every unit sphere touches m spheres of radius r, and every 
sphere of radius r touches n unit spheres, the pack is said to 
have the coordination-symbol m : n. 


Theorem 14T5 

If the unit spheres of a compound sphere-pack are at the 
vertices, and those of radius r at the cell-centres, of a struc¬ 
ture of regular w-comered solids of which m meet at each 
vertex, and if p is the density of the structure of solids and 
V the volume of each, then the coordination-symbol and 
density of the pack are respectively 

m : n 



The coordination symbol follows directly from the definition. 
Corresponding to each solid there is one central sphere ; its 
volume is ^7rr 3 . 

For each solid there are n corner-spheres, each of which is 
shared by m solids. n 

corresponding to each solid, we have the equivalent of — 


unit spheres, and one sphere of radius r ; their volume is 



the ratio of the density of the sphere-pack to that of the 
structure of solids 



V 


the density of the pack 




P 

V' 


(q.e.d.) 
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Theorem 14T6 

If a sphere of radius r at the centre of a regular tetra¬ 
hedron touches unit spheres 
at its vertices, the volume of 
the tetrahedron is 

(r + 1) 3 . (Fig. 144.) 

Let G be the centre of the 
regular tetrahedron ABCD, and 
let AG meet the plane BCD in 
H, and let BH meet CD in K. 
Let CK=*x. 

Then 

AG=r + l, and AG = fAH ; 
FlG - 144 - AH=|(r + l). 

Also AB = 2x, AK = BK =J3x, and BH = ; 




.*. AH=x N /(4-|) = 2^x; 

••• 

The area of the base BCD = CK. BK 

=zy3 = f(r + l)V3; 

the volume of the tetrahedron = JAH . BCD 

=W(»-+i)-§(r+i)V3 

=^(r + lf. 


(Q.E.D.) 


Corollary : Ip the solids of 14T5 are regular tetra- 

HEDRA, THE DENSITY OP THE COMPOUND SPHERE-PACK IS 

4 


3 
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Theorem 14T7 

If the unit spheres of a compound sphere-pack are at the 
vertices, and those of radius r at the centres, of a structure 
of regular tetrahedra, octahedra, or cubes, the radius-ratio r 
must exceed 

^§-1, V2-1, J3-1, 

(i.e., -225, -414, *732), respectively. 

The spheres at the vertices must not be large enough to 
touch one another; 

the length of an edge of the polyhedron must be greater 
than 2 units. 

With a regular tetrahedron, an edge = 2. ^|(r +1). (14T6) 

2.^|(r + l)>2; 

•• r> J2~ 1 ' (Q.E.D. (i).) 

With a regular octahedron, the diagonals bisect one another 
at right angles; 

an edge = (r + l)J2; 

(r + l)J2>2 ; 

r>J 2-1. (q.e.d.( ii).) 

With a cube, an edge=-i times a diagonal 

v/o 

_2(r+ 1) 

~ V3 • 


" V3 


(r + l)>2; 


(q.e.d. (iii).) 
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WORKED EXAMPLES 
14W1. Find the density of a tetrahedral sphere-pack. 
With the notation of 14T5, p = n = m = 4, and r = 
by the Corollary of 14T6, the density 

1 +| 1 


=~ 7t = *340 approx. 

14W2. Find the density of an open tetrahedral sphere-pack. 

(Fig. 145.) 

By definition, each sphere of a tetrahedral pack is replaced 

by four spheres with their cen¬ 
tres at the vertices of a tetra¬ 
hedron and the points of contact 
of neighbouring clusters are the 
same as those of the original 
spheres. 

Let ABCD be one of the original 
tetrahedra, and G its centroid; 
and let P on AG, and Q on GD be 
D the centres of two new spheres in 
* IG ‘ U °’ contact with one another. 

Volume of 4 new spheres = 4 • ^7 t(|PQ) 3 , 
and volume of 1 old sphere = (£AG) 3 ; 

/. ratio of density of open to that of simple tetrahedral 
pack = 4(PQ/AG) 3 . 

PG AG o /Q i/3 
PQ-^Q-IVI-W^ 5 

£ag=pg+jpq=W fPQ+4 p Q; 

• /3 . I 

• • Dr» v ^ • 
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/g 

As density of old pack = jg- 7 r, that of the open pack 

_ i _ -jsj Y 

16 Wt+1) 3 4 

=VI if (s/3 - V 2 ) 3 = ’ ■1'23 approx. 


14W3. Describe a regular compound sphere-pack with coordination- 
symbol 2 : 4, and find its density. (Fig. 146 a, b.) 

The spheres must clearly be 
at the centres and vertices of A 

a structure of regular tetra¬ 
hedra, arranged two at a 
vertex so that each vertex is 
in line with the centres of the 
two tetrahedra to which it is 
common. 

As equal spheres must be 
similarly related to the rest, s 
it is simplest to join up the 
pairs of tetrahedra so that 
their corresponding adjacent 146a 

edges are collinear. 

To find the pattern formed by the vertices of the tetrahedra, 
consider the plane of any face ABC. (Fig. 146 a.) 

Beyond B we have the vertices P, Q, corresponding to C, A ; 
and beyond C, the vertices X, Y, corresponding to B, A respec¬ 
tively. Beyond Q we have R, S, corresponding to P, B ; and 
beyond Y, the vertices Z, W, corresponding to X, C. 

Then BCYZRQ must be a regular hexagon, as the sides are all 
equal, and each angle is 120°. 

the vertices in the plane of any face form a pattern of 
equilateral triangles and regular hexagons which separate one 
another. 
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Further, as corresponding edges at the same vertex are 
collinear, the tetrahedra standing on contiguous triangles must 
be on opposite sides of the plane. 



Each hexagon is adjacent to six triangles, each of which is 
shared by three hexagons ; 

corresponding to each hexagon there are two tetrahedra, 
one above, and one below the plane. (Fig. 146 6.) 

The area of a triangle is one-sixth of that of a hexagon, or 
one-eighth of that of the hexagon and two triangles combined. 

the space effectively occupied by each tetrahedron is a 
prism with equal height and eight times its base-area, and, 
twenty-four times its volume. 

Hence the density of the structure of tetrahedra= 


SPHERE-PACKS 


217 


Volume of a tetrahedron 

= V = ^(r +l) 3 . (14T6) 

Density of the pack = sw(r 3 +^) y (14T5) 

1 27 

— I 77 ( r3 + 2 ) 24 8J3 (r + i) s 
_J3 r 3 + 2 
. 16 71 (r + 1) 3 

Note 1 : If double layers of tetrahedra similar to those 
described above are joined up so that each is the mirror-image 
of the next, the resulting pattern of spheres is a regular com¬ 
posite sphere-pack having the same density as the above 
regular compound sphere-pack. 

Note 2 : Fig. 146 b shows three double layers of tetrahedra. 
It is not difficult to recognise that, below the inverted tetra¬ 
hedra of the bottom layer there must be upright tetrahedra 
corresponding to those of the top layer. 

Thus each double layer is a repetition of the third double 
layer directly above or below it, the intermediate layers being 
congruent to them but later¬ 
ally displaced. 

Note 3: See also the 
“ Hint ” on 13B4 (Answers 
and Hints). 

14W4. Describe a compound 
sphere-pack with coordination 
symbol 2 : 4, but denser than that 
of 14W3. (Fig. 147.) 

Construct a plane pattern 
of squares separated by equi¬ 
lateral triangles and regular 
hexagons on alternate sides. 
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Each hexagon is adjacent to six squares, each of which is 
shared by two hexagons ; 

each hexagon corresponds to three squares. 

These three squares are adjacent to six triangles, each shared 
by three squares; 

.*. each hexagon corresponds to two triangles. 

We find that the plane can be divided into congruent, simi¬ 
larly placed cells, each consisting of one hexagon, two triangles, 
and three squares. 

If 2 a is the length of a side, the area of three squares is 12a 2 , 
that of a hexagon is 6 73a 2 , and that of a whole cell is 

873a 2 + 12a 2 . 


The squares form three systems a, y, having their bases 
parallel to the sides of any equilateral triangle. On each square 
construct a pile of cubes, and let the planes of their bases be 
named consecutively £, rj 9 ... . 

In these planes draw the diagonals through the points 
£j2y, ryya, (ocj3, where £/3y stands for any point common to a 
jS square and a y square in a £ plane. 

These diagonals taken in pairs determine regular tetrahedra 
inscribed in one-third of the total number of cubes, and meeting 
one another two at each vertex. (The tetrahedra are arranged 
like spiral staircases round the triangular wells.) 

Each tetrahedron occupies one-third of the volume of its 
cube; (7T6) 

the tetrahedra occupy one-ninth of the volume of all the 
cubes; 

the density of the structure of tetrahedra 
=^( 273 -3) = *0516; 

and its ratio to that of the structure in 14W3 
= •0516:^ 

= 1-238. 



the density of tjie pattern of squares = 


273 + 3 


i 


SPHERE-PACKS 


219 


/. the density of the compound sphere-pack with centres 
at the vertices and centres of these tetrahedra 


where 

and 


EXAMPLES UA 

14A1. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 2 : 2. 

j 14A2. Describe a regular compound sphere-pack with coordina- 
, tion-symbol 3 : 3. (Let its centres be coplanar.) 

14A3. By analogy with the three-dimensional sphere-packs dis- 
i cussed in this chapter, define a plane regular compound “circle- 
pack ”. 

14A4-9. Describe plane regular compound circle-packs with the 
following coordination-symbols: 

(14A4) 2 : 2. (14A5) 2 : 3. (14A6) 3 : 3. 

(14A7) 4 : 4. (14A8) 2 : 4. (14A9) 3 : 6. 

14A10. Show that there are only three plane regular circle-packs. 

EXAMPLES 14B 

i 14B1. Find the density of a simple cubic sphere-pack. 

14B2. Find the density of an open hexagonal sphere-pack (i.e. one 
whose centres form the vertices of a stack of semi-regular hexagonal 
^ prisms). 

14B3. Find the density of a hexagonal sphere-pack (i.e. one whose 
j centres form the vertices of a stack of semi-regular triangular prisms, 
1 and, ,\, form a hexagonal lattice). 

I 14B4. Find the density of a centred cubic sphere-pack. 

! 




(14T5) 

p = -0516, 



V=^(r + 1)3; 


(14T6) 

density of pack = 422 

r 3 + 2 
(r + l) 3 ‘ 
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14B5. Calculate to three places of decimals the densities of the 
following sphere-packs, and arrange them in order of density: 

Cubic, Close-cubic, Centred cubic, Hexagonal, Open-hexagonal, 
Close-hexagonal, Tetrahedral, Open-tetrahedral. 

14B6. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 8:8. 

14B7. Find the density of a regular compound sphere-pack with 
coordination-symbol 8 : 8. 

I4B8. To what simple sphere-pack does the compound pack of 
14B6 degenerate when r=l ? 

14B9. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 6: 6. 

14B10. Find the density of the pack in 14B9. 

14B11. To what simple sphere-pack does the regular compound 
pack of 14B9 degenerate when r—\ ? Show that its density is 
correctly given by the formula obtained in 14B10, if r is put equal 
to 1. 

14B12. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 8 : 4. 

14B13. Find the density of the pack in 14B12. 

14B14. Show that the centres of the two sets of equal spheres of 
the pack described in answer to 14B12 are the centres of two different 
simple sphere-packs. 

14B15. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 2: 8. 

14B16. Find the density of the pack in 14B15. 

14B17. Show that the centres of one set of equal spheres in the 
pack of 14B15 are the centres of a simple regular sphere-pack. 

14B18. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 2: 6. 

14B19. Find the density of the pack in 14B17. 

EXAMPLES 14G 

14C1. Describe a semi-regular compound sphere-pack with co¬ 
ordination-symbol 3: 6. 

14C2. Find the density of the pack in 14C1. 

14C3. To what lattice system should the pack of 14C1 be referred? 
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14C4. Enumerate the elements of symmetry of the pack in 14C1. 

14C5. Describe a regular compound sphere-pack with coordina¬ 
tion-symbol 4:4. 

14C6. Find the density of the pack in 14C5, and show that the 
density of the corresponding simple pack is correctly given when r is 
made = l. 

14C7. Enumerate the elements of symmetry of the pack in 14C5. 

14C8. Describe the symmetry of the compound and composite 
packs in 14W3. 

14C9. Show that the centres of each system of spheres in the pack 
of 14W3 are the centres of a simple sphere-pack. Are both these 
packs regular ? 

14C10. Show that the centres of an open tetrahedral sphere-pack 
form thirty-two equal, interpenetrating cubic lattices. 

14C11. Show that the centres of the sphere-pack in 14C1 lie at the 
vertices and circumcentres of a structure of isosceles triangles, with 
their planes parallel to two of three mutually perpendicular planes 
and the bisectors of their vertical angles parallel to the third. 

14C12. Describe a semi-regular compound sphere-pack with co¬ 
ordination-symbol 2 : 4, such that each of one set of equal spheres 
is at the centre of a square formed by the centres of the spheres in 
contact with it, and each of the other set of spheres is in a straight 
line with its two immediate neighbours. 

14C13. Describe the symmetry of the pack in 14C12. 

14C14. Calculate the density of the pack in 14C12. 

14C15. Describe a compound sphere-pack each of whose spheres 
lies at the centre of a square formed by the spheres in contact with 
it, and is as far removed as possible from the next nearest sphere. 

14C16. Calculate the density of the pack in 14C15. 

14C17. Describe the symmetry of the pack in 14C15. 

14C18. Show that every black square on an infinite chessboard 
may be numbered 1, 2, 3, or 4, in such a way that the numbers of the 
squares adjacent to every white square fall in the order 1234, either 
clockwise, or anti-clockwise. 

On each black square erect a pile of cubes, and to consecutive 
layers of cubes assign the letters a, 6, c, d, a, 6, c, .... 
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In the cubes a l9 b 29 c 3 , d i9 inscribe regular tetrahedra having 
common vertices aj) 29 b 2 c 39 c s d i9 d^. 

Discuss the compound sphere-pack whose spheres have their 
centres at the centres and vertices of the above structure of tetra¬ 
hedra. 

14CI9. Find the angle between the altitudes of neighbouring 
tetrahedra at any vertex of the structure described in 14W4. 


CHAPTER XV 


PATTERNS AND CRYSTALS 

A pattern does not necessarily belong to the same system of 
symmetry as its lattice ; for example, a stack of cubical boxes, 
each containing one upright flower-pot just large enough to 
fit it, forms a tetragonal , not a cubic pattern, as its vertical axis, 
though equal in length to the other two, is differently related 
to the pattern. 

Def. : The three faces at any cell-vertex constitute a cell- 
comer ; and two opposite corners of the same cell are called a 
double-comer. 

Def. : A pattern belongs to the same system of symmetry as 
its lattice, if, and only if, the pattern can be brought into 
self-congruence with any pair of congruent cell-faces, and, 
alternatively, any pair of congruent double-corners, coincid¬ 
ing with one another. 

It follows that the patterns belonging to a given system can 
be classified according to which elements of symmetry they 
share with their lattice. 

Def. : If a pattern retains the centre, all the axes, or the 
majority of the planes of symmetry possessed by its lattice, it 
is called central, axial, or planar respectively; if it retains 
all of these, it is called regular ; if none, irregular. 
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The following definitions are employed in the subsequent 
discussion: 

Def. : If a pattern can be brought into self-congruence with 
an axis of symmetry in its original position, but with its sense 
reversed, the axis is said to be non-polar. Axes for which this 
is impossible are said to be polar. 

A pattern is said to be polar or non-polar with respect to a 
polar or non-polar axis. 

Def. : Two superposable solid figures are said to exhibit 
direct congruence, while the congruence of an object and its 
image in a plane mirror is called reflex. Both cases are included 
in the term general congruence. 

(E.g. a pair of shoes have reflex congruence, while two 

similar shoes for the same foot have direct congruence. 

Enantiomorphous figures have reflex congruence.) 

Notation : Central, planar, axial, regular, and irregular 
patterns are denoted by the suffixes c, p, x y r, and o appended 
to the initial letter of its lattice-system ; thus we shall see that 
there are five classes of rhombic patterns : R c , R p , R^, R r , R 0 . 

Theorem 15T1 

Every rhombic pattern has a triad axis ; and those which 
are not regular can be divided into four classes, three of 
which have respectively three planes, three dyad axes, and a 
centre of symmetry. (Fig. 148.) 



Fig. 148. 
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Let a, /?, y be faces at one end of a rhombic cell; let a', jS', y 
be the opposite faces, and let P be any point of the pattern. 

The point P can be anywhere in infinite space, so long as it 
is a point of the pattern ; but, to fix the ideas, we consider a 
particular point just inside the cell, near the face a, and repre¬ 
sent it in our flat diagram by a black dot. The small rings in 
diagrams (iii) and (iv) stand in the same way for points just 
inside the cell, and near to the faces a', /?', y'. 

Then, by definition, there must be points Q, R, ... , of the 
pattern such that, with direct and general congruence respec¬ 
tively, we get polar patterns with 

a/3yP = /3yaQ, =ya/?R ; (i) 

and ajSyP = jSyaQ =yaj8R = ayjSP' = jSayQ' =yjSaR' ; (ii) 

and non-polar patterns with 

a/?yP = jSyaQ =ya/?R = a'y'jS'P's jS'a'y'Q' ==y'j8'a'R'; (iii) 
and ajSyP = jSyaQ =ya/?R = a'jS'y'P 's jS'y'a'Q' =y' a'jS'R'. (iv) 

It is easy to see from the figures that all four patterns have 
a triad axis, and that patterns (ii), (iii), (iv) have respectively 
three planes, three dyad axes, and a centre of symmetry. 

Thus there are five classes of rhombic patterns : regular (R r ), 
irregular (R 0 ), planar (R^), axial (Rj, and central (R c ). 

(q.e.d.) 

Theorem 15T2 

There are four non-regular classes of tetragonal pattern 
with a tetrad axis, three of them having four planes, four 
dyad axes, and a centre of symmetry respectively ; while 
two classes of tetragonal patterns with a dyad instead of a 
tetrad axis are distinguished from one another by the presence 
or absence of two planes of symmetry. (Fig. 149.) 

Let any tetragonal cell be represented by its projection on 
one end <f> ; let <f>' be the other end, a, /?, y, 8 the sides, and P 
any point of the pattern. 
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To fix the ideas, suppose P to be just inside the cell, near 
to <f), and represent it by a black dot. In the same way, points 1 
inside the cell and near to <f>' will be represented by small rings. 

By definition, there must be points Q, R, ... , of the pattern, 
such that, with direct and general congruence respectively 



Fia. 149. 


between consecutive corners of the base, we get polar patterns 

with 

(f)ocfiP = (j)ByQi =... 

(i) 

and 

(fxxfiP = (jyfiyQi = ... = (/>a§P' = cfyfiocQ,' = ... 

(ii) 

and non 

-polar patterns with 



<f>ocfiP = <f)f}yQ, = ... cf)'oc$P' = =... 

c (iii) 

and 

(fxxfiP = <f>fiyGl = ... frocfiP' = cji'jSyQ' = ... . 

(iv) 


It is clear from the diagrams that each of these patterns has 
a tetrad axis, and that (ii), (iii), (iv) have respectively four 
planes, four dyad axes, and a centre of symmetry. 


(iv) has also a plane of symmetry parallel to the square faces ; 
but the centre of symmetry is sufficient to distinguish this class. 

Thus, as in the case of rhombic patterns, we have regular , 
irregular , planar , axial, and central classes : T r , T 0 , T p , T x , T c . 

There are, however, polar tetragonal patterns in which the 
tetrad axis degenerates into dyad, the pattern being brought 

i 

r 


into self-congruence by a rotation through 90° followed by a 
“ reflection ” in a plane perpendicular to the axis of rotation. 
This process is known as alternation, and is indicated by means 
of a dashed letter for the index of the lattice-system. 

Simple alternation, and alternation combined with reflection, 
give respectively 

<f)ocf}P = <f>'pyQ, == cf>y$R = </>'8ccS ; (v) 

and </>a/3P = fiftyQ, =... <^>aSP' = frfiotQ' =... , (vi) 

or <f>ocfiP = fifiyOi =...<£'aSP' = =... . (vii) 

Clearly, patterns (vi) and (vii) share equally between them 
the planes and axes of symmetry proper to a regular pattern, 
and therefore belong to the same class of symmetry. They will 
be called regular alternating (T/). 

The only element of symmetry belonging to pattern (v) is its 
dyad axis ; it will therefore be called irregular alternating (T 0 '). 

Thus there are seven distinct classes of tetragonal patterns : 
Tf, T 0 , Tp, Tjp, T c , T r , T 0 . (q.e.d.) 


Theorem 15T3 

There are five classes of cubic patterns. (Fig. 150.) 



Fig. 150. 


A cubic pattern has four rhombic and three tetragonal 
axes, parallel respectively to the diagonals and edges of a cell. 

Hence the rhombic patterns R r , R 0 , R^, R^, R c give the corre¬ 
sponding cubic patterns C r , C 0 , C p , C x , C c ; and it is found 
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that the eight tetragonal patterns lead to the same five cubic 
patterns, as follows: 

T r —>C r ; T 0 ~>O x ; T P ->O r ; T X -*C X ; T c ->C r ; 

T 0 '->C 0 ; T/(vi)->C c ; and T r '(vii)-+C p . 

Thus there are five, and only five, classes of cubic patterns. 

(q.e.d.) 

Theorem 15T4 

There are four non-regular classes of hexagonal patterns 
with a hexad axis, three of them having respectively six 
planes, six dyad axes, and a centre of symmetry; while two 
classes of hexagonal patterns with a triad instead of a hexad 
axis are distinguished from one another by the presence or 
absence of three planes of symmetry intersecting in the triad 
axis. (Fig. 151.) 



Fig. 151. 

The first four classes correspond to the first four in the tetra¬ 
gonal system, and the proofs are exactly the same. 

The hexagonal patterns, however, corresponding to T 0 ' and 
T/ have merely rhombic symmetry, unless distinguished from 
the rhombic system by the possession of a plane of symmetry 
normal to the principal axis. 
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As the number of fairs of double-corners of a hexagonal 
cell is odd , a plane of symmetry parallel to the base does not 
prevent the pattern from being similarly related to them with¬ 
out being similarly related to all the separate corners . 

Thus we have three patterns with 

<£a/?P = </>y§R = = <f>'ocfiP' = (J>'y8R' s= ; (v) 

and cfrafiP = cfrySR = (fyetj = frocfiP' = (f> f y8R' = 

= (f)oc^P 1 = ^yjSRi = == froc^Pi = ^'y^R/ = ^'eST/. (vi) 

and (f)otfiP = cfyySR = <^>e£T = cft'ocfiP' = cfr'ySR' = 4>'e£j' 

= = (f)8yR 1 = T x = (j>'j SaP/ = </>'8yRi' = (vii) 

The diagrams show that each pattern has a plane of sym¬ 
metry perpendicular to the triad axis, that each is similarly 
related to the three double-corners of a hexagonal cell, and that 
(vi) and (vii) share the remaining planes and dyad axes of the 
lattice. These therefore belong to the same regular alternating 
class (H/), while (v) is irregular alternating (H 0 '). 

Thus there are seven distinct classes of hexagonal patterns : 
H r , H 0 , H pi H x , H c , H/, H 0 '. (Q.E.D.) 

Theorem 15T5 

The orthorhombic and monoclinic systems have each 
three classes of patterns, and the anorthic two. (Fig. 152.) 



fig. 152. 


Let a, jS, y, 8 be four consecutive rectangular faces of an 
orthorhombic or monoclinic cell; let <f >, <£' be the two ends, and 
P any point of the pattern. 

Represent the cell by its projection on <f>, and suppose P to 
be just inside the cell, near to 0. 
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There must be points Q, R, ... , such that, with direct and 
reflex congruence respectively, we have orthorhombic patterns 


with 

^aj8P = ^'yj8Q = ^y8R = ^'a8S, (i) 

and <fxxf}P = cfyyf} Q s </>'aj8P' = Q'; (ii) 

and monoclinic patterns with 

<£a/?P = <£ySQ, (iii) 

and (fxxpP = <f>'af}P'. (iv) 


We see from the figures that patterns (iii) and (i) have re¬ 
spectively one and three dyad axes, and no plane of symmetry ; 
and that (iv) has only a plane of symmetry, and (ii) has two 
planes and one dyad axis. Hence (iii) and (i) are called axial, 
and (iv) and (ii) planar. 

Thus, including regular patterns, there are three distinct 
classes of patterns (O r , O^, Oj in the orthorhombic, and three 
(M r , M p , M^) in the monoclinic system. 

Anorthic patterns fall naturally into two classes according 
to the presence or absence of a centre of symmetry. They are 
called regular and irregular respectively (A r , A 0 ). (q.e.d.) 

Note : It follows from the above theorems that there are in 
all thirty-two classes of patterns differing from one another in 
the elements of symmetry already described. 

The thirty-two symbols are shown in the following table: 



PATTERNS AND CRYSTALS 


231 


N.B.—Patterns belonging to the same class of symmetry 
may be based on either normal, cell-centred, base-centred, or 
face-centred lattices. 

CRYSTALS 

Def. : A crystal is a portion of a space-pattern bounded by 
lattice-planes. 

Def. : If three concurrent lattice edges, OX, OY, OZ, are 
taken as axes, and if the plane of a given face intercepts on 
them intervals consisting of a , 6, c cell-edges respectively, then 

the smallest integers A, k , Z, proportional t° ~ : r : ~ are called 
the indices of the face. 

If the face is parallel to OX, a is infinite, and therefore h is 
zero. Faces for which any of the indices are large must pass 
through relatively few lattice-points, and, in practical crystallo¬ 
graphy, indices greater than 6 or 7 are seldom met with. 

In the case of a hexagonal pattern, the principal axis of a 
cell is taken as axis of Z, and axes of A, i , k are taken normal to 
alternate rectangular faces. 

Notation : The minus sign is usually placed above , not 
before , a negative index. 


Theorem 15T6 


If (h , i, k , Z) are hexagonal indices of any plane, then 

h+i+k= O. k k 

(Fig. 153.) ^ \ B 

Employing a diagram \ 9*' ^ * 

in which cell-edges are 

all represented by equal h A ! h | * 

lengths, let a , 6, c be the 1 J 

intercepts of the plane FlG * 153, 

on the axes of h , i, k respectively ; let O be the origin, and 
A, B, C the points of intersection. 
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Then A, B, C are collinear, and two of the triangles OBC, 
OCA, OAB together make up the third, and their common side 
differs in sign from the other two intercepts. 

/3 

In each case the sine of the angle at O is ^ their areas 


are respectively 


1J3, W3 W3 * 
2 2 b °’ 2 2 2 2 b ‘ 
bc + ca= -ab ; 
be + ca + ab = O \ 

# 1 1 1 ^ 

- +t + - =0 ; 
a b c 


h + i + k = O. (q.e.d.) 

Def. : A set of faces parallel to the same straight line 
constitute a zone, and the indices of a plane normal to the 
zone are called the indices of the zone. 


Def. : If a given plane is repeated in accordance with speci¬ 
fied conditions of symmetry with respect to given axes (e.g. if 
one of the 32 classes of patterns is quoted), the parts of the 
resulting planes between their lines of intersection constitute 
an open or closed polyhedron which is called a form. 

Many forms are regular or vertically regular polyhedra, or 
rather less regular variations of these ; among others are the 
following : 

the trapezohedron, bounded by congruent trapezoids, or 
quadrilaterals with two pairs of equal adjacent sides ; 

the scalenohedron, bounded by congruent scalene (i.e. 
irregular) triangles; 

and the bisphenoid, a tetrahedron with two opposite edges 
bisected by their common perpendicular. 


THE DRAWING OF CRYSTALS 
Instead of orthogonal projection (“ plan-and-elevation ” or 
“ pictorial representation”), clinographic projection (i.e. oblique 
parallel projection) is generally employed in the draw- 
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ing of crystals. This projection permits one axial plane to be 
represented without distortion, while lines normal to it appear 
k as parallel oblique lines on a reduced scale. In our diagrams 
we shall make the latter scale one half of the former, and let 
the oblique lines be inclined at the angle tan -1 §§ to the hori¬ 
zontal. This direction is chosen so as to avoid confusion with 
the lines of intersection of lattice-planes with the plane of the 
paper. Fig. 157 shows a set of cubic or rhombic axes with 
index marks 1, 2, 3 at distances from the origin proportional 
to 1: J : i. 

Def. : The shape of a unit cell of a pattern or crystal is 
indicated by means of certain numbers called characteristics. 

A rhombic crystal is determined by the inclination of an edge 
* to the axis, or to another edge ; a hexagonal or tetragonal, by 
the ratio of the principal axis to one of the others. 

In a monoclinic crystal, the axis of y is that which is perpen¬ 
dicular to two others, the angle between which must be speci¬ 
fied in addition to the ratios of the axes. The characteristics of 
an orthorhombic crystal consist of the axial ratios of a cell; an 
anorthic crystal requires also the statement of three acute face- 
angles. 

WORKED EXAMPLES 

15W1. One face of a form of class R 0 has indices (a, 6, c) ; find the 
indices of the remaining faces. (Fig. 154, a and b.) 
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I ml '; 

ft: ; 

m \ 


Represent a cell as in Fig. 148 (15T1), and take axes of 
x, y , z through the centres of faces a, j8, y. 

Insert dots for P, Q, R, as in 14T1, but bring P (and, the 
other points) into the positive octant. 

Then the coordinates of P are all positive ; let them be 
(a, b, c). 

Then Q, R have the coordinates (b } c, a), (c, a, b) respectively. 

.if there is a plane P with indices (a, b , c), there must be 
planes Q, R with indices (b, c , a), ( c , a, b) respectively. 

Thus the required form is open, consisting of only three 
planes. 

15W2. One face of a form of class C 0 has indices (1, 2, 3) ; discuss 
the shape and arrangement of its faces. (Figs. 155, 156.) 




Fig. 155. 


123 

Fig. 156. 


Represent a cell as in 15T3 and 15Wl, and so obtain the 
indices of the twelve points, and insert them on the diagram 
(Fig. 155). It is clear that these points can only be grouped 
in threes, as no four neighbouring points are similarly related 
to one another. 

.*. the required form consists of twelve faces grouped in 
threes at the vertices. 

Suppose that there are n vertices to each face; and v vertices 
in all. 

Then 3v = 12n; 

.\ v = in. 
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Three edges meet at each vertex, and each edge joins two 
vertices; 

3v = 2e; 


e = !?;=!*4ft = 67i. 


By Euler’s Theorem, /- e + v = 2 ; 

12 - 6ft + 4ft = 2; 

2ft = 10; 

ft = 5. 


(11T1) 


the form resembles the regular dodecahedron in that 
it has 12 faces, 30 edges, and 20 vertices, and the faces are 
pentagons, and the vertices trihedral. 

Hence (Fig. 156) we may employ the same distorted represen¬ 
tation as in 11T3 (p. 137), and insert the indices of the faces by 
observing which points are adjacent to one another in the dot 
diagram (Fig. 155). 

Any two points on - i 

the same cube face in 
the dot diagram will 

correspond with a pair ■ - 2 

of faces meeting in an ( 1 - 3 . 3 . 2 ^‘ 3 tx 

edge parallel to that _ /} 

cube face and in- =+ -+— 

tersecting the axis Y (12 ‘ i3, ' ) 

through its centre. 

These edges have been 
thickened in the dis¬ 
torted representation. 

15W3. Draw the clino- 

FiG. 157. 

graphic projection of the 

form discussed in 15W2. (Fig. 157.) 

By definition, the intercepts of a face (123) on the axes are 
proportional to the reciprocals of the indices, i.e. 

to 1 : |or 6:3:2. 
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5 



We accordingly mark off intercepts proportional to 6, 3, 2 
on each axis, positive and negative, and label them with the 
appropriate indices. 

Remembering that the distorted representation (Fig. 156) 
shows the faces from the inside , we now proceed to construct 
the edges where the face (123) meets the faces (312), (231), 
(231), (312), (123). 

The edge (123,312) is drawn through the intersections of the 
pairs of lines (12*, 31‘), (1*3, 3*2), joining the corresponding 
index marks on the axes. 



Fig. 158. 


Note : The planes (123), (312) cut the axes in the index marks 
1, 2, 3, and 3, 1, 2 respectively; the line joining the index mark 
h on the axis of x, to the index mark 2, on the axis of y, can be 
called the line (12*), (read “one two dot”), the dot indicating 
which axis is not involved; similarly (1*3) is the line joining the 
index mark 1, on the axis of x, to the index mark 3, on the axis 
of 2 ; the point of intersection of the lines (12*), (31*) lies on 
both planes (123) and (312); hence the line of intersection of 
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these planes is the join of the points (12 , 31 ) and 1 3, 3 2). 
(Fig. 157.) 

The remaining edges of the face (123) are drawn in the 
same way, and their intersections determine its vertices. The 
useless portions of these lines should now be rubbed out or 



Fig. 159. 


the face outlined with ink or blacker pencil (Fig. 158, on twice 
the scale of Fig. 157). 

The remaining edge at each vertex of the face (123) should 
now be put in ; then each of the adjacent faces should be 
completed in turn. 

In the finished drawing (Fig. 159), edges at the back are 
shown with dotted lines. 
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15W4. A crystal of class T c consists of a combination of two forms 
determined by the faces (121), (100), the intercept of the former on the axis 
of x being four times that of the latter. Construct the clinographic 
projection of the crystal, its characteristics being 1 : 1 : 0*625. 

(Fig. 160.) 



Draw a dot diagram for each form, and insert the in¬ 
dices. 

Make the index marks 1, 2, 4 on the axes of x and y , and 1 on 
the axis of z . 

The form (100) is an open square prism with faces parallel 
to the axial planes ZOX, ZOY, and cutting the axes of x and y 
in the index mark 4. Let ABCD be its section with the plane 
XOY. 

The form (121) is a bipyramid with vertices T, V at the index 
marks 1 and I on the axis of z , and square base PQRS bounded 
by the lines (12*, 2l*)(2r, 12’), etc. 
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Let AB cut PQ,, QR in E, F ; let CD cut RS, SP in G, H ; and 
let the diagonals PR, QS cut AB, BC, CD, DA in X, Y, Z, W. 

Vertical lines through these points cut the oblique edges of 
the bipyramid in eight corners of the crystal: X,, X 2 , Y x , Y 2 , 
Z v Z 2 , W x , W 2 . 

Verticals through A, B cut lines joining X 1; X 2 to E and r m 
the corners A x , A 2 , B x , B 2 ; and verticals through C, D cut lines 
joining Z v Z 2 to G and H in the corners C 1( C 2 , D,, D 2 . 

It is now seen that the faces of the form (100) are hexagons, 
and those of (121) are quadrilaterals. 











TABLE 

HEXAGONAL 
H r Regular. 

Holosymmetric * 
Holohedry f 
1(6) 3(2) 3(2) i 
3 + 1 ... 3 . .C§ 

Hp Planar. 

Dihexagonal 
Pyramidal 
Hemimorphic h.h. 
1 ( 6 ) .... 

3 ... 3 

H x Axial. 

Trapezohedral 
Enantiomorph. h.h. 
1(6) 3(2) 3(2) 


H c Central. 
Bipyramidal 
Par amorphic h.h. 

1 ( 6 ). 

1.C 

H 0 Irregular. 
Pyramidal 
Tetartohedry 
1 ( 6 ) .... 


H/ RegularAltemating. 
Ditrigonal 
Bipyramidal 
Trigonal Holohedry 
1(3) ..... 

3 + 1. 

H 0 ' Irreg. Alternating. 

Trigonal 

Bipyramidal 

Trigonal 

Par amorphic h.h. 

1(3). 

1 ..... . 



THIRTY-TWO CLASSES 

RHOMBIC 
s R r Regular. 

I Holosymmetric 

I Holohedry 

) 1(3) 3(2). . 

. . . 3 . . C 

Rp Planar, 

v Ditrigonal 

M Pyramidal 

J Hemimorphic h.h. 

J 1(3) . . 

. . . 3 . . . 

R^ Axial. 

Trapezohedral 
Enantiomorph. h.h. 
1(3) 3(2) 




R c Central. 

Rhombohedral 
Tetartohedry (ii) 

1(3). 

.C 

R 0 Irregular. 

Trigonal Pyramidal 
Tetartohedry (i) 


MONOCLINIC 


M r Regular. 

Holosymmetric 
Holohedry 
1 ( 2 ) .... 

1.C 

Mp Planar. 
Clinohedral 
Hemihedry 

i .* ; .* .* . # .* 


W\ x Axial. 


Hemimorphic 
Hemimorphic h.h. 
1 ( 2 ). 






x* 





* Encyclopaedia Britannica. f Hilton's Mathematical Crystallography. 

1 1 hexad, 3 dyad, 3 dyad axes. §3 + 1 axial, 3 diagonal planes ; Centre. 


OF SPACE-PATTERNS (OR CRYSTALS) 


CUBIC 
C r Regular. 

Holosymmetric 
Holohedry 
3(4) 4(3) 6(2) 

3 . 6 . C 

C P Planar. 

Tetrahedral 
Hemimorphic h.h. 
4(3) 3(2) . . 

. . 6 . . . 

C x Axial. 

Plagihedral 
Enantiomorph. h.h. 
3(4) 4(3) 6(2) 





C c Central. 

Pyritohedral 
Paramorphic h.h. 
4(3) 3(2) . . 

3 . . . C . 

C 0 Irregular. 
Tetartohedral 
Tetartohedry 
4(3) 3(2) . . 





ORTHORHOMBIC 
O r Regular. 

Holosymmetric 
Holohedry 
3(2) .... 

3 . . . C . 

O p Planar. 

Pyramidal 
Hemimorphic h.h. 
1 ( 2 ) .... 

2 . 

O x Axial. 

Bisphenoidal 
Enantiomorph. h.h. 
3(2) .... 


TETRAGONAL 
T r Regular. 

Holosymmetric 
Holohedry 
1(4) 2(2) 2(2) 

2+1 . 2 . . C 
Tp Planar. 

Ditetragonal 
Pyramidal 
Hemimorphic h.h. 
1(4) .... 

2 . . 2 . . 

T x Axial. 

Trapezohedral 
Enantiomorph. h.h. 
1(4) 2(2) 2(2) 


X. T c Central. 


Bipyramidal 
Paramorphic h.h. 
1(4) .... 

1 .... C 
T 0 Irregular. 
Pyramidal 
Tetartohedry (i) 
1(4) .... 



o • 
• o 




T/ RegularAltemating. —“—— 
Scalenohedral • o 

Hemihedry (ii) f 

1(2) 2(2) . . . |o Q / 

T 0 ‘ Irreg. Alternating. _ 

Bisphenoidal # o 

Tetartohedry (ii) 

, 1 ( 2 ). • 


ANORTHIC 



— 1 A r Regular. 

Holosymmetric 

Holohedry 

n :::: 6': 

A 0 Irregular. 
Asymmetric 
Hemihedry 
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TABLE OF CUBIC FORMS 


determined by typical indices and deduced from the dual solids 
determined by the corresponding coordinates. 


DUAL SOLID 

« j*»» 



1. (1,0,0) 

C r > C^j» C* C c , C 0 

F3 4 Octahedron . 

V3 4 Cube. 


2 . ( 1 , 1 , 0 ) 
c r , Cjj, C/p, C c , C 0 
F3 2 4 2 Cubodahedron. 

V3 2 4 2 Rhombic 

dodecahedron. 


3. (1, 1, 1) 

Cp> C 0 
F3 3 Tetrahedron. 
V3 3 Tetrahedron, 


CUBIC FORM 

tt y »» 



CUBIC FORMS 



5 . ( 2 , 1 , 0 ) 

C c , C 0 

F3 2 3 2 Icosahedron. 

V3 2 3 3 Pentagonal 

dodecahedron. 




6 . ( 2 , 1 , 0 ) 

C r , C x 

F4 1 6 2 Truncated 

octahedron. 

V4 X 6 2 Tetrakis 

hexahedron. 




7 . (2, 2, 1) 

Cjj, C 0 

F3 1 3 1 4 2 Irregular cub- 
octahedron. 

Trapezoidal 

dodecahedron. 



8. (2, 2, 1) 

C r , C X 9 C c 

FS^o Truncated cube. 

Triakis 

octahedron. 
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10 . ( 2 , 1 , 1 ) 
c r> Ga;, C c 
F3 1 4 3 Small rhombi- 

cuboctahedron. 

V3 x 4: 3 Trapezoidal icosi- 
tetrahedron. 




CUBIC FORMS 
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MISCELLANEOUS EXAMPLES 

i 

(Taken from recent examination papers set for the Higher School j 

Certificate.) 

Ml. An equilateral triangle ABC of given size is projected ortho- ^ 

gonaliy from the plane S into a triangle A'B'C' in the plane S'. Prove I 

that the sum of the squares on the sides of the triangle A'B'C' is 
constant for all positions of the triangle ABC in the plane S. ! 

(Camb. P. & A. 1929.) j 

M2. Prove that the lines joining the middle points of opposite 
edges of a tetrahedron are concurrent. (Camb. P. & A. 1929.) I 

M3. Show that the centre of gravity of the smaller portion of a | 
uniform solid sphere of radius a, cut ofF by a plane distant b from the 
centre, is at a distance I 

3 ( a + b) 2 

4 (2a+ 6) 1 

from the centre. j 

Find also the position of the centre of gravity of the larger portion. 

(Camb. P. & A. 1929.) 

M4. Find the locus of points in a plane whose distances from two 
fixed points are in a constant ratio (i) when the plane passes through 
the two fixed points, (ii) when it does not. (Oxf. & Camb. 1929.) f 

M5. Show that a single straight line can be drawn to intersect at j 

right angles each of two lines which are not in the same plane, and 
that the shortest distance between the two straight lines lies along \ 
this common perpendicular. 

If the shortest distance between the edges DA and BC of a tetra¬ 
hedron ABCD is the straight line joining the middle points of those \ 
edges, prove that DB = CA and DC = AB. (Oxf. & Camb. 1929.) 

M6. Prove that the ratios of the lengths of parallel segments of * 
lines in one plane are unaltered by orthogonal projection. ^ 

Prove that the rectangles under the segments of chords of an i 

ellipse drawn through a fixed point are proportional to the squares * 

of the parallel diameters of the ellipse. (Oxf. & Camb. 1929.) J 
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M7. Show that the centre of gravity of a uniform wire forming a 
circular arc and subtending an angle 26 at the centre O of the circle, 
the radius of which is a, is distant a sin 6/6 from O ; hence find the 
centre of gravity of a sector of a circle. (Camb. P. & A. 1929.) 

M8. Prove that the area of the surface of a sphere of radius a is 
4cJia 2 . 

A closed circular cylinder of height 6 cm. is inscribed in a sphere 
of radius 4 cm. Find the area of the whole surface of the cylinder, 
including its plane ends. (Joint Bd. Subs. Maths. 1929.) 

M9. An ash-tray of sheet metal has a square base of edge 8 cm. 
The four sides have a slant height of 2 cm. and slope upwards and 
outwards, making angles of 150° with the base, so that the outer rim 
is also a square. Prove that the lengths of the top edges are 11-46 
cm., and find the volume of water the tray could hold when standing 
on a horizontal table. (Joint Bd. Subs. Maths. 1929.) 

M10. Find an expression for the area of the curved surface of a 
right circular cone, if its slant height is l and the radius of its base 
is r. 

A plane through the vertex of a right circular cone divides the 
curved surface into two parts whose areas are in the ratio of 3 to 1. 
Taking n as - 2 7 3 -, prove that the volume of the cone is divided into 
parts in the ratio of 10 to 1. v (Joint Bd^ 1929.) 

Mil. A pyramid stands on a square base, and each slant face is an 
equilateral triangle. 

Find the angle between each slant face and the base, and also the 
angle between two adjacent faces, (Joint Bd. 1929.) 

M12. A plane meets the sides BC, CA, AB (produced if necessary) 
of a triangle ABC at P, Q, R, S. Prove that 
BP CQ AR . 

PC * QA ' RB 

A transversal meets the sides AB, BC, CD, DA of a quadrilateral 
ABCD (plane or skew) at P, Q, R, S. Prove that 
AP BQ CR DS 
PB * QC ’ RD ’ SA“ * 

State the corresponding result for a five-sided figure. 

(Joint Bd. 1929.) 

M13. Find the centre of mass of a uniform solid hemisphere. 

(C.W.B. Adv. Maths. 1929.) 
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M14. If a solid angle is bounded by three plane angles, prove ^ 
(i) that any two of these angles are together greater than the third, 
and (ii) that the sum of the three angles is less than four right f 
an g les - (C.W.B. 1929.) 

M15. In a tetrahedron two pairs of opposite edges are perpen¬ 
dicular ; prove that the third pair of opposite edges are also per¬ 
pendicular. 

Prove also that in this case the sum of the squares on each pair of . 
opposite edges is the Same. (C.W.R. 1929.) 

M16. Obtain Simpson’s rule for the volume of the frustum of a 
pyramid, namely V=*A(X + 4Y + Z), ' 

where h is the height of the frustum, X and Z are the areas of the ( 

parallel faces, and Y is the area of the parallel section midway 
between them. i 

An equilateral triangle ABC, each of whose sides is of length a, i 
revolves round a straight line in its plane parallel to the side BC and 
at a distance b from it on the side remote from A. Find the volume ^ 
of the solid swept out by the triangle. (C.W.B. 1929.) , 

M17. A pointer of uniform sheet metal consists of a rectangle i 

8 cm. long and 1 cm. wide, tipped with an equilateral triangle with 
each side 2 cm. long. Verify that the centre of gravity is distant 1 
4-92 cm. from the point. (Camb. P. & A. 1929.) i 

M18. Find the centre of gravity of a solid right circular cone. A 
hollow right circular cone, without base, of mass M, and made of a 
thin metallic sheet, is placed with its axis vertical and vertex down- \ 
wards. Water is poured in to a depth of one-half of the vertical 
height. Prove that, if the centre of gravity of the cone and its f 

contents is at the surface of the water, the mass of the water is *M. 

(Camb. P. & A. 1930.) 

M19. OA, OB, OC are three edges of a parallelepiped, and P is the 1 
corner opposite to O. OP cuts the plane ABC at Q. Prove that Q I 

is (i) a point of trisection of OP, (ii) the centroid of the triangle ABC. | 

(Camb. P. & A. 1930.) * 

M20. O is the vertex and A is the centre of the base of a segment, 
height h, of a sphere of radius R. Q and P are taken between O and A 1 
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such that OQ = -r and OP =- 5 -. 6 is the centre of gravity of the 

segment. Prove that Qp ^ 

qq == 3 r* (Oxf. Adv. Maths. 1930.) 

M21. OA, OB, OC are three straight lines not in one plane. Prove 
that the three planes, each of which passes through one of the lines 
and bisects the angle between the other two, have a common 
straight line. (Oxf. Adv. Maths. 1930.) 

M22. Show how to draw a perpendicular to a given plane from a 
given point outside. 

OA and OB are two intersecting straight lines and P is a point not 
in their plane. L is the foot of the perpendicular from P to OA, M is 
the foot of the perpendicular from P to OB, and N is the foot of the 
perpendicular from P to the plane OAB. Prove that ON is a diameter 
of the circle which can be circumscribed about the triangle LOM. 

(Oxf. Subs. Maths. 1930.) 

M23. The projections on a horizontal plane of two intersecting 
straight lines cut at right angles. If a, /?, and 6 are the respective 
inclinations of the two lines and of their plane to the horizontal plane, 
prove that tan 2 6 =tan 2 a + tan 2 /?. 

A, B, C are points on level ground such that AB=450 yds., 

AC = 300 yds., and BAC =90°. Boreholes sunk vertically at A, B, C 
reach a seam of coal at points L, M, N whose depths are 1120 ft., 
1045 ft., 1000 ft. respectively. Find the inclination of the seam 
(i.e. of the plane LMN) to the horizontal. (Oxf. 1930.) 

M24. The radii of the top and the base of a frustum of a cone, 
whose generators are inclined at 45° to the base, are r and R respec¬ 
tively. If the volume of the frustum is constant, find the ratio of 
R to r for which its total surface area is a minimum. (Calculus 
required.) (Oxf. 1930.) 

M25. A sphere touches a given plane and passes through two given 
points A, B on the same side of the plane. Find the locus of the point 
of contact of the sphere with the given plane (i) when AB is parallel 
to the given plane, (ii) when AB is not parallel to it. 

Show also that, if AB is not parallel to the plane, the locus of the 
centre of the sphere is the curve in which a certain right circular 
cylinder is cut by a certain plane. (Joint Bd. 1930.) 










M26. A sphere rests in a horizontal circular hole of radius 8 cm., 
with the lowest point of the sphere 4 cm. below the plane of the hole. 
Prove that the radius of the sphere is 10 cm. 

Calculate (i) the area of the surface of that part of the sphere which 
is below the hole, (ii) the volume of that part of the sphere. Take 
tt= 3‘1416. (Joint Bd. 1930.) 

M27. Find the centre of gravity of a triangular lamina ; and show 
that it is the same as that of three equal particles at the mid-points 
of its sides. 

A lamina in the shape of a trapezium has parallel sides AB, DC ; 
and EF is the straight line parallel to them which bisects AD and BC. 
Show that the centre of gravity of the trapezium coincides with 
that of masses proportional to AB, DC, 4EF at the mid-points of 
AB, DC, EF respectively. (Joint Bd. App. Maths. 1930.) 

M28. Find the centre of gravity of (i) a uniform semicircular arc, 
(ii) a uniform semicircular plate. 

A kite is made of a heavy uniform framewoik consisting of a back¬ 
bone, an isosceles triangle with height equal to its base, and a semi¬ 
circle. Find the position of the centre of gravity of the kite (i) when 
the weight of the paper is neglected, (ii) when the total weight of the 
paper is one-tenth that of the whole frame. 

(C.W.B. App. Maths. 1931.) 

M29. Prove that the volume of any tetrahedron is equal to one- 
third of the product of the base by the height, and deduce a formula 
for the volume of a right circular cone of height h standing on a base 
of radius r. 

The gas-container of an airship consists of a cylinder of radius 
50 feet and height 400 feet, closed in the back by a hemisphere and 
in front by a circular cone of height 100 feet. It is divided for safety 
into three equal portions by plane partitions perpendicular to the 
axis. Prove that each of these partitions is at a distance 77-8 feet 
from the central plan of the cylindrical part of the body. 

(C.W.B. 1930.) 

M30. Define the angle between (i) two skew lines, and (ii) a line 
and a plane. 

AB and CD are two lines in space and S is any point. If AB .is 
parallel to the plane SCD and CD is parallel to the plane SAB,- prove 
that AB and CD are parallel. (C.W.B. 1930.) 
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M31. Prove that a line which is perpendicular to each of two 
intersecting lines at their point of intersection is perpendicular to 
any line in the plane containing them. 

OA, OB, OC are three concurrent lines each of which is perpen¬ 
dicular to the other two, and OP is perpendicular to the plane ABC. 
Prove that P is the orthocentre of the triangle ABC. 

(C.W.B. 1930.) 

M32. Find the area of the portion of the surface of a sphere of 
radius a between two parallel planes at a distance h apart. 

Two points B, C on the same diameter of a sphere of radius a and 
outside it are at distances r(>a) and 2r from the centre on the same 
side. Prove that the difference between the areas of the sphere 
visible at the two points is ?ra 3 /r. (C.W.B. 1930.) 

M33. Find the position of the centre of gravity of a hollow right 
circular cone, of slant height l and semi-vertical angle 6 , made of 
uniform thin metal and closed at the base. 

Such a cone is cut by a plane parallel to the base at half the per¬ 
pendicular height and the upper portion is removed. Prove that the 
distance, from the base, of the centre of gravity is 

2 l cos 0 

3 ’ 3 + 4 sin 0’ (Lond. P. & A. 1930.) 

M34. Show that a straight line can be drawn to intersect at right 

angles two given skew lines. 

AB and CD are two given skew lines and a third line cuts them at 
X and Y. Find, for different positions of X and Y, the locus of a point 
Z dividing XY internally in a given ratio. (Lond. P. & A. 1930.) 

M35. Find the centre of gravity of a segment of a uniform 
circular lamina of radius a , cut off by a chord subtending an angle 20 
at the centre. 

A uniform circular lamina is folded so that the arc of the folded 
portion passes through the centre. Find the distance of the centre 
of gravity of the lamina, when so folded, from the centre. 

(Lond. P. & A. 1930.) 

M36. ABCD is a lamina in the form of a trapezium with AB and 
CD as the parallel sides. AB is produced to X so that BX = CD, and 
CD is produced to Y so that DY = AB. XY meets EF, the join of the 
mid-points of AB and CD, in G. Prove that G is the centre of gravity 
of the lamina. 
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The lamina ABCD rests with its plane vertical and CD horizontal 
on a horizontal plane, and is just about to topple over with CB 
falling towards the horizontal plane. If p is the perpendicular dis¬ 
tance between the parallel sides AB and CD, prove that 

cot ADC - cot BCD =^7 

p(b + 2a) 

where AB=a, CD =b 9 and a<b. (Lond. P. & A. 1930.) 

M37. An area S on a plane inclined at 6 to the horizontal is pro¬ 
jected on to the horizontal plane and the area of the projection is S 0 . 
Show that S 0 = S cos 6. 

Deduce that the ratios of coplanar areas are not altered by ortho¬ 


gonal projection. 

A parallelogram of constant area is inscribed in an ellipse and 
is such that all its sides touch a concentric, similar and similarly 
situated ellipse. Determine its area in terms of the axes of the first 
ellipse. (Lond. P. & A. 1930.) 

M38. The base of a rectangular box is ABCD, and the top is 
A'B'C'D 7 , the edges AA 7 , BB 7 , CC 7 , DD 7 being parallel. If P, Q, R are 
the mid-points of AB, B'C 7 , DD 7 respectively, show that the plane 
PCJR is parallel to two planes, each passing through three comers of 
the box, and that its inclination to the base of the box is 

where AB=a, BC=5, and AA 7 =c. (Lond. P. & A. 1930.) 

M.39. Two chords PQ, P'Q/ of a sphere intersect at A. Prove that 
AP.AQ=AP'.AQ 7 . 

A system of spheres touch a plane at the same point O. Prove that 
any plane, not passing through O, cuts them in a series of coaxal 
circles. (Oxf. & Camb. 1931.) 

M40. Prove that, if a plane area lies entirely on one side of an axis 
in its plane and revolves round this axis, the volume generated is 
equal to the area multiplied by the length of the path of its centroid. 

(Oxf. & Camb. 1931.) 

M41. Prove that the section of a tetrahedron by a plane parallel 
to a pair of opposite edges is a parallelogram. 

If the middle points of two pairs of opposite edges of a tetrahedron 
are concyclic, show that the remaining edges are at right angles. 

(Oxf. & Camb. 1931.) 
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M42 A tetrahedron ABCD has its opposite edges CA, BD, perpen¬ 
dicular, and also has its opposite edges AB, CD perpendicular; prove 
that the opposite edges BC, AD are also perpendicular. 

If the three vertices A, B, C of such a tetrahedron are fixed, prove 
that the locus of the fourth vertex D is the straight line through the 
orthocentre of the triangle ABC and Perpendicular to the plane 

(Camb. P. & A. luoi.) 
M43. Find the position of the centre of gravity of a uniform solid 

he A 1 imiform hollow hemisphere has an external radius a ^and an 
internal radius b. Find an equation giving the ratio of a to b so that 
the centre of gravity of the body should lie on the inner surface, and 
verify that the outer radius is slightly more than 2\ times the inner 
J (Camb. P. & A. 1931.) 

radius. - v A 0 „ 1 D ; Q 

M44. AB is a quadrant of a circle whose centre is O, and P is 

any point on the arc AB. Show that, if the quadrilateral OAPB is 
revolved about OA, the volume generated is a maximum when t e 
tangent of the angle AOP is the positive root of the equation 

4 X 3 -x 1 - 4x -1=0. (Camb. P. & A. 1931.) 

M45 Prove that the centre of gravity of a uniform solid tetra¬ 
hedron is the point which divides in the ratio 3 : 1 the connector of 
any vertex to the centroid of the opposite face. 

AB AC, AD are three edges of a uniform solid cube of which AA is 
„ Sf.goSl Preve that the centre of gravity of the aoM. wh.eh 
renJL .fter th. tetrahedron ABCD ha, been removed from°“ , “> 

divides AA' in the ratio 11,9. ^ M ‘ U “' 193L) 

M46. Prove that the volume of a segment of a sphere is 



where a is the radius of the sphere and * is the height ofthesegm 
A sphere is dropped carefully into a conical glass of jepth h and 
semi-vertical angle *, which is full of water, the ^ ^ 

being such as wiU cause the greatest overflow. Show that the radius 

of the sphere is h s i n a (sin a + cos 2a)” 1 . (Oxf. 1931.) 

M47. From a point A on a straight road, inclined at an an S 1 ® “ ° 
the horizontal, the angle of elevation of.a;stat. onary balloon3, wl hi 
is not vertically above any point on the road, is From each of two 
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points on the road, P and Q, d feet, uphill and downhill respectively, 
from A, the angle of elevation of B is 6. If h feet is the height of B 
above the level of A, express BA, BP, BQ in terms of the above data 
and hence prove that 

Ji = d . / l - sin 2 a cosec 2 # 

v cosec 2 0 - cosec 2 /?’ (Oxf. 1931.) 

M48. The shadows cast on level ground by two vertical walls, each 
6£ ft. high, one of which runs in a direction 34° North of West, and 
the other due East, lie within the obtuse angle formed by the walls 
and are 4 ft. and 6 ft. wide respectively. The sun is to the East of 
South : find its bearing and elevation. (Oxf. 1931 ) 

M49. Prove that the centre of gravity of a uniform triangular 
lamina coincides with that of three equal masses situated one at each 
vertex of the lamina. 

D, E, F are points on the sides BC, CA, AB of a uniform triangular 
lamina ABC, such that 

BD_CE AF 
DC - EA~ FB* 

Prove that the centre of gravity of the triangular portion DEF 
coincides with that of the whole lamina. (Oxf. 1931.) 

M50. The length of each edge of a regular tetrahedron is a. Find 
the lengths of 

(i) the perpendicular drawn from a vertex to the opposite face ; 

(ii) the distance between the middle points of a pair of opposite 

_ edges. (Oxf. Subs. Maths. 1931.) 

M51. Find an expression for the area of the curved surface of a 

right circular cone, the radius of the base being r and. the slant 
side l. 

Two diametrically opposite points P and Q are taken on the base 
of a right circular cone of height 1 ft. and semi-vertical angle 20°. 
Find by calculation the length of the shortest path from P to Q 
taken along the curved surface of the cone. 

(Joint Bd. Subs. Maths. 1931.) 
M52. A right pyramid of height 10 in. stands on a square base of 
side 6 in. Find 

(i) the angle that a slant face makes with the base ; 

(ii) the angle between two consecutive slant faces. 

(Joint Bd. Subs. Maths. 1931.) 
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M53. A uniform circular disc ABC of radius r has its centre at O. 
With centre A and radius r an arc BOC is drawn, and the portion 
BOCA removed from the original disc. Find the centre of gravity of 
the remaining part of the disc. (Joint Bd. Subs. Maths. 1931.) 

M54. Find the position of the centre of mass of a uniform plane 
triangular lamina. 

A triangle ABC is made of three uniform, heavy rods. Show that 
its centre of mass is at the centre of the inscribed circle of the triangle 
formed by joining the mid-points of the sides of the triangle ABC. 

(Joint Bd. App. Maths. 1931.) 

M 55 . Find the area of the curved surface of the frustum of a 
circular cone of vertical angle 2 a bounded by parallel circular 
sections of radii a x and a 2 . 

Two spheres, of radii a and b respectively, touch externally, and 
a circular cone with its axis along the line of centres includes and 
touches them both. Prove that the area of the part of the surface of 
this cone between the circles of contact on the two spheres is 4nab. 

(Joint Bd. 1931.) 

M56. The perpendicular height of a frustum of a right circular 
cone is 8 in., and the radii of the ends are 6 in. and 2 in. Calculate 
the volume of the frustum. 

Assuming the moon to be a sphere of radius R, and the distance 
between an observer on the earth’s surface and the centre of the 
moon to be 221 R, prove that the observer would be able to see J.J? of 
the moon’s surface. (Joint Bd. 1931.) 

M57. A rectangular trap-door ABCD, which can turn about AB, 
occupies the horizontal position ABCD when closed and the position 
ABC'D' when open. If AB=4 ft., BC —8 ft., C'D=5 ft., find (i) the 
inclination of the open door to the horizontal, (ii) the inclination of 
C'D to the horizontal. (Joint Bd. 1931.) 

M58. A plane is inclined at an angle a to the horizontal, and con¬ 
tains a straight line AB inclined at an angle 0 to the line of greatest 
slope of the plane. Show that AB is inclined to the horizontal at an 
angle y, given by sin y = s in a cos 0 , 

and that, if 0 ' is the projection of 0 on the horizontal plane, then 
cos y cos 0 ' = cos a cos 0 . 

If a second line, AC, makes an angle (p with the line of greatest 
jlope, and AB and AC are two sides of a parallelogram ABDC, show, 
h2 L.S.Q. 
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Sr 2r£fnr ny the0rem 0n the rati0 0f an area and *• pro- 

ABDC cosS projects orthogonally into a figure of area 

M59 Prove that the length of the common Sendiculat to Wo 
skew hnes is the shortest distance between them 
A square lamina ABCD, of side a, is rotated about AB through a 
shl t Tf !° tat u UP ^ position ABC i D i- Find the length ofthe 

mo The m'L? A ? and B °- ( Lond ‘ P - & A. 1931.) 
of . ' e middIe P° lnts of the edges BC, CA, AB, DA, DB, and DC 

that rrr BCDare reSpeCtiVe,y P ’ Q > R ’ P '> ^ R'- Prove 
that PP, QQ, RR m eet m a point and bisect one another. 

triangle PoT kl ‘““S* AB ° and ABD are e 4 uaI ’ prove the 
triangle PQR is also equal m area to the triangle P'Q'R' and find the 

’r*®" for “* eq “ iit? ° f th »<* 

* from the rant ' “ d ™ ded '".M stara 

V211T of wh,ch the TO,u ““ " v - v ’“ d 

Prove that 

V : V' = (2r 3 + 3r 2 a; - x 3 ): (2r 3 - 3 r*x + x 3 ), 

S : S'=(3r 2 + 2rx -z 2 ): (3r*-2rx - x 3 ), 

1/ being greater than V'. /T , t 

thr? 2 bVfr“ S0,id iS in the f0rm of a Sphere of radius R 
through which has been drilled a hole in the form of a cylinder whose 

axis coincides with a diameter of the sphere. If thefength’ of the 

hole is 21 , show that the volume of the solid is — p. 

3 

mrq t> ,, , (° x f- Adv. Maths. 1931.) 

M63 Prove that if a tetrahedron has two pairs of opposite edges 
p rpendicular, the third pair will also be perpendicular. 

Show that for such a tetrahedron the four lines drawn from the 
vertices perpendicular to the opposite faces are concurrent. 

M64. AB and CD are two non-intersecting lines ; if a^tent Xbo 
found in AB such that the plane XCD is perpendicular to AB 
show that the perpendicular XY from X to CD is the common 

perpendicular to the two given lines, and that the plane ABY is 
perpendicular to CD. y 


MISCELLANEOUS EXAMPLES 


257 


Show that the perpendicular from A upon the plane BCD, the 
perpendicular from B upon the plane ACD, and the line XY are three 
concurrent lines. (C.W.B. 1927.) 

M65. Find the area of the surface of a sphere. 

Assuming the earth to be a sphere of radius 4000 miles, calculate 
approximately the area of the portion of it visible to an observer in 
an aeroplane at an altitude of 10,000 feet. (C.W.B. 1927.) 

M 66 . Three equal spheres each 1 inch in diameter rest in contact 
with each other in a spherical bowl whose diameter is 6 inches ; find 
the distance of the plane passing through the centres of the spheres 
from the centre of the bowl. (C.W.B. 1933.) 

M67. Show that, in any trihedral angle, the sum of any two face 
angles is greater than the third face angle. 

OA, OB, OC are the three edges of a trihedral angle at O, and OX 
is another straight line within the solid angle determined by the 
planes OAB, OBC, OCA. Show that 

(i) the sum of the angles AOX, BOX, COX is greater than half the 

sum of the angles AOB, BOC, COA ; 

(ii) the sum of the angles AOX, COX is less than the sum of the 

angles AOB, COB. (C.W.B. 1933.) 

M 68 . Prove that a plane cuts a sphere in a circular section. 

A series of planes is drawn through a fixed point outside a sphere 
of radius a. Prove that the centres of all the circular sections made 
by the sphere on such planes he on a spherical cap of area na 2 . 

(C.W.B. 1933.) 

M69. When is 

(i) a line in space parallel to a plane, and 

(ii) a line in space parallel to a second line ? 

Prove that a plane parallel to two opposite edges of a tetrahedron 
cuts the tetrahedron in a parallelogram. Is it possible to choose the 
position of the plane so that the parallelogram is a rhombus ? 

(C.W.B. 1932.) 

M70. Find the area of a cap of a sphere of radius a cut off by a 
plane at a distance (a - h) from the centre. 

Two spheres of radii, a, 6 , cut orthogonally (at right angles). Prove 
that the area of the surface of the first sphere external to the second is 

2nai ( 1 + V(o»+*«) ) (C.W.B. 1932.) 
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M71. Prove that the sum of the plane angles that bound a solid 
angle is less than four right angles. A solid angle is formed by two 
planes intersecting at an angle of 60° and a third plane which is 
inclined at an angle of 60° to their line of intersection and also 
equally inclined to the other two planes. 

Find the magnitudes of the three plane angles bounding the solid 
angle, and also the inclination of the latter plane to either of the first 
two planes. (C.W.B. 1930.) 

M72. Find the centre of gravity of a wire in the form of an arc of 
a circle. 

If a closed figure is made by a wire, and is in the form of an arc of 
a circle, with the two radii joining its ends to the centre, prove that 
the distance of its centre of gravity from the centre is 
a 2sina + cosa 
2" « + l ’ 

2 a being the angle subtended by the arc at the centre, and a the 
radius of the circle. (C.W.B. 1930.) 

M73. Prove that if a straight line is perpendicular to each of two 
intersecting straight lines it is perpendicular to every straight line 
in their plane. 

Find the locus of a point which is equidistant from (i) two fixed 
points, (ii) three fixed points (not collinear). 

How many points are equidistant from four fixed points (not 
coplanar) ? (C.W.B. 1932.) 

M74. Prove that the volume of a spherical cap of thickness h is 

nh z [r - where r is the radius of the sphere. 

A sphere of radius r is inscribed in a cone so that the centre of the 
sphere is distant k from the vertex of the cone. Find the volume of 
the space which is entirely enclosed between the sphere and the 
curved surface of the cone. (C.W.B. 1933.) 

M75. How do you measure the angle between (i) two non-inter¬ 

secting lines, (ii) a line and a plane, (iii) two planes ? 

ABCD and A'B'C'D' are two parallel faces of a rectangular parallel¬ 
epiped, AA', BB', CC', DD' being parallel edges. If AB, BC, AA' are 
of lengths 4, 3, 6 in. respectively, find the angles between (i) the lines 
AC and BC', (ii) the line A'D' and the plane AB'C, (iii) the planes 

AB'C and ABCD. (C.W.B. 1933.) 


ANSWERS AND HINTS 


CHAPTER I 

1A1. Octahedron. 1A2. Rule 1. 1A3. Area of triangle=£ parm. with 
same base and height. 1A4. Str. line, circle, sphere. 1A5. Pard. 8 v., 
12 e., 6 f. ; tet. 4 v., 6 e., 4 f.; oct. 6 v., 12 e., 8 f. 

1B1 Rule 1. 1B2. Rule 1. 1B3. P. 79. 1B4. Six vert, equidistant 
from origin. If all faces are opaque, the figure is an equilateral triangle 
inscribed in a regular hexagon, with the axes projecting from the vertices. 
1B5. A regular hexagon divided into three equal rhombuses from the 
centres of which emerge the nearer halves of the axes. 1B6. Same ; or 
replace “ str. lines ” by “ planes 1B7. Replace “ rect. ” by ‘ rect¬ 
angular parallelepiped ”, and “ two adj. sides ” by “ three adp edges . 
1B8 “ is the plane which bisects it at right angles ’ , or ... from 
vertices "of a triangle are equal, is the str. line through its circumcentre 
and at right angles to its plane ”. 1B9. “ If two spheres intersect, their 
line of centres passes through the centre of their circle of intersection at 
right angles to its plane.” 

1C1 1W2. 1C2. Str. line, triangle, tetrahedron ; 1W4. XOo. fc>tr. line, 
parallelogram, octahedron; 1W4. 1C4. “Any two sides of a triangle 
are together ... ” 1C5. Replace “ circle ... three ... str. line by 

“sphere ... four ... plane”. 1C6. Circumf. folded=J circumf. open; 
.*. radius of ri m — £ slant ht. 

CHAPTER II 

2A1. All possible except (3). 2A2. (1) a || c ; (2) a || c ; (3) a || y ; 

(4) b || ay ; (5) £ || plane ac, if a and c are coplanar. 2A3. 8-28 cm. 

2B1. Plane On. 2B2. (1) plane mn ; (2) whole of space ; 2W6. 2B3. 
A, B, C, D are not in a plane. 2B4. Line of intersection of two planes ; 
2B1. 2B5. If two of the points be, ca, ab, coincide, all three must 
do so ; if not, they determine a plane. 2B6. Let line of heads cut table 
in X. 2B7. $ in. from corner; creases and free edge are concurrent. 
2B8. a, (5, y, ... contain x ; .V ad, fid, yfi ... contain the point xd. 2B9. 
P, Q, R, S are coplanar. 2B10. 2f in. Plane cuts planes ABC, ADC in 
str. lines concurrent with AC. 
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2C1. Diagonals of base bisect one another; vertical isosceles tri- 
angles have a common altitude, and are, congruent. 2C2. Cut off 
equal lengths DP, DQ, DR from DA, DB, DC, and let DX, DY, DZ cut 
QR, RP, PQ, in X , Y , Z'. 2C3. Use 2W5, or the particular case in which 
corresponding sides of the triangles are parallel. 2C4. 2W5 ; draw any 
parallelogram in the given corner, with one diagonal along the given 
median: the third side of the triangle is parallel to the other diagonal. 
2C5. 2W5; if corresponding sides meet in P, Q, R, these lie in <pcp '; 
/. 2W5 applied to ’triangles BRB', CQC' proves its converse with respect 
to triangles ABC, A'B'C'; exceptional case : the three joins parallel to 
one another. 

CHAPTER III 

3A3. Str. lines that divide two skew str. lines proportionally lie in 

parallel planes. 3A4. Exclude. 3A5.3T1. 3A6. 3T3 3A7 4 • 

3W5. 3A8. 3T5. 3A9. 3T4, 3T2 ; diagonals of parm. ’ ’ 1 +W Z ’ 

3B1. || lines determine a plane; 3T1, 2, 1. 3B2. 3W1, 3T1. 3B3. 

Take any plane containing the line ; 3T4, 1 . 3B4. 3T1, 2. 3B5 3T3 4 
3B6. Line a ?; 3T1, 2. 3B7. 3W2. 3B8. 3W2. 3B9. 3W2. 3B10. 3W2. 
3BH. Live cable is in line common to planes of shadows. 3B12. Draw 
PQ || AX; 3T2. 3B13. 14 ft. 3T3,5. 3B14. 3W2. 3B15. Omit. 


3B16. 3W6. 3B17. 3W2. 3B18. 2W6. 3B19.3T1. 3B20. 3W5.. 

3C1. Three str. lines, traced by centres of parallelograms ABCD, ACBD, 
ABDC with vertices on a, b, c, d ; each line is the line of intersection of 
two planes ; 3T5. 3C2. 3T1, 5. 3C3. Draw lines of intersection of pairs 
of planes of opposite oblique faces. 3C4. Thro’ centre of ABCD draw 
line || AP. 3C5. 2W2 ; G is on pi. AXD, .'. on join of mid. pts. of every 
pair of opp. edges. 3C6. 3T3. 3C7. 3B19, 3T5. 3C8. 3W6. 3C9. DX; 
3W 6 . 3C10. Faces cannot be concurrent; two diagonals determine plane! 
of two parallel faces (3T3) whose remaining diagonals meet the third 
given diagonal. 3C11. 3W4. 3C12. Parallel chords. 3C13. 3T5, 3W5. 

CHAPTER IV 

4A1. 3T6. 4A2. 4T1, 3. 4A3. x || y ; 4T1, 3. 4A4. 4T4, 1 , 3. 4A5. 
If let any plane thro’ c cut a in x; .*. the coplanar lines c, x, are 

bothj. 6 ; .-. ell*; .-. C||a. 4A6. 3T6. 4A7. a/?±y. 4A8. 3T6, 4T1. 
4A9. 3T6, 4T1. 4A10. Tangent plane. 4A11. Congr. triangles. 4A12. 
If X is mid. pt. of BD, BDJ.AX, XC. 
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4B1. 4T1. 4B2. ocfi± AC and AB. 4B3. Congr. triangles. 4B4. 4W2, 
1. 4B5. 4T1. 4B6. Congr. triangles. 4B7. Congr. triangles; 4T1. 4B8. 

| 4T2. 4B9. Diags. of rect. are equal and bisect one another. 4B10. If 

VN±abc, a±AVN ; aj LAN. 4B11. 3T4, 6. 4B12. Let Q' be image 

* of Q in a; i.e. let a bisect QQ' at right angles; then PQ' cuts a in 

I required pt. 4B13. 4B12. 4B14. BP, PQ. QR_[_CY, 4T3. 4B15. 4T2 ; 

' thro’ P, Q, R take planes a, ft, y 9 _LBC, CA, AB; AXYZ is in plane 

PQR. 4B16. Draw AB' || DC ; 4T1, 3. 4B17. Complete a rect. ; 4T1. 
4B18. 4W1; pi. thro’ any three common pts. 4B19. Spheres a, {$, y; 
l circles $y , yoc, aft ; pair of common points ccjly. 4B20. 4B19 ; planes 

, of section of a, y, have common line ocj3y> which meets each of 

the planes doc , dfi 9 Sy 9 in point ocfiyd. 4B21. s/2 ; diagonal of square. 
[ 4B22. 2s/-f ; tetrahedron. 4B23. 4W1. 4B24. Congr. triangles. 4B25. 

| 2s !%a. 4B26. 1 : s/2. 4B27. 3T4. 4B28. 3T4, 6. 4B29. 4T2. 4B30. 3W2. 

* 4B31. 3W2. 4B32. QRS. 4B33. Each edge meets 6 others; for 

j Part (ii) consider the different cases. 4B34. 1 : »J2 ; draw RP' = and || 

QP. 4B35. 4B1. 

I 4C1. Right angles PQR, PRS, PSQ ; obtuse angle QRS ; Pythagoras. 

I 4C2. 3C13. 4C3. Pyth. 4C4. Pyth. 4C5. Radical axis. 4C6. Sphere; 

. internal and external bisectors of angle of triangle. 4C7. Sphere; 

Apollonius’ Th. 4C8. Tangents to sph. from same pt. are equal; con¬ 
sider a plane through the line of centres. 4C9. Part of radical plane, 
i limiting positions of the line are the direct and transverse common tan¬ 

gents of sections through the line of centres. 4C10. Annular space be¬ 
tween circles of radii (a ± b) times the cosine of the inclination of a common 
| tangent to the line of centres. 4C11. Method of 4B20. 4C12. Sphere ; 

I plane ; take section through O and centre. 4C13. Sphere ; plane at 

^ infinity. 4C14. Circle; str. line; 4B18,4C12. 4C15.Take P'Q'R' || PQR ; 
simplify the ratio PQ . QR : P'Q'. Q'R' by similar triangles. 4C16. 

* 3B19 ; section || two faces of cube, and containing one edge of tet., and 

I bisecting the opp. edge. 4C17. Draw equal lines OP, OA, OB, OC || given 

line and sides of triangle resp., and PN J_its plane. By cotigr. triangles 
O and N both coincide with the centre of the circle ABC. 4C18. Equal 
angles in equal circular segments in planes equidistant from centre 
i of sphere. 4C19. Let angle ab=cd = cp ; bc—da=d ; diags. x 9 y; 
x 2 = a 2 + b 2 - 2ab cos (p = ... : .*. x 2 (ab -cd)=(ac- bd) (be - ad), and so on. 
4C20. If a quadrilateral has two pairs of equal opposite angles, it is a 
parallelogram, and, , has two pairs of equal opposite sides. If a 
“ crossed ” quadrilateral has two pairs of equal opposite angles, it is 
I cyclic, and the rectangle contained by the “ crossed ” sides is equal to 

i the sum of those contained by the “ diagonals ” and the other sides. 
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(The “ diagonals ” are sides , and the “ crossed ” sides are diagonals , of 
an ordinary cyclic quadrilateral.) ' 

CHAPTER V 

5A1. 5T4, 4T3. 5A2. 5T4. 5A3. Three mutually perpendicular str. 
lines determine three mutually perpendicular planes. 5A4. PM_La, 
PN_]_/?; PMN_La/? at O, say; MON is dihedral angle, and OP 
bisects it; congr. triangles. 5A5. PA, PB equally inclined to axis AB. 
5A6. 5T6. 5A7. Let a, 6 , be semi-major and minor axes of ellipse, r any 
semi-diam., x, y its projections on a , b, and let dashed letters stand for 
corresponding lines in the auxiliary circle ; Pyth. ; 5 T 5 . 5A8. 5 T 7 . 

5A9. Normal at in-centre ; 5T7 ; equal dihedral angles. 5A10. Normal 
at centroid. 5A11. Draw cuboid with given line as diagonal and edges || 
to axes. 5A12. 5T6. 5A13. 5A11. 5A14. 5A11. 5A15. 5 T 6 , 3 T 3 ; or 
congr. triangles ; 5T7. 5A16. A = B', B=A', C=C'=90°. 5A17. Make 
given line hypotenuse of a right-angled triangle with sides || and _L to 
axis of projection. 

5B1. cos - 1 -g- — 70° 30' approx. 5B2. tan £0=^2; cos0=--J; 

/. 0 = 180°-70° 30'approx. 5B3. Let PM, PN _[_«,/?; produce MP to Q, 
making PQ = PN ; then QM is constant; locus of Q is a plane (p |] a ; 
locus of P bisects dihedral angle P<p. 5B4. If AA', BB', CC' are diagonals 
of the octahedron, B'A || A'B, and so on ; .*. we can complete the parallelo¬ 
grams AB'CV, BC'AV, CA'BV, ... ; dihedral angles are supplementary. 
5B5. AB= AC, whence BB' = CC'; BC || B'C', and, .\,|| to axis. 

5B6. Each edge is an orthogonal projection of the diagonal; cos -1 — 

>/3 

=54° 44'. 5B7. Perp. to a diag. 5B8. Project on a plane normal to the 
axis; 5T7. 5B9. A'B' + B'C' + C'A'= 0 . 5B10. Construct right-angled 
triangle with hyp. =AB, and one side = A A' -BB'; third side = A'B'. 
5B11. If a, p, y, ... JL <p, then a£, fiy, ... ±(p ; ocp || py || ... . 5B12. 
Reduce all distances J_ to axis in ratio cos 0. 5B13. Line || to diag. ; 
5B6. 5B14. Perp. to one of the 4 diags. 5B15. aj_a, b_ L/0, ... ; 

a&_La/?, ... ; ap || py ||... ; but they have a common point; .\ they 
coincide. 5B16. aJLa; .\ a±x; 4T2. 5B17. PM +MN + NO = const.; 

.*. sum of projections on a line equally inclined to the axes is const.; 

.\ locus is plane normal to that line. 5B18. Fig. 47 ; draw BM, CNJL 
XYZ; with centre N and radius = true length of BC, describe arc 
cutting BM produced in P; draw XC'B'H NP. 

5C1. AOJ.OBC ; .’. plane thro’ A J_BC cuts semicircle on BC in O, 
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giving OB, OC. 5C2. If ON 1 ABC, = 2 cos^NOC = 1. 

5C3. PK, PM, PN are edges of a parallelepiped of which OP is a diagonal; 
their inclinations to ep are a, p, y ; .’., if OR J _cp> OR = 2PK sin a. 5C4. 
Project on plane mid-way between the lines and || to them ; 0'A'_LO'B', 
and P is the mid-point of A'B'; O'P = PA' = constant. 5C5. 5T6, 
4C17. 5C6. 5W2. 5C7. 5W2. 5C8. 5W2. 5C9. 5W2. 5C10. Two sides 
of a triangle are together greater than the third; in the six equations 
the distance of each vertex appears three times. 5C11. 5T7. 

CHAPTER VI 

6A1. 4T1, 5T4. 6A2. 6T1, 2. 6A3. 6T1. 6A4. Let AQ in plane 

= given line AP, and let PN J_ plane ; QN is greatest when it passes thro’ 
A; Pyth.; Lemma. 6A5. 6T2, applied four times. 6A6. d 2 + r 2 = R 2 . 

6A7. Omit V; if AWP = BWP, W is circumcentre of triangle APB; if 

not, take P' in PB such that BWP' = AWP ; congr. and isosc. triangles; 
APP'B is a str. line ; .*. (ii) has no analogue unless W is at infinity. 

6A8. If BC = B'C', CA = C'A', and BAC + B'A'C' = 180°, then ABC 

= A'B'C'; produce B'A' to B", making A'B" = BA. 

A A 

6B1. Let AVB = AVC, and AVlplane ABC; then BAC, BVC are 
isosceles triangles with the same base and equal vertical angles. 6B2. 
Medians of reg. tet. 6B3. Locus of points equidistant from three planes. 
6B4. Take equal arms VA, VB, VC; planes bisect AB, BC, CA at right 
angles. 6B5. 6W4. 6B6. Reg. tet. 6B7. Take VA = VB = VC ; circum- 

centre of triangle ABC. 6B8. sin -1 ; reg. tet. 6B9. VA = VB = ...; 
VNJ.ABC ... ; NA = NB = ... . 6B10. If BAC=dih. B(VA)C, 

prove that BA, AC, BC = corresponding lines in the other trihedral 
angle. 6B11. 6T1, 6B10. 6B12. Bisect the third dihedral angle. 
6B13. If two dihedral angles of a trihedral angle are equal, the face 
angles opposite to them are equal; 6T1, 6B12. 6B14. Diagonal plane ; 
6B10. 6B15. If a tetrahedral angle has two pairs of equal opposite 

dihedral angles, it has two pairs of equal opposite face angles ; 6T1, 

a a 

6B14. 6B16. Method of 6B10. 6B17. AVB, BVC, and dih. angle 

B(AV)C are equal to the corresponding angles of the other trih. angle; 
if A(BV)C = A'(B'V')C', trih. angles are congruent, 6B10; if not, let 

A 

V,ABD with dih. angle B(AV)C he congr. to V'.A'B'C'; then BVD 
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A 

= BVC; /. B(CV)D=B(DV)C. 6B18. 6T1, 6B16. 6B19. 6T1, 6B17. 
6B20. Symmetrical diag. plane gives 6B10 ; this, with the other diag. 
plane, gives 6B16. 6B21. Use diag. planes separately with 6B10, and 
together with 6B18. 6B22. 6T1, 6T3. 6B23. Equal; produce A'V' to A" 

so that A"V'B' = 180°-A'V'B'=AVB ; 6B16. 6B24. Supplementary ; 
let Srj, r) be supplements of py, y, ya; l et a 'py be conjugate to a By. 
6B25. Supplementary ; let V,ABC, V'.A'B'C' be a py, oc'p'y '; produce 
A V to A"; 6B18. A A 

6C1. Cf. 6B9 ; ABC = BCD ; arc ABC=arc BCD ; .\ arc AB=are 
CD. 6C2. Project whole figure on one of the parallel planes ; obtain two 
sets of congruent isosceles triangles ; each angle of one polygon consists 
of two base angles of one set and one vertical angle of the other. 6C3. 
Take NBVJ_VAC and NCVJ.VAB, and ABCJ.VN ; then ACJ_NBV, 
and ABJ_NCV; .*. N is orthocentre of triangle ABC; .’. AB_LNVC. 
6C4. 6W3, four times. 6C5. Take VA = VB = VC = VD, and X, Y mid¬ 
points of BD, AC ; then BD_LAX,^VX, CX ; /. A, V, C, X are coplanar, 

AX = VX = CX, and VX bisects A VC ; ,\ VXY is a str. line ; and X, Y 
are circumcentres of triangles VAC, VBD ; ,\ if one is inside its triangle, 
the other is outside; .’. one triangle is acute- and the other obtuse- 
angled. 6C6. Rhombic dodecahedron (Fig. 106); side of large sq. =diag. 
of small. 6C7. Diagonals of rhombus are sides of squares in 6C6. 6C8. 
If C is mid-point of edge AB, VC =N /2AC (Pyth.). 6C9. Section mid¬ 
way between two opposite trihedral vertices is a reg. hexagon; aliter, 
if VA, VB, VC, VD are edges, and AE± VB, AEC is dih. angle. 6C10. 

Each angle = 180°and is less than 6C11. 6T3, 1, 3. 6C12. 

P lies on a chord of a smaller segment. 6C13. 6T2, 6W1. 6C14. Vertex 
at centre of cube, and arms bisect its edges. 6C15. P may lie on a chord 
of the “ bulge ” of the greater segment; it may lie on either a greater 
or on a smaller segment. 6C16. If P (W V) A and P (W V)B are not equal, 
take P'm PB such that P'(WV)B = P(WV)A; then 6B18 and 6B12 
show that A, P, B, P, P' are coplanar; whence WV_LAVB; .'. (ii) 
if P(WV)A and P(WV)B are equal, apply 6B16, 13,7. 6C17. ay = a'v'- 
c.f. 6B24. 6C18. /? = £', 6T1, 6C17. 

CHAPTER VII 

7A1. Octahedron; each corner =4 of whole. 7A2. 1-540; diag. of 
cube=diam. of sphere. 7A3. 7T6. 7A4. 7T1,4. 7A5. Diagonals. 7A6. 
Pyramids of 7A5 quadrisected. 7A7. 7T8. 7A8. 7T1,4. 7A9. Each 
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equivalent to a third parallelepiped with its upper face between same two 
pairs of parallel lines. 7A10. One vertex of parallelepiped is common to 
the pyramids, whose bases are the three faces of the pyramid that meet 
the opposite vertex. 7A11. 27*1 p.c. ; 7T8. 7A12. 46*41 p.c. ; 7T8. 

2J2 

7B1. 8^2 cu. in.; two sq. pyr. with ht. = | diag. 7B2. -g— cu. m. 
7B3.-^r 3 ; r=J ht. 7B4. Actually |. 7B5. Actually §; edge of 

cube = J of diag. of oct. 7B6. 3 (10>/2 -14) x 100 per cent.; edge of oct. 

divided in ratio m:n; edge of cube : edge of oct. ~ m + n 5 e ^g e 

cube : diag. of oct. = - -— . 7B7. Pyramid and prism. 7B8. 7T4,5. 

° wn+n 5v/2 

7B9. Sum of four tetrahedra = given tet. 7B10. —g—a 3 ; 7B1 ; two 

corners are equivalent to a regular octahedron J of the whole; 7T8. 

7BU. P(A + B); 7T5 or 7T7. 7B12. 1(2+^2); 7T7. 7B13. . 7B 9. 

7B14. | (2ab + 2cd + ad + be ); 7T7. 7B15. JAV3A ; faces have equal 

altitudes ; /., by congr. triangles, projection of vertex is centre of base * 

hence ht. of pyr. times length of edge of base ; 5T6. 7B16. Divide 
A 

the cube of 1W3 by six triangles with a common vertex at the centre, 
and bases on the edges of the inscribed tetrahedron. 7B17. Surf, of 
cube : surf, of tet. = l : ^3 ; take edges 2x , 2 y ; equate volumes; 7B2. 
7B18. 7B17, 7T8 ; or method of 7B17; vol. of cube : vol. of tet. : 1. 

7C1. Prove faces, and then tetrahedra, equal in height. 7C2. If O is 
centre of section ABC... , OB, AC bisect one another ; .*., if length x is 
cut from axis, x + 6=cH-c. 7C3. 4656 cu. ft.; frustum of a tetrahedron 
64 ft. high on base 96 ft. by 3 ft. 7C4. Cut corners from a tetrahedron. 
7C5. Cut corners from a cube, and fit them together on two opposite 
faces. 7C6. Ratio of sides of square and its inscribed octagon = 1 : sJ2 - 1; 
7B16. 7C7. 7T7. 7C8. Consider vertical diagonal section. 7C9. 7T7; 

each end divides into n , and the mid-section into 2n isosceles triangles. 
7C10. 6C2. 7C11. 7T6 ; edge is a two-sided polygon, as a point travelling 
round a polygon must return to its point of departure. 7C12. Section 
bisecting two opposite edges at right angles consists of two isosceles 
triangles; .*. area = Ja 2 >/2; height=\/§a. 7C13. When q=r = 0, 

jp=-; given planes intersect in OA, OB, OC, which cut the locus in 

A B c . • y'P2§2 = y^ = i 2 ;i,a=i. 

A, t5, u, . . ZjAOBC ^ V V F 
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CHAPTER VIII 


8A1. 40 per cent.; 8T3. 8A2. 8T3 ; =F according as the parallels are 
in the same or different hemispheres. 8A3. 7T4. 8A4. nh (a 2 - 6 2 ). 

8A5. \it (a 3 - 6 3 ). 8A6. nt ^4r 2 + 0. 8A7. nt (d + 0* 8A8. A = B = C = \n. 

8A9. r 2 (5n - A - B - C). 8A10. Volumes . nr 2 : § nr 2 : r . nr 2 ; total 

surfaces \sJ2r . 2m + nr 2 : 2nr 2 + nr 2 : r . 2m+ 2 . m 2 . 

8B1. Let S be vol. of inner cylinder, and find P + Q + S, Q + S, S; 
8 T 2 . 8B2. Tetrahedron consists of four tetrahedra in each of which is 
inscribed a cone; ratio of volume of tet. to that of inscribed cone=ratio 

3/3 j 

of their bases =>/3 : n (-K/3 ) 2 percentage of whole figure 

in all the unoccupied corners =39-5 ; divide by the number of corners. 
8B3. See 8 B 2 . 8B4. 8 A 1 . 8B5. 1:2; 8T1, 3. 8 B 6 . 8 T 2 . 8B7. 4:3; 
7T4, 8 T 6 . 8 B 8 . 5:2; 7T4, 8T5. 8B9. \nd 2 + na 2 d , 8 T 6 . 8B10. 9 : 32 ; 
7T4, 8T5. 8B11. 7T8 ; ratio = cube of ratio of edge of cube to its dia¬ 
gonal. 8B12. 8T1. 8B13. 7T4. 8B14. Section thro’ axis is trapezium 
bounded by four pairs of equal tangents ; 8T1, 2, 3, 5. 8B15. 

2*J2nh(r 2 + rh + \h 2 ); difference between the remainders from two 
spheres, when two cones are removed from each ; 8T3, 8T5. 8B16. -fa ; 
let 0 be the semi-vertical angle, and h , H the heights of the small cone and 
cylinder. 

8C1. |(H - h) (3rH +3rh-W-Hh-h*); 8 T 6 . 8C2. - h -; 8 T 6 . 

8C3. Tit (H 2 -3H£ + 3/ 2 ). 8C4. Let 0 be semi-vertical angle of frustum. 

k 2 

8C5. Let ht. = hr; then ^ 8 C 6 . Let a, b, r be radii of circles 

and sphere, and 0 the semi-vertical angle of the conical zone ; then 

b “ a \ 

tan. p and r = £(a + 6) N /(& 2 + l) sec 0. 8C7. Diameter of 


sphere = diagonal of face of cube; 8T5,6. 8C8. 8T3. 

8C10. Radii of spindle and cylinder = R, r ; ht. of cyl. =r>/2 
8C11. 9 na 2 , 3 7ia 3 , 8T1, 3,2,6. 


8C9. 8T2,5,6. 

h _ R 
; rsJ2~R-f 


CHAPTER IX 

9A1. 9T4. 9A2. #=g- 9A3. The median thro’ a given vertex is the 
locus of centroids of sections parallel to it. 9A4. 2W2, 9T4 ; elements of 
the cone are tetrahedra with the same vertex and height. 9A5. Elements 
a^e triangles. 9A6. 9A5, 8T1, 9T4. 9A7. \{a-b); 9A4, 9T4. 9A8. 
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3 a 2 + 4a6+26 2 gT4 9Ag 2nW 9T5 9A10 . 4jr 2 a j. 9A11 . 

4 a + 36 n 

from centre ; 9W1. 9A12. ^ from centre; 9W2. 9A13. 2n{hx + By)', 

9T5. 9A14. On axis mid-way between the planes of its circular edges; 
9T4, 8T3. 9A15. On axis at distance r - from centre ; 9A14. 9A16. 

from centre. 9A17. At distances ~ from axes, and ~ \/(a 2 + b 2 ) 
3 71 ,3;7T 071 

from centre; 9A12, 9T4. 9A18. — from base; 9T4, 9A4. 9A19. 

hz c . 8 

- 3 - ~ ; 9T4. 
a 3 - 6 3 

9B1. If M' is any area, or a one-dimensional figure such that C' is the 
middle point of every chord which passes thro’ it, then C' is centroid of 
M' ; but not generally in the case of a one-dimensional figure; because 
its elements are not all reduced in the same ratio ; compare 5T4 with 
5T5. 9B2. Corresponding elements of volume are proportional, but not 
corresponding elements of areas ; cf. 9B1. 9B3. f of radius ; 9A14. 

9B4. of radius ; 9B3, 9T4. 9B5. 9B4, 9T4. 9B6. 9A16, 9T4. 9B7. 

O 

9T4. 9B8. Centroid lies on str. line bisecting parallel sides. 9B9. 9T5; 
^{a*+ab+b 2 ). 9B10. 9T4, 9B2,3, 9A4. 9B11. nht{2w + h-t); 9T4.5. 

O 

7)2 _ *>„2 

9B12. {j2a^b) ; 9T4 » 9A4 ’ 9B2,3, 9B13 ‘ I( a ~i^) 5 9A4. 9B14. 9T5, 

9W2. 9B15. 9A12, 9T5. 9B16. 9T5. 9B17. 9A16, 9T5. 9B18. 9T6, 

9A16; eight truncated half-cylinders at the crossing. 9B19. 9A12. 9B20. 
Let 0 be the semi-vertical angle ; 9A4, 9T4. 9B21. 9T5. 9B22. §(«+&) 

from centre ; 9W2, 9A4.14. 9B23. | ; 9T4, 9B22. 

9C1. 8W3 ; angle of segment 120° ; 9T4,5. 9C2. 9A12, 9T5. 9C3. 

9W1, 9T6. 9C4, 9W2. 9T4,6. 9C5. 9W2, 9T4. 9C6. 8T6, 9T5. 9C7. 
8W3, or 9C5, 9T5. 9C8. 9W2, 9T4. 9C9. 9C8, 9T5. 9C10. 9A12, 9T5. 
9C11. 9A16, 9T5. 9C12. 9W1, 9T6. 9C13. 9C5, 9T6. 9C14. 9W2,3. 
9C15. If x 9 y are distances of centre from centroids of complementary 
segments A, B, then x/K=yB ; 9T4, 9C1. 


CHAPTER X 

10A1. 3>/3 =5-20 in. ; cos"VI =54° 44'. 10A2. 3-5^2 =4-95 in. ; 

2cos-»-^ = 109°28'. 10A3. ^6=2-45 in. !0A4. = 1-768 in. 

10A5. Radius 4*01 in.; centre 2| in. above centre of circle. 10A6. 


»!»*» **** 
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65° 54'. 10A7. 1-55 in., 2-69 in., 2-26 in. ; 4W4. 10A8. 3-85 cm. ; this 
is found as the hypotenuse of a right-angled triangle with one side — dist. 
between mid-points of 8 in. edge and projection of 6 in. edge on the 8 in., 
7 in., 5 in., face, and the other side = half of corresponding altitude of tet. 
10A9. Given P and Q in face a, and R in /3; PQ meets a/9 in S ; SR cuts 
every edge of /?. 10A10. Plane cuts opposite faces in parallel lines. 

10A11. 2:3; 10WI. 10A12. 53° 8', 41° 25'. 10A13. Construct vertical 
section bisecting two base edges; 1*25 in. 10A14. 2-45 in. ; diag. 

6 

section. 10A15. 3-46 in. =-^. 6A16. Must be tetrahedron (six edges) ; 
6T4. * 

10B1. 6C12. 10B2. 6C15. 10B3. 6B10,18; common altitude of two 
isosceles triangles_Lto plane of their bases. 10B4. Project A, B to A', B' 
on face y, so that AB meets A'B' at D in y. 10B5. Project A, B, C to 
A', B', C' in S , a face adjacent to a, /9, y 9 so that AB, A'B' intersect in D, 
and BC, B'C' in E. 10B6. Divides OD in ratio 3:2; AP and RQ pro¬ 
duced meet on OX || AB. 10B7. 1*59 in. ; construct section of any cube 
containing two opposite edges, circumscribe section of cone with required 
angle, and reduce (or increase) the scale. 10B8. 5-464 in. =2 (^3 +1); hori¬ 
zontal section thro’ four centres, then vertical section thro’ two opposite 
centres. 10B9. Draw consecutive adjacent angles a, jft, ... x, oc, /9, ... 
x, a, /9, ... to represent the face angles a, /?, ... K unrolled into a flat 
surface ; however small the vertical angles may be, we can, if necessary; 
repeat the faces until the sum is greater than 180° ; the bandage is repre¬ 
sented by two str. lines ; in the case of a cone, the bandage, supposed 
infinitely narrow, becomes a spiral curve, and there is one generator, VT, 
say, which is its asymptote ; i.e., after being wrapped a certain number 
of times round the cone, the bandage crosses every generator on one 
side of VT, without crossing VT itself ; true in all cases. 10B10. 
cos- 1 (2 sin 15°) =58° 50'; cos" 1 (^3 tan 15°) =62° 15'. 10B11. 25° 20'; 
-66 units; project D to D' in ABC ; rabat D to O l9 D 2 , D 3 about BC, CA, 
AB ; let D'D 3 cut AB, BC in P, Q ; rabat DPQ to D 4 PQ ; let PE 4 bisect 

D 4 PQ, and let BE 4 cut CD X in F v 10B12. 2-31 ; 10W4. 10B13. Four 
times that of tet. GABC, each of whose oblique edges is § of corresponding 
median; 2W2 ; DD'-1-27, AD = 1*82, BD =2-40, CD-2-70. 10B14. 
S. 60° 57' W., downward ; if A'B'C'D' is the field, find E' in A'D' on same 
level as B'. 10B15. Length = -89 of edge of cube ; parallel to faces ABCD 
and XYZW, and its distances from them are in the ratio 3 : 2. 10B16. 
sf (c 2 + d 2 - a 2 ); CAJ.BDi when ACD is rabatted to ACD 4 . 10B17. 
hj(y 2j rz 2 ) t s/(z 2 + x 2 ), s/(x 2 + y 2 ); 3W2* opp. edges equal. 10B18. 3-35, 
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7-34 ; 5-83, 8-20 ; 4*58, 8-03 ; 3W2. 10B19. Side in., at 1J in. from 
the 2*5 in. edge ; draw trapezium with parallel sides 2-5 in., and 3*5 in., 
and diagonal 3 in. long at right angles to them ; the join of mid-points of 
parallel sides cuts diagonal at point on the square section. 10B20. 33° 12 , 
50° 44', 108° 32'; 10W3. 10B21. 100° 49', 110° 54', 121° 43'; 10W3. 
10B22. 129° 16', 71° 28', 146° 48'; see Note following 10W5. 10B23. 

69° 11', 79° 6', 58° 17'; see Note following 10W5. 10B24. 10W3 ; take 
OAx as unit of length. 10B25. Length 5-00 units, at 10*54 units from 
C; 10W5. 

10C1. 4*71 in.; 10W4. 10C2. 25° 16' ; find distances of initial and 
final positions of upper end of jib from vertical line through its lower end ; 
and difference between their altitudes ; hence distance between them. 
10C3. 126°, 36J° ; draw sections of both roofs both having same height 
and so obtain their widths ; hence construct plan, and rabat on it the 
two oblique triangular surfaces cut off between the gutter and the right 
sections at the innermost angle ; on these, draw perpendiculars to the 
gutter, and, by comparison with the plan, find the angle between them 
no difference, as one case is the image of the other reflected in a hori¬ 
zontal plane. 10C4. *6 ; 10W4 twice, 10W1 ; bisect dihedral angle. 
10C5. AR = *7, CS = 1*9, AT — *91 ; rabat BCD to BCD 4 in plane ABC ; 
let X, Y be mid-points of AD, BC, so that G is mid-point of XY ; rabat 
AYD to AYD 2 ; P 2 G 2 cuts D 2 Y in Z 2 ; QZ 4 cuts CD 1 in S 4 ; rabat ACD 
to ACD 3 ; then S 3 P 3 cuts CA in T, and QT cuts AB in R. 10C6. Required 
line is = and || to join of centroids of opposite faces. 10C7. 2:1; take 
section thro’ centre of sphere and thro’ two opposite edges of the 
cube. 1008. sJUAB ; draw PQJLYZ ; produce CQ to cut BY jn R ; 
draw RS || PQ, cutting AY in S ; then SP cuts DC. 10C9. JV21AB ; 
plane APZ cuts plane BCZY in ZR || PA. 10C10. 3T1, 3W1, 4W4. 
10C11. PQRS,XYZW is cube inscribed in tet. ABCD ; (i) PQ, RS, 
XW, YZ in ABC, ABD, DCA, DCB ; (ii) PQ, QR, PS,WZ in ABD, BDC, 
ADC, ABC ; (iii) PQ, PS, ZW, YZ in ABD, ADC, ABC, BDC. 
[N.B.— The cube need not , in any of these cases , lie completely inside the 
tetrahedron .] 10C12. If MN cuts planes PQRS, XYZW in T, V respec¬ 
tively in Case (i), 

xy. 93 , pq_vn+MT+ iy = i 

AB + CD + MN~"MN mN^MN * 

10C13. 1J ; draw square MNHK, and produce KM, HN, to E, F, making 
ME = AB, NF=CD; let MF cut NE in G, and let KG, HG cut 
MN in K'H'; then K'H' is the length of PQ. 10C14. 2 units; draw 
MN _L NDC, and ME = AB, and || NC and in the same sense ; on opposite 
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side of ME to N draw square MEFG ; let DF cut MC in H, and 
draw HJ || FM, cutting MD in J; construct square HIJK; then 
Jl : ME = JH : MF = JD : MD ; JI is the required length. 10C15. 1-8; 
rabat MNDC into the plane of ABMN so that angles AMN, MNC are 
alternate; draw BE cutting AN in E, and making angle ABE =45°; 
draw MF = and || BE, and CG || BE cutting MD produced in G ; let join 
of mid-points of MF and CG cut MD in H ; draw HI || EB, cutting MC 
in I ; IJ || BA cutting BN in J ; and JK || BE, cutting AN in K ; then 
HI and JK are diagonals of the square sections of the inscribed cube 
with planes through MNJ_AB and CD respectively. 10C16. 17°; let 
OA, OB, OC be ropes ; make OC' =OA =OB — 55 ft. ; let D be mid-point 
of AB; draw triangles OAB, C'AB, ODC', ODC; circumcentre of 
triangle ABC' is vertically beneath O. 10C17. 8*3 in., 2-6 in.; draw 
axial sections of pyramid bisecting two parallel edges; inscribe 
semicircle, and draw tangent || to base. 10C18. 48° 13', 4° 13'; let 
V be vertex, A, B, C centres of bases, and D centre of triangle 
ABC; construct sections VAB, ABC, VBD. 10C19. A —rs; if 
VN JL ABC, NO JL VAB, and VO meets AB in M, OM . M V=MN 2 . 
10C20. tan -1 J>/3 =40° 54'; planes of bases are slant faces of the tet. of 

10C14. 10C21. 50° 28'; rabat B VC to B^C in plane A VC, and make 

str. line ACBJ_VC ; rabat BCA to B 2 CA, and VAB to V 3 AB 2 . 10C22. 
77° ; construct a supplement of the conjugate angle ; 10C16. 10C23. 

<p =sin~ 1 sin (?)± 0. 10C24. 4-88; 76°; let V.ABCD be the given 

pyramid, and AB"C"D" the section J_ to axis ; construct VB"C", 
AB"C"D", VAC, and then VBD ; draw line of intersection of planes 
ABCD, AB"C"D", and a pair of lines of slope. 10C25. Dihedral angles ; 
BC 49° 20', CA 52° 30', AB 25° 40'; edges : AD 2-04, BD 2-14, CD 2-78 ; 
altitude DD' 1-04; draw triangle ABC and its altitudes AX, BY, CZ ; 
then rabat AXP to AXP x on same side as C, and so on ; from XC, etc., 
cut off equal lengths Xx, etc., and draw xp, etc., || XA, etc., cutting XP, 
etc., in p, etc. ; then parallels to BC, etc., thro’ p , etc., intersect in pairs 
on D'A, D'B, D'C ; this gives D'; draw D'dJ_BC, dD 4 1| XP V D'D 4 || BC, 
giving height of tet. 

CHAPTER XI 

11A1. (i) 8 equilateral triangles (reg. oct.); (ii) 4 hexagons and 4 
equilat. triangles. 11A2. (i) 6 sq. and 8 equilat. triangles ; (ii) 6 octagons 
and 8 equilat. triangles. 11A3. (i) Same as 11A2 (i); (ii) 8 hexagons 
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ANSWERS AND HINTS 

i 

and 6 sq. 11A4. (i) 12 reg. pentagons and 20 equilat, triangles ; (ii) 12 
decagons and 20 triangles. 11A5. (i) Same as 11A4 (i); (ii) 12 pen¬ 
tagons and 20 hexagons. 11A6. Vert. : 4,5, 6,... n ; faces : 4, 5, 6,... ft; 
edges: 6, 8, 10, ... 2 (ft -1). 11A7. Vert. : 6, 8, 10, ... 2ft ; faces : 5, 6, 

7, ... (ft + 2); edges : 9,12,15, ... 3ft. 11A8. Three ; 6T4. 11A9. Vert.: 
6, 8,10,... 2(ft-1); faces: 8,10,12,... 2ft; edges : 12,16, 20,... 4(ft-l). 
11A10. Vert. 9, 12, 15, ...3ft; faces: 11, 14, 17,... (3ft + 2); edges: 
18, 24, 30, ... 6ft. 11A11. Each regular solid angle gives a regular face, 
and vice versa. 11A12. 11A1-5, case (i) of each. 11A13. 7T6. 11A14. 
11A11, 13. 11A15. Take section thro’ vert, of octahedron and nearest 
edge of tet. 11A16. Tet. 8 v. 12 f. 18 e. ; oct. : 14 v. 24 f. 36 e. ; cube : 
14 v. 24 f. 36 e. ; dodecahedron and icosahedron : 32 v. 60 f. 90 e. 11A19. 
11W5. 11A20. Eig. 102, p. 144. 11A22. Orthocentre of triangle XYZ is 

the projection of the actual origin; Fig. 102, p. 144. 11A23. 11A6 ; 
vert.: 12, 16, 20, ... 4 (ft -1); faces: 8, 10, 12, ... 2ft ; edges: 18,24, 
30, ... 3(ft — 1) + (ft — 1) -f-2(ft — 1) = 6(ft — 1). 11A24. 3T6, 4T1. 

11B1. is/2a ; take section containing an edge and the mid-point of the 
opposite edge. 11B2. sj%a ; take section bisecting two opposite edges at 
right angles. 11B3. The twelve edges are the diagonals of the faces of a 
cube. 11B4. Cube. 11B5. Reg. octahedron ; 11B4, 11A12, or 11A1. 
11B6. Reg. octahedron ; the 24 edges are diagonals of the faces of a 
rhombic dodecahedron. 11B7. 11A2. 11B8. Rhombic dodecahedron ; 

Fig. 106. 11B9. Reg. icosahedron. 11B10. 11A4. 11B11. 30 rhombic 

faces, 12 pentahedral, and 20 trihedral vertices, 60 edges, rhombic tria- 
contahedron. 11B12. Vertices of cube may be at centres of faces 2,4, 6, 
10, 12, 13, 16, 19 in Figs. 96 and 104. 11B13. North and south on hori¬ 
zontal faces, east and west on two vertical faces, and vertical on the other 
two; remaining 8 vertices on diagonals of cube. 11B14. BED^, 
D 2 C 2 B 3 E 3 in Figs. 95 and 103. 11B15. Cf. 11B13, all 12 vertices being on 
faces of cube. 11B16. 1 : -s/3. 11B17. Ratios of sides 3:3:5. 11B18. 
6C16; let W be the centre of the tetrahedron, and AVB a face. 11B19. 
3:3:5; 11B16. 11B20. 5 : 6 ; 6 longer, 12 shorter edges. 11B21. 135°, 
115°, 110°; draw O'O (Fig. 102) any convenient length ; as OO'X, etc., are 
complements of the given angles, O'X, etc., can be found; hence construct 
right-angled triangles YO'Z, etc., and then triangle XYZ, and its altitudes. 

11B22. O'X = cosec a; .\ YZ=s/(cosec 2 £ +cosec 2 y); XOY is supplement 
of XZY. 11B23. Fig. 113; find O, the orthocentre of given triangle XYZ, 

A 

and drawOWJ_ZO, cutting semicircle on ZV inW ; then WZO= in¬ 
clination of O'Z to plane of paper. 
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11B24. cosWZO 

[XZ.cosZ 1 r -cosXOY 

ZW ZV \ZV t sinY XZsinX V sin XOZ. sin YOZ' 

11B25. Draw A'B', cutting C'D', D'E' in F', G'; then FG, in plane CDE, 
cuts AB in the required point H. 11B26. Draw OD, OE J_BC, CA; 
AD, BE intersect in foot of normal; 1 W 2 , 4T1. 11B27. Find Q in P 3 P^ 
such that P 3 Q ; P 3 P 4 =the ratio of the diagonals of cuboids whose edges 
are the axial lengths of PjP 2 and P 3 P 4 respectively. 11B28. Construct 
rhombus and diagonal; 11B27. 11B29. Use 11B27, and plane geometry. 
HB30. F=/ +e, E=4e, V=» + 2 e. 11B31. F =f+v, E= 3 e, V= 2 e. 


11C1. Fig. 106. 11C2. 1:^2; short diagonal of rhombus =J long 

diag. of solid. 11C3. ; volume of rhombic dodecahedron is twice 

that of the cube whose edges are the short diagonals of its faces. 11C4. 

Distorted representation reveals the solid of 11 A 2 (i). 11C5. ^?a 3 ; 

3 

11 A 2 (i); edge of cube=>/ 2 a. 11C6. Distorted repn. gives 11 A 2 (ii). 
11C7. I (3+2 s /2)a 3 ; edge of cube = a (1 +^ 2 ). 11C8. Distorted repn. 

gives 11 A3 (ii). 11C9. 8 V 2 a 3 ; edge of octahedron = 3a. 11C10. Con¬ 


struct congruent regular pyramids on the faces of a regular dodecahedron 
so that the faces unite in pairs to form rhombuses. 11C11. 11B13 ; 
dodecahedron has 30 edges, and cube has only 6 faces ; 5 different 

cubes can be circumscribed about the same dodecahedron. 11C12. If 


edges of cube and icosahedron are 2a and 2x respectively, the square on 
an edge inside the cube = (a - x) 2 + a 2 + x 2 . 11C13. If edges of cube and 
dodecahedron are 2a and 2x respectively, the square on a face-diagonal 
= (a - x) 2 -f-a 2 + x 2 . 11C14. Take plane section, bisecting BC at right 
angles, and notice that DEF || ABC. 11C15. Let BCEF be plane of paper; 
rabat AXA' to AjXA'. 11C16. 11W1 ; (tet.). 11C17. 11B16. 11C18. 
11W1; (cube). 11C19. 11B16, but with right angles at G. 11C20. Dis¬ 
torted representation ; the two sets of irregular solid angles are vertices 
of a rectangle and a square. 11C21. Let long and short sides of rectangle 
be 2 and 2x units respectively; then 4x 2 = sq. on short diag. of one of the 
8 remaining faces = (1 - x) 2 + x 2 +1. 11C22. Lines joining mid-point of a 
diag. to the other four vertices are perp. to the diag., and, coplanar. 
11C23. 11W4. 11C24. Remaining vertices are coplanar ; 11W4. 11C25. 
Let F be mid-point of AB; then DF is equal to the sum of the projections 
of AE and DE upon it; if AB =2x , and edge of cube =2a , we get 


x 4 - 4a 2 z 2 - a z x + 2a 4 = 0 ; 
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factorise by remainder theorem. 11C26. Reg. icosahedron ; each of the 
points A, B, C, D, E is at same distance from nearest edge of cube ; hence, 
if DD', CC', EE' are lines corresponding to AB, we have AD' = AE = ED 
= ED', and so on. 11C27. Reg. hexagon; if AB, BC are sides of the 
section, and M, N their mid-points, calculate MB, BN, MN, and show that 
MBN = 120°. 11C28. Let VA, VB, VC be consecutive edges of the given 
solid, and let them be cut by a plane section in X, Y, Z, so that VX = V Y 
= VZ=x; let PQ, be one edge of the new solid, with its ends on XY, and 
YZ; let M be mid-point of VB ; then PQ = XY-2PY; whence the 
required equation. 11C29. Cube, 3:4; tet., 3:5; oct., 2 -\/2 :1. 

CHAPTER XII 

12A1. Table 12T5 and distorted representation ; cf. 11A1-5 ; let the 
change be represented symbolically by A->B or C-^D according as the 
original edges are, or are not, completely cut away at the same time as 
each corner. Then: 


/F3 4 6 3 


/’•F3 1 4 3 

F3 3 —*-F3 4 

F3j4 2 < 

F4 3 <? 

^F4 1 6 1 8 1 

3 \ 
7 

[F3j8 2 

F5& 

7'F3 1 4 2 5 1 

F3 6 

, F3 2 5 2 ^ 

F5 3 


\tF446jl0, 


12A2. V 4 2 ft!, gemi-regular bipyramids; each face is an isosceles triangle. 
12A3. V 3 3 ^!, regular trapezohedra; each face is a “ kite ” with 
three equal angles. 12A4. F3 3 ->V3 1 6 2 ; F3 4 -^V3 1 8 2 ; FSg-^VSilO^, 
F4 3 ->V4 1 6 2 ; FS^FS^. 12A5. Table of 12T5; sum of suffixes =5 in 
case of V3 4 4 x and V3A- 12A6. V3 3 n!, trapezohedra; 12A3. 12A7. 
V4 1 6 1 8 1 , V4 1 6 1 10 1 , and 12A8. (a) Regular polyhedral angles 

with the same number of face angles need not be congruent; (b) The 
vertically regular solid Va v b q has p congruent regular a-hedral angles, and 
q congruent regular 6 -hedrai angles at each face ; (b) is true in spite of (a), 
because the faces of a vertically regular solid are all congruent to one 
another. 12A9. No ; the tetrahedral angles of such a bipyramid need 
not be regular, as the dihedral angles at the equator need not be equal 
to those at the oblique edges. 12A10. Regular prisms ; F4 2 n v 12A14. 
There are eight triangular faces of a snub cube which are not adjacent to 
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squares; show that these are normal to the diagonals of the circum¬ 
scribing cube. 12A15. Two ; (enantiomorphous). 12A16. Only one ; 
of the twenty-four triangular faces adjacent to squares, no three are 
similarly related to a fourth ; no eight of them can lie in the faces of 
a regular octahedron. 


12A17. 


Fig. 

Inscribed in 

Circumscribed about 

Dodecahedron. 

Icosahedron. 

Dodecahedron. 

Icosahedron. 

117 


SF5 s 

SF5 s 


118 

SF5 3 



SF5 3 

119 


SP5 6 

SP5 6 


120 


SP5 3 


SP5 3 


Notice, however, that the edges of SP5 3 intersect in threes at the vertices 
of. a regular dodecahedron, and the planes of its faces intersect 
in threes in the vertices of a nearly semi-regular F5 1 6 2 . 12A18. 12T8, 
3T5. 12A19. Each gives its dual, (another regular solid). 12A20. 
Dual of 12 Tl : “ If, adjacent to each face of a vertically regular 
solid, there are ra 3 3-hedral angles, ra 4 4-hedral, ra 6 5-hedral, and so on, 

the number of faces =/==—r-^-r-.” In the same way 

every step of the proof can be translated ; and, as / and v enter symmetric 
cally into Euler’s identity, the dual theorem is established. Cor. 2.: 
“ A vertically regular solid cannot have more than five vertices to each 
face.” Cor. 3 : “A vertically regular solid cannot have solid angles of 
more than 3 different shapes.” Dual of 12T2 : “ If a certain polyhedral 
angle occurs only once or twice at each face of a vertically regular solid, 
the vertices sharing edges with it must either be all of the same kind, or 
of two kinds alternating with one another.” Dual of 12T3 : “ With the 
exception of bipyramids, there are not more than four vertically regular 
solids with one odd and two even polyhedral angles at each face.” Dual 
of 12T4:: “ With the exception of bipyramids, there are not more than 
three vertically regular solids with three even polyhedral angles at each 
face.” Dual of 12 T5 : “ With the exception of trapezoids, there are not 
more than seven vertically regular solids with more than three vertices 
to each face.” Cor. : Excluding bipyramids, trapezoids, and regular 
solids, there are not more than thirteen vertically regular solids.” 12A21. 
The solid angles are all regular ; the dihedral angles at the same vertex 


are equal; but every dihedral angle belongs to two vertices. 12A22. 
The faces of a vertically regular solid are congruent and equidistant from 
the centre (12T7); the solid can be divided into congruent pyramids 
having a common vertex at the centre. A facially regular solid can be 
inscribed in a sphere (12T6), and its faces are regular ; .*. each is the base 
of a regular pyramid with its vertex at the centre of the solid, and those 
pyramids that are on congruent bases are congruent, as their oblique 
v edges are equal to the radius of the sphere. 12A23. 12A21. 

12B1. SF5 5 and SP5 5 ; a star polyhedron is not divided into two parts 
by the perimeter of a face; (notice, however, that, if we count all 
i 44 spurious ” vertices, Euler’s Theorem is satisfied by the outer surfaces 
of solid models of the star polyhedra : thus a model of SF5 5 , Fig. 117, 
would have 32 vertices : 12 convex and 20 concave ; 60 isosceles tri¬ 
angular faces, and 90 edges, arranged three-at-a-time in straight lines). 
12B2. By definition, a polyhedral solid is “ a single portion of space not 
pierced by holes ... ” ; suppose that the ring surrounding the hole be 
broken by removing a very thin slice ; we have left a polyhedral solid 
satisfying Euler’s Theorem ; if the thin slice has n corners, the n faces 
and n edges of the hole are both doubled, without altering / - e ; and each 
of the 2 new faces contributes n edges and n vertices, without altering 
v _ e ; if / be the number of faces in the pierced solid, we have 

(/ + 2)-e + i>=2; 

/. f-e+v- 2= -2. 

12B3. As in 12B2, break the rings, and then repair them one by 
one ; each repair reduces the value of / by 2 ; .’., to obtain a solid 
satisfying Euler’s Theorem, we must replace / by / + 2 n. 12B4. A circular 
cylindrical surface ; not a double cone, as corresponding oblique edges 
contain an angle equal to that between consecutive edges on the equator, 
and this, in the limit, is 180°. 12B5. “ To what does a facially regular 
prismoid approximate as the number of its faces is continually in¬ 
creased ? ” A circular disc ; the thickness vanishes at the same time 
as the length qf each individual chord of the rims. 12B6. 12T8, 6T1. 
12B7. 12T8, 12T6, Cor. 2. 12B8. Let AB be the edge, C its point of 
contact with the sphere, and O the centre of the latter; then OA, OB 
k pass through the centres of the given faces, and C is the mid-point of the 

edge in which they meet; hence OAC = a, OBC = ^> and OC_LAB. 
12B9. 12T8, 6T1. 


















Table required in Answers , 12B10-18 


12B 

Face 

-gon 

(i) 

(ii) - 

(iil) 
tan <f> 

<b 

(iv) 

cot £0 9 

10. 

3 

1>/S 

1 s/3 

3 2 

i 

n/2 

35° 16' 

i 

n/2 

109° 28' 

11. 

3 

1 

v/6 

1 s/3 

3 2 

n/2 

54° 44' 

1 

90° 

12. 

3 

3(!-lk/§ 

1 s/3 

3 2 

“n/2 

74° 12' 

%sJ2 

50° 28' 


6 

In/! 

W3 

Jn/2 

35° 16' 



13. 

3 

(3 + 2^2) 

W 3 

3+2s/2 

80° 16' 

2 +s]2 

32° 40' 

8 

i(W2) 

1(1+n/2) 

1 

45° 

14. 

4 

V2 

£ 

2^2 

70° 32' 

3 

36° 52' 

6 


W3 

V2 

54° 44' 

15. 

4 

1J + 

i 

3 +s/2 

77° 14' 

n/12 + 6^2 

24° 56' 

6 

^-(1+n/2) 

W3 

1 +s/2 

67° 30' 

8 

\ +\/2 

l+s/2 

2 

3 ~s/2 

57° 46' 

16. 

3 

\/s 

5V3 

2s/2 

70° 32' 

n/3 

60° 

4 

W2 

i 

n/2 

54° 44' 

17. 

3 


W3 





ls!\+(x+y) 2 
[ = ^N/3-(a:-y) a + 4y 2 ] 

n 

Jn/3 -(x-yf 

\y 


18. 

4 

\y 

i 

y 

y 

n 

i 

i y 

l 

y 


180° 180° 

where a;=cosec-,andy=cot-. 12B19. As the snub cube can be inscribed 

n n 

in a sphere, similar chains of faces form congruent figures in space; 12A14. 
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CHAPTER XIII 

13A1. Base-centred orthorhombic. 13A2. 4:1; each set of face- 
centres consists of as many points as the original lattice. 13A3. One 
system of centres gives a lattice, B, congruent to the given lattice, A ; a 
second system forms the base-centres of B, giving a lattice, C, 13T2; 
the third system forms the cell-centres of C, giving a lattice, D, 13T3. 
13A4. The cell-centres of A form a lattice, B, congruent to A ; the mid¬ 
points of the edges of A are the face-centres of B ; .\, with its vertices, 
they form a lattice, C, 13T3. 13A5. Let cells of the original lattice be 
grouped together in eights to form similar cells with twice then linear 
dimensions ; the process of obliterating points removes the centres of 
these new cells, together with the middle points of their edges, and 


leaving their vertices and face-centres. 

Table required in Answers , 13A6-14. 



i Centre. 

Planes 

bisecting 

Edges. 

Diagonal 

Planes. 

Axes of Symmetry. 

6-ad 

4 -ad 

3 -ad 

2-ad 

bisectg. 

Edges. 

2-ad 

X 

Faces. 

(6) 

1 

3 

6 


3 

4 

6 


(7) 

1 

3 

2 


1 


2 

2 

(8) 

1 

3 






3 

(9) 

1 


3 



1 

3 


(10) 

1 

1 






1 

(ID 

1 








(12) 

1 

3 + 1 

3 

1 



3 

3 

(13) 

and (14) same as cubic, (6) 


13A15. Triangles, squares, and hexagons; (m -2)(n - 2) =4 ; 11T2. 
13A16. (i) Produce the sides of a hexagon, forming adjacent triangles ; 
complete the hexagons adjacent to the triangles, and repeat the process 
indefinitely; (ii) form a chain of hexagons with common sides all 
parallel to one another ; similar chains can be joined together at their 
free vertices, leaving rhombic spaces to be filled each with two triangles. 
13A17. Each square is adjacent to four octagons, and each octagon to 
squares and octagons on alternate sides. 13A18. Each hexagon is 
adjacent to six squares, each triangle to three squares, and each square 
to hexagons and triangles on alternate sides. 
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Pole at 
Centre. 

6 -ad 

3 -ad 

2 - ad 

4 -ad 

2 - ad 

3 -ad 
6 - ad 

2 - ad 
2 -ad 

& - ad 

3 -ad 

2 - ad 

2 -ad 
4 -ad 

4 -ad 
6 - ad 

I 

3- ad 


13A21. (a) We lose the centre, the 4 dyad axes, and the plane parallel to 
the base ; ( b) we lose the centre and the three planes and three dyad axes 
which do not pass through the centre of the sphere, while the tetrad axis 
degenerates to dyad. 13A22. We lose the centre, the planes bisecting the 
cube-edges, and the dyad axes through their mid-points ; but retain the 
4 triad axes in the diagonals of the cube, and the 6 planes in its diagonal 
planes; while the 3 tetrad axes degenerate to dyad. 12A23. The 
vertices of the octahedron are face-centres of a cubic lattice. 13A24. 
Same symmetry as a cubic lattice ; 13A6. 13A25. 1 :1 +sJ2 : 1 + \/2. 

13B1. Base-centred cubic. 13B2. Face-centred cubic. 13B3. The 
black (or the white) cubes of a 3-dimensional chessboard. 13B4. Place 
cubes alternately above and below the black squares of an infinite plane 
chessboard, and build up a stack of similar double layers of cubes, so that 
corresponding cubes are vertically over one another. 13B5. Take a hori¬ 
zontal square lattice with lines running N.E. and N.W., and divide each 
square into four others labelled N,. E., S., and W. respectively ; then 
build up a structure of cubes over the N.’s, E.’s S.’s and W. s in con¬ 
secutive layers. 13B6. Label the black squares of an infinite plane chess¬ 
board alternately 1 and 3 in the odd rows, and 2 and 4 in the even ; then 
build up a structure of cubes over the l’s, 2’s, 3’s and 4’s in consecutive 
layers. 13B7. Inscribed in the cubes of 13B3. 13B8. Inscribed in the 

cubes of 13B6; the same structure is described from a different 
point of view in 14W3. 13B9. The octahedra have their centres at 

the vertices and cell-centres of a cubic lattice, and their vertices 
at the mid-points of its edges. 13B10. The spaces between the 
octahedra of 13B9. 13B11. 14W3, Note 1. 13B12. Projection, 13A18; 
build up the structure with cubes over the three systems of squares in 
successive layers. 13B13. Inscribed in the cubes of 13B12. 13B14. (3) 
and (7) face-centred cubic, (8 cubes ; 4 occupied); (4) cell-centred cubic, 
(8 cubes ; 2 occupied) ; (6) and (8) cell-centred cubic, (64 cubes); 
(5) tetragonal, (16 cubes forming a square prism); (9) and (10) face- 
centred cubic, (cube having vertices of an octahedron at centres of its 
faces) ; or 60° rhombic, (octahedron with regular tetrahedra on two 
opposite faces). 13B15. Hexagonal , (hexagonal prism, with height equal 
to twice that of a tetrahedron, and edge of base equal to four-thirds of 
the altitude of a face of a tetrahedron, the vertices of the prism being the 
centroids of the equilateral triangles); or monoclinic , (rhombic prism 
with base consisting of a hexagon with equilateral triangles on two 
opposite sides, and height equal to twice that of a tetrahedron); or base- 
centred orthorhombic , (each cell consisting of the halves of four of the 
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rhombic prisms). 13B16. Hexagonal , (hexagonal prism with height 
equal to three times that of a cube, and vertices of base at centres of six 
hexagons surrounding, though not adjacent to, a seventh hexagon ; the 
side of the base being equal to 1+^3 times that of the square); or 
monoclinic , (with height equal to three times that of a cube, and vertices 
of base at centres of four hexagons ; the side of the base being equal 
to 1 +s/3 times the edge of a cube); or base-centred orthorhombic , (each 
cell being composed of the halves of four of the rhombic prisms). 

CHAPTER XIV 

14A1. Centres of large and small spheres at alternate points of a straight 
line. 14A2. At alternate vertices of a pattern of regular hexagons. 
14A3. If a plane pattern is formed by circles of two different sizes so that 
equal circles are similarly related to the rest, and only equal circles are in 
contact, the pattern is called a compound circle-pack . If every circle is at 
the centre of a straight line, equilateral triangle, or regular polygon, the 
vertices of which are the centres of the circles in contact with it, the pack 
is said to be regular. 14A4. Centres of large and small circles at alternate 
points of a straight line. 14A5. At centres and vertices of a pattern of 
equilateral triangles separated by regular hexagons. 14A6. 14A2. 14A7. 
At centres and vertices of a square lattice. 14A8. At vertices of a square 
lattice and at the mid-points of its sides. 14A9. At centres and vertices 
of a pattern of regular hexagons. 14A10. 13A5. 

14B1. J 14B2. 2 ^n. 14B3. 14B4. &n. 


14B5. Close hexagonal or cubic (14T3) =*741. 

Centred cubic (14B4) — =*680. 

Hexagonal (14B3) =-605. 

Open hexagonal (14B2) =-595. 

Cubic (14B1)5 = -524. 

Tetrahedral (14W1) =-340. 


Open tetrahedral (14W2) -s/2) 3 = -123. 

14B6. Centres and vertices of a cubic lattice. 14B7. — ( r3 + 1 | . 

2 (r+ l) s 


14B8. 
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Centred cubic. 14B9. At alternate vertices of a cubic lattice. 14B10. 

2n (?_+l) 14B11 Cubic. 14B12. Centres and vertices of the structure 

3 (r-f 1) 3 ‘ 3 

in 13B3. 14B13. —*- f + A . 14B14. Cubic and face-centred cubic. 

' v "h ^) tsJSlC 7* 3 -f - 4 

14B15. Centres and vertices of structure of 13B4. 14B16. -g- ^ + 1 p- 

14B17. Centres form a cell-centred cubic lattice. 14B18. Vertices and 

mid-points of edges of a cubic lattice. 14B19. g 


14C1. 13W1. 14C2,H3V2~4)^ (7: j :T p; 14T5; J of the unit of 

pattern contains four quarter-octahedra. 14C3. Tetragonal, 13W2. 
14C4. Centre; planes || to each ribbon and J_ to both; tetrad axis 
(the pattern is brought into self-coincidence by rotation through 
90° accompanied by translation along the axis of rotation); dyad axis 
J_ to each ribbon. 14C5. Centres and vertices of the structure in 
13B7 ; replace the spheres of a tetrahedral pack (Fig. 142) by spheres 

*J3ti r 3 + l 

of two different sizes alternating with one another. 14U>. —pi 

14T5, 6 . 14C7. 4 triad, coinciding with altitudes of tetrahedron; 3 dyad 
axes, bisecting pairs of opposite edges ; 6 planes bisecting edges at right 
angles. 14C8. 3 planes bisecting edges of hexagon, and normal to 3 dyad 
axes, and intersecting in a triad axis ; the pack referred to in Note 1 has 
also a plane of symmetry J_ to the triad axis. 14C9. Centres of tetra- 
hedra are centres of a tetrahedral pack ; and their vertices are centres of 
a semi-regular pack with coordination-symbol 6 : 6 . 14C10. A face- 

centred cubic lattice consists of 4 simple cubic lattices ; the centres of a 
tetrahedral pack are the points of two face-centred cubic lattices ; each 
sphere of a tetrahedral pack is replaced by four spheres of an open tetra¬ 
hedral pack ; the centres of each of the four systems form 8 simple 
cubic lattices. 14C11. The vertices of the triangles are the centres of the 
octahedra, and vice versa. 14C12. The diagonals of adjacent squares 
must be collinear, but their planes may be at right angles ; hence the 
section containing any square consists of squares separated by octagons ; 
and the projection of the whole structure upon one of these planes con¬ 
sists of two such patterns, with the squares of one at the centres of the 
octagons of the other. 14C13. Symmetry of a cubic lattice ; 13A6. 

14C14. % ^3 ; distance between neighbouring planes of squares 

=2(r + l) ; consider volume of spheres inside a square prism which hao 















282 


SOLID GEOMETRY 


its ends in these planes, and vertices of one end at centres of the squares 
adjacent to a given octagon ; 

volume of spheres = \n [r 3 (8. \ + 8. \) + 4. J +16 . £]; 
volume of prism = [4 (r +1 )] 2 .2 (r +1). 

14C15. The spheres of one system occupy the vertices and centres of the 
vertical faces of a cubic lattice, while those of the other system are 
placed at the mid-points of the horizontal edges, and at the cell-centres. 

14C16. ^ t~ ^3 ; volume of cube = [2 (r +1 )] 3 ; 

volume of spheres = [r 3 (8 . | +1) 4- 4. J 4- 8 . £]. 

14C17. Same as tetragonal lattice with axis vertical; 13A7. 14C18. 

Two tetrahedra meet at every vertex, and corresponding edges are col- 
linear ; 13B8 ; coordination-symbol 2:4; 14W3. 14C19. The altitudes 
lie in consecutive diagonals of the cubes in which the tetrahedra are in¬ 
scribed ; let ABCD, A'B'C'D' be the cube above the plane ABCD, and 
DEFG,D"E"F"G" the adjacent cube below it, DCE being an equilateral 



MISCELLANEOUS EXAMPLES 

Ml. So 2 (l + cos 2 a). Let a be the angle between the planes S and S', a 
the length of a side of the equilateral triangle, and 0 its inclination to 

the axis of projection, so that 0 = <p, or The sum of the squares 

on the sides of A'B'C'=o 2 S {cos 2 0 + sin 2 0 cos 2 a} ^ 

= ^ S (1 + cos 20) + ^ S cos 2 a (1 - cos 20). 

M2 3W2. M3.9B23, 25. M4. Let internal and external bisectors of angle 
APB meet AB in X and Y. Locus is plane section of sphere on diameter 
XY M5 4T4 ; project on plane 1 PQ. M6. 5T6 ; regard ellipse as 
mthogon.l projection o( .oxili.r, circle. M7. 9W1.2. M8 <«> 8T3; (l) 
2*(7+6 s /7) = 144sq.cm. M9. Length of rim =8+2 (2 cos 30 ) , volume 
=96on. cm.; height = 1 in.; 7T7 or 8T2. M10 8T11 .reef ^mentof 
base is a quadrant; ratio of baaia-lnr- - Jr 1 s i*r +!' -» 2.3n + 2. 

MU. «roi= «•«•, 2 cos -1 109° 28'; «W4. M12. (i) Draw 

• AO- D' BPCQAR_BRRR^AR = _ 1 ( ii)3W5; 
CR' || PQR cutting AB in R ; ^ pg - RR 7 RA RB 

.AP BQ CR DS ET 

or let plane cut AC in R', and apply (i) twice; (m) pg qq rd SE TA 

= -1 • let plane cut AD in S', and apply (i) and (ii). [N.B.—These 
propositions are true even when the transversal is a plane; if it is 
a straight line, the figures cannot be skew.] M13. Distance from 

centre =??; 9A14, 9B3. M14. 6T2, 3. M15. 4W4; AB 2 + CD 2 =4PX 2 . 

M16. \jia?(a +2^36); difference between a cylinder and the sum 

of two equal frusta of cones; 8T2; or two equal pnsmoids, 

one edge of each being the circumference of a circle, a mere 

„ 7T7 M17 34 + 8a/ 3 . m M18. (i) 2W2, 9T4. 

edge with zero area; 7T7. M17. g^.^3 9 

(ii) 9A5, 9T4. M19. Let z be the corner opposite to C, let OP, 
OZ cut plane ABC in G, D respectively ; then OG : GP-DG : GC 
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OD:CP = I:2. M20. If X is centre of sphere, XG=?^1—; M3. 

4 on — tl 

M21. From OA, OB, OC cut off equal lengths OA', OB', OC'. M22. 
(i) 4B1. (ii) OL_Lplane LPN ; 4T1. M23. (i) Let NA, NB be projections 
of PA, PB, and let PMJ.AB, and let PN =a; then AN . NB =AB . NM ; 


tan /? = 


whence 


Pythagoras. (ii) tan a = tan ft^ 1120 ^ 1000 , whence 

tan 6 = }$ = -14444 ; 0=8° 13'. 

M24. R:r=^/2 + l: N /2-l; letR:r=a;; 

then V=^r 3 (a; 3 -1), S =m 2 x 2 (^2 +1) - nr 2 (^2-1); 

V is constant; =0 ; when S is a minimum, ^=0 ; eliminating 

d? ^ c(Q 

between the equations =0, ^=0, we get the required value of x. 

M25. Let AB cut plane a in C, and let P be the point of contact of the 
sphere; then CP 2 = CA . CB = const.; locus of P is a circle; if 

AB || a, the circle becomes a straight line J_ AB ; locus of centre of sphere 
is the ellipse in which the plane bisecting AB at right angles cuts the 
right cylinder standing on the locus of P. M26. Take vertical section ; 
then 4 (2r - 4) = 8 2 ; S=251-3 sq. cm.; 8T3 ; V=435-6 cu.cm.; 8T6. 
M27. (i) A median bisects elements between pairs of straight lines parallel 
to the side bisected by it; hence the point of intersection of the medians is 
the centroid of the triangle ; 9T3, using two sides as axes ; (ii) distance 

of each centroid from DC=| where h is the distance between 

AB and DC. M28. 9W1, 2, where a=^ ; distance of centroid from point: 




10 — ^ 1 3 re +10 

*71 + 5 +2sJ5 3 7i +4t 


where a is the radius of the semicircle. M2S. 7T4, assuming 7T3 

volumes: hemisphere, ~ . 50 3 ; cylinder, n.5 0 2 .400 ; cone, in . 50 2 .100; 

total, In . 50 2 (50 + 600 + 50) cu. ft.; centroid of whole is centroid of 
cylinder, and whole is equivalent to a cylinder of length f (700) ft.; 

distance of each partition from centre = J § (700) ft. = 77£ ft. M30 
Def. 3T0, 5T1 ; Ax. 3, 3T1, 2. M31. 4T1; BC±OAandOP. M32. 8T3^ 

8W2. M33. Distance of centroid from base-^ ~ CQS ~ ; centroid of 

hollow baseless cone divides altitude in ratio 2:1; 9T4. M34. 4T4 ; 

Plane || AB and CD; 3T3, 2W6, 3T5. M35. ^ 9W4; 

3 0 - sin 0 cos 0 


centroid of 
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(SV3 + 2ji) away from the fold. M36. 9T4 ; divide ABCD into 

two triangles, and take AB as axis. M37. 5T7 ; 2 ab ; projection 
of two circles and a square inscribed in one and circumscribed 
about the other. M38. Planes AB'D', BC'D ; 3T5 ; draw CN J_BD ; 

then required inclination=C'NC. M39. 4W1 ; notice that A need not 
be inside the sphere ; let A be any point on the intersection of the two 
planes, and find rectangles equivalent to AO 2 . M40. 9T5. M41. 3T3, 
3T4, 3T2 ; cyclic parallelogram is rectangle ; 3T6. M42. 4W4, 4W5. 

M43. la from centre ; 9A14, 9B3 ; 6=| ; 9T4 ; hence the cubic 

equation 3a 3 -5a 2 6 -5a& 2 -56 3 =0 ; show that/(2-5) and/(2-6) have 
opposite signs, so that root must lie between 2-5 and 2-6. M44. 

Volumes generated by triangles OAP, OBP are 2n . “ S ™— • jsmd and 
2 ji . ? 2 (l +sin 0) . ~ cos 0, where tan 0 =x; volume is maximum when 

a 2 + a . +N /TT^ max i m um; difierentiate. M45.2W2, 9T4; plane 

\ -\-X^ 

ABC trisects AA', and tetrahedron=£ of cube. M46. 9T6: depth of seg¬ 
ment =h-r (cosec a -1); V = | {r (cosec a. -1) - h} 2 (r (2 + 3) cosec a.-h}-, 

putting 3; _ ; r ( cose ° and differentiating, we find that V is maxi 

mum or minimum when x = \ or C0S g C ~ 5 ^ x = L th® sphere is just 

out of the water, and touches, not the conical vessel itself, but the conical 
surface which may be supposed to be continued upwards. Clearly this 
gives a minimum (zero) overflow. M47. Let vertical lines through 
P, A, Q meet horizontal planes through B in P', A', 0/ ; BA =A cosec /?; 
BP=(ft-d sin a) cosec 0, BQ =(h + d sin a) cosec 0 ; then apply Apol¬ 
lonius’ Theorem. M48. S. 9° 12' E. ; 45° 46'; let ABC be comer of 
shadow, and let W' be orthogonal projection on BC of W, the corner of 
the wall; then BW' = 6 cot 34° - 4 cosec 34°, and BWW' = 16° 12'. M49. 
M27 ; replace each triangle by particles of mass m at its vertices; let 
BD : DC=»: 1 - and apply 9T3, using AB, BC as axes. M50. 


5-. M51. nrl ; 8T1 ; 24 sec 20° sin (90° sin 20°) in. = 131 in.; imagine 

s/2 

the conical surface cut along the generators through P and Q,; the 
shortest path PQ, becomes the chord of a sector with radius 12 sec 20° in. 

, „. no 12 ti tan 20° 

and arc 12 ji tan20°, whence its angle must be 360 . 2^~Ub6cW°’ 
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M52. (i) cot' 1 T ; ‘ 0 ; (ii) let 
VN1ABCD ; AMC=2tan 


to 5 (ii) let V,ABCD be the pyramid, AM_LVB, and 

A NR a 

AMfi = 2 f,n.n-i ——2 tan _1 sec BVN 


\/l0 2 -+-3 2 4-3 2 _ 

=2 tan- 1 - jq——— —2 tan-Vl*18=2 (49° 43') = 99° 26'. 

M53. Distance of centroid from centre of original disc =~ . ; 

2 2jl + 3>/3 

centroid of BOCA is mid-point of OA, and its area is twice that 
of the segment BAC ; 9W4. M54. Let A', B', C' be mid-points of 
BC, CA, AB, and G the centroid of the rods; let B'C' cut A'G 
produced in X; take as axes GA' and'GH || C'B'; then AB . C'X 
=AC . B'X ; 9T4 ; C'X : B'X =AC : AB=A'C': A'B'; A'G is 


the bisector of B'A'C'. 


M55. ^ a *~ a 
sin a 


here sin a=- 


a t =b cos a, a 2 —a cos a. M56. *J«7r; 8W2. M57. 2 sin- 1 /* =21° 36', 

sin- 1 \/247 = 36° 7'; note that C'C D = 90°, and draw C'N 1 BC. M58. 
Let horizontal plane through B cut AC in C, the vertical through A in N, and 
the line of slope through Ain M; thenABDC =2ABC -2 (AMC - AMB), and 

so on. M59. 4T4 ; ; draw C]E, D]F = and || BC; then ABCD, DjCjEF 

is a cube, and AC X F and EDB are parallel planes trisecting CD] 
at right angles. M60. 3W2 ; APQR'=£A ABD =, etc.; condition: 
that ABCD = AACD. M61. 8T3, 6; S=7z(r 2 -x 2 )+27tr(r+x); 

7t[v x \ 2 

v =—3-(2 r-x ); for S' and V', change the sign of x. M62. 8W3. 

M63.4W5. M64.4T1; ABJ_CD ; if BQJ.ACD, BQJ_AY, and if 

AP-LBCD, AP1BY; altitudes of AABY are concurrent. M65. 8T3, 
8W2 ; approximately 1600071, or 50000 sq. miles. M66. 2-43 in.; let 
O, A, B, C be centres of bowl and spheres, and O' the projection 
of O on ABC; then OA=2£ in., and AB = BC=CA = 1 in., .\ 0'A = 

.*. 00' 2 = =¥--£=-%»-. M67. 6T2 ; (i) 2(AOX+BOX)>2AC)B; 

A A 

22AOX>2AOB ; (ii) let AX produced meet BOC in Y, and apply 
6T2 successively to 0,XYB and 0,ACY. M68. 4W1 ; let C be the given 
point, B the centre of the sphere, P any point on the locus, T a point 
where the locus cuts the sphere, and N the foot of the perpendicular from 
T to BC ; then CTB = CPB= right angle ; locus is part of a sphere 
with diameter BC ; i.e., the cap with depth BN ; its area 

=2rr. ^ . BN = jtBT 2 =tw 2 . 

M69. Def.: p. 3; 3T1 ; let the plane || AB and CD divide AC in the ratio 
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CD : AB. M70. 2nah, 8T3 ; let A, B be centres, C a common point, and 

AC 2 a 2 

CNJ.AB ; then required area=27ta(a + AN), and AN =-^g-= jj a2 + j 2 y 

M71. 6T3; tan-% tan-*2, 2 tan -1 ; and tan-Vl5; (=63° 26', 63° 26', 
53° 8'; and 75° 31'); let V,ABC be the angle, with VB.LABC, and 
ABC = 60°; let D be mid-point of AC, and draw BEJ.VD, and 
EFJ.VA; then, if VE=1, VB=2, BD=2v3, VD=BA=4, DA=2, 


VA=2V5, FE = 


1 

V5 ; 


check by 6T4, sines being 


s/3 s/15 s/15 
~2 9 4 9 4 9 


and 


4 2_ 2_ 

5 9 */5 9 s/5’ 


M72. 9W1 ; 9T4. M73. 4T1 ; plane bisecting at right angles the line 
joining the given points; line through centre of circle through the given 

7t 7* 2 

points and normal to its plane; one, 4W2. M74. 8 T 6 ; -g ^-(fc-r) 2 ; 
cone ^£3 (& 2 -r 2 ) 2 ; segment ? -r ) 2 (2k +r). M75. Defs.: 3T6^5T2, 

5T3 ; draw BKJ.AC, BM J_AB', BN J_A'C'; angle (AC, BC') = BC'N = 
cos -i_ 3_ = 74° 26'; angle (A'D',AB'C)=BCM =tan- 1 -^=47° 58'; 
angle (AB'C,ABCD)=BKB'=tan- 1 2-5=68° 12'. 
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(The letters C.F. stand for the Table of Cubic Forms, pp. 242-245 ; 
and the numbers refer to pages.) 


Alternation, 227. 

Analogue, 7. 

Angle between line and plane, 48 ; 
between skew str. lines, 24; 
dihedral angle, 49; angle of 
intersection of curves, 96; 
polyhedral angle, 63. 

Anorthic lattice, 194. 

Area of projected figure, 53 ; of 
plane rectilineal figure, 76; of 
other figures, 92. 

Axes, 54. 

Axial pattern (or crystal), 223; 
axial planes (or planes of the 
axes), 54; axial lengths (in 
Pictorial Representation), 145. 

Axis of projection, 55 ; semi-axes 
of ellipsoid, 99. 

Balloon, land visible from, 100. 

Base-centred lattice, 190. 

Bipyramid (V4 2 n x ), 165 (dual). 

Bisphenoid (“ double-wedge ”), 
232. 

Bravais lattices, 197. 

Cap (of sphere), 91. 

Cell, 189 ; -centred lattice, 191; 
-corner, 223. 

Central pattern, 223. 

Centroid, 107 ; of triangle, 12. 

Characteristics of crystal, 233. 

Circle, great or small, of sphere, 91. 


Classes of Crystals, 230, 240. 

Clinographic projection, 232. 

Close-cubic sphere-pack, 205. 

Co-axal planes, 11. 

Collinear points, 11. 

Concave polyhedral angle, 63. 

Concurrent lines, planes, and 
figures, 11. 

Cone, 4 ; right cone, 42, 91. 

Congruence, reflex, 63; direct, 
reflex, and general, 224. 

Conjugate reguli, 29 ; conj. poly¬ 
hedral angles, 64. 

Convex polyhedral angle, 63. 

Co-ordinates, 54. 

Co-ordination-symbol of compound 
sphere-packs, 211. 

Co-planar, 11. 

Cosines, direction, 54. 

Crypt, volume of vault of, 112,119. 

Crystal, 231. 

Cube (F4 3 =V3 4 ), 3, (C.F. 1, 4); 
snub (F3A), 165,175, (C.F. 13); 
truncated (F^A), 165, (C.F. 8). 

Cubic Forms, 242 ; cubic and 
close-cubic sphere-pack, 205. 

Cuboctahedron (F3 2 4 2 ), 165, (C.F. 
2, 7). 

Cuboid, 3. 

Cylinder, 4 ; area and volume 
between right and oblique sec¬ 
tions, 111 ; right cylinder, 91. 
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Density of sphere-pack, 203 ; of I 
tetrahedral sphere-pack, 214. 

Determined : angle detd. by two ' 
str. lines, 23; figure detd. by 
data, 140, 151. 

Diagonal-trisected lattice, 192. 

Dihedral angle, 49. 

Dimensions, 2 ; magnitudes of 
1 , 2, 3 dimensions, 92. 

Direction cosines, 54. 

Distorted representation, 134. 

Dodecahedron (“ twelve-faced ”): 
dyakis (“ with faces doubled ”) 
(C.F. 14); great (SF5 5 ), 171 ; 
great stellated (SF5 3 ), 172; 

pentagonal (not reg.) (V3 2 3 3 ), 
(C.F. 5); pentakis (VS^g), 165 
(dual); regular (F5 3 = V3 6 ): 
Distorted Representation of, 
137 ; Net of, 140 ; Plan and 
Elevation of, 142; Pictorial 
Representation of, 145 ; rhom¬ 
bic (V3 2 4 2 ), 146, 165 (dual), 
(C.F. 2); rhombo-hexagonal, 

147; small stellated (SP5 5 ), 
173; snub (F3 4 5 x ), 165, 181 ; 

tetrahedral pentagonal (VS^^), 
(C.F. 15); trapezoidal (VS^^g), 
(C.F. 7); truncated (F^IO^, 
165. 

Duality, 159. 

Dyad axis of symmetry, 193. 

Dyakis dodecahedron (“a dodeca¬ 
hedron with faces doubled ”) 
(V3A42), (C.F. 14). 

Element (of magnitude), 92; of 
symmetry, 193. 

Elevation (and plan), 141. 

Ellipse, 59 ; ellipsoid, 99. 

Enantiomorphous, 63 ; enantio- 
morphous snub cubes, 175. 

Exclude, 19. 

Euler’s Theorem on Polyhedra, 135 

Face-centred lattice, 191. 

Facially regular solid, 159. 


Figure, 3 ; magnitude of, 92. 

Form (crystallography), 232 ; Table 
of Cubic Forms, 242. 

Frustum of cone, 4; area, 93; 
volume, 94 ; frustum of sphere, 
91. 

Hexad axis of symmetry, 193. 

Hexagonal lattice, 192. 

Hexahedron (“six-faced”), tetra- 
kis (“ with faces quadrupled ”), 
(V4i6 2 ), 165 (dual), (C.F. 6). 

Hexakis (“ with each face replaced 
by six faces ”): icosahedron 
(V4 1 6 1 10 1 ), 165 (dual); h. octa¬ 
hedron (V^A), 165 (dual), 
(C.F. 11); h. tetrahedron 

(V4 1 6 1 6 1 ), (C.F. 12). 

Hexecontahedra (“ sixty-faced ”): 
pentagonal (VBA), and rhombic 
(V3A5!), 165 (dual). 

Hyperboloid of one sheet, 29. 

Icosahedron (“ twenty-faced ”): 
great (SP5 3 ), 173 ; hexakis 

(Vl&lOJ, 165 (dual); ir¬ 
regular (FB^^), (C.F. 15); re¬ 
gular (F3 5 = V5 3 ) : Distorted 
Representation of, 138 ; net of, 
140; Plan and Elevation of, 
143 ; Pictorial Representation 
of, 145 ; triakis (V3 1 10 2 ), 165 
(dual) ; truncated (FS^), 165, 
174. 

Icosidodecahedron (“ having one 
score and twelve faces ”)(V3 2 5 2 ), 
165 (dual), 179, 180. 

Icositetrahedron (“having one 
score and four faces ”) (VB^g), 
165 (dual); pentagonal icosi¬ 
tetrahedron (V3 4 4 4 ), 165 (dual), 
(C.F. 13); trapezoidal 
(C.F. 10). 

Indices of face of crystal, 231. 

Inversion, 44. 

Irregular pattern, 223. 
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Lattice, 189 ; systems of, 193; 
Bravais symbols, 197. 

Limiting value, 92. 

Line, 2 ; of slope, 48. 

Lune, 91 ; area, 96. 

Magnitude (length, area, volume), 
92 ; of solid angle, 97. 

Medians of triangle and tetra¬ 
hedron, 12. 

Menelaus, Extension of Theorem of, 
26. 

Models, cardboard, and their nets, 
139. 

Monoclinic lattice, 194. 

Napkin ring, volume of, 101. 

Net of polyhedron, 139. 

Non-polar pattern, 224. 

Normal, 33. 

Oblate spheroid, 99. 

Octahedron (“ eight-faced ”) 
(F3 4 =V4 3 ), 3, (C.F. 1 , 4) ; hexa- 
kis octahedron (V4 1 6 1 8 1 ), 165 
(dual), (C.F. 11); net of regular 
octahedron, 139; pattern of 
octahedra, three at a vertex, 
198 ; triakis octahedron (¥3 i 8 2 ), 
149, 165 (dual), (C.F. 8) ; trun¬ 
cated octahedron (F4.6,), 147, 
165, (C.F. 6, 12). 

Octant of sphere, 91. 

Orthocentre of tetrahedron, 40. 

Orthogonal projection, 46. 

Orthorhombic lattice, 194. 

Pack (sphere-pack), 203; cubic 
and close-cubic, 205; hexa¬ 
gonal and close-hexagonal, 207 ; 
open-hexagonal, 208; tetra¬ 
hedral and open-tetrahedral, 

209 ; compound, 209 ; com¬ 
plex, regular, and semi-regular, 

210 ; with co-ordination-sym¬ 
bol, 2 : 4, 215, 217. 

Pappus, Theorem of, 109. 


Parallel, 3 ; parallelepiped, 3 ; 
parallelohedron, 146. 

Partition, 189. 

Pattern, 190, 223 ; Table of the 32 
Classes of Space-Patterns, 240. 

Pendentive, 104. 

Pentagonal icositetrahedron 
(¥3^), 165 (dual), (C.F. 13); 
hexecontahedron (V^Sj), 165 
(dual) ; tetrahedral pentagonal 
dodecahedron (V3x3i3 9 ), (C.F. 
15). 

Pentakis dodecahedron (“a dode¬ 
cahedron with each face replaced 
by five ”) (V5&), 165 (dual). 

Perpendicular lines, 33. 

Perspective polygons, 14. 

Pictorial representation, 144 ; axes 
of, in given directions, 152. 

Plan and elevation, 141 ; of regular 
dodecahedron and icosahedron, 
142, 3. 

Planar pattern, 223. 

Plane, 2 ; diametral plane of 
sphere, 91. 

Playfair’s Axiom, 19. 

Polar pattern, 224. 

Polyhedral angle, 63 ; polyhedral 
solid, 3 ; volume of solid, 76; 
magnitude of angle, 97. 

Polyhedron, 3 ; regular, 134; 
facially-, vertically-, semi-, regu¬ 
lar, 159 ; Table, 165 ; List of 
names, 185 ; star polyhedra, 
170 ; Table, 165. 

Power of a point with respect to a 
sphere, 44. 

Prism (F4 2 n 1 ), 3; Table, 165; 
right, 75; truncated, 4; vol¬ 
ume of truncated prism, 85. 

Prismoid, 4 ; volume of, 82 ; semi- 
regular (F3 3 n 1 ), Table, 165. 

Projection, orthogonal, 46 ; clino- 
graphic ( = oblique parallel), 232. 

Prolate spheroid, 99. 
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Pyramid, 3 ; determined by length 
and order of edges, 151 ; regular 
and semi-regular, 166. 

Rabatment, 121. 

Radius-ratio of compound sphere- 
pack, 211, 213. 

Reference-symbol of semi-regular 
solid, 160 ; of crystal or pattern, 
224. 

Reflex congruence, 63, 224. 

Regular Pattern, 223 ; Polyhedron, 
134. 

Regulus, 15. 

Rhombic dodecahedron (V3 2 4 2 ), 
146, 165 (dual), (C.F. 2) ; hexe¬ 
contahedron (V3 1 4 1 5 1 ), 165 

(dual) ; lattice, 194; tria- 
contahedron (V3 2 5 2 ), 165 (dual). 

Rhombicosidodecahedra, great 
(F4 1 6 1 10 1 ), and small (FS^^), 
165. 

Rhombicuboctahedra, great 

(F4 1 6 1 8 1 ), and small (FS^g), 
Table 165, (C.F. 11, 10, 14). 

Rhombohadron, 191. 

Ring, napkin, 101. 

Scalenohedron, 232. 

Sector of sphere, 91 ; volume, 98. 

Segment of sphere, 91 ; volume, 
99. 

Semi-regular polyhedra, 159. 

Skew straight lines, 11 ; angle 
between, 24. 

Snub cube (F3 4 4 x ), 175, (C.F. 13); 
snub dodecahedron (F^Sj), 181. 

Solid angle, 63 ; magnitude of, 97. 

Solid, polyhedral, 3 ; volume, 76 ; 
also see Polyhedron. 

Space-lattice and space partition, 
189 ; space-pattern, 190. 

Sphere, 5 ; plane section, 36; 
through four points, 37 ; -pack, 
203; compound, composite. 


regular, and irregular sphere- 
pack, 209. 

Spherical surface, 5 ; area of, 95 ; 
spherical triangle, 91; area of, 
97. 

Spheroid, 99. 

Star-faced and star-pointed poly¬ 
hedra, 170 ; -polygon and -poly¬ 
hedral angle, 170. 

Surface, 2. 

Swastika, 175. 

Symbol, reference, of semi-regular 
solids, 160 ; of crystal classes, 
224. 

Symmetry, 193. 

Tetrad axis, 193. 

Tetragonal lattice, 194. 

Tetrahedral angle, 63 ; tetrahedral 
and open tetrahedral sphere- 
pack, 209 ; density of, 214 ; 
tetrahedral pentagonal dode¬ 
cahedron (V3A33), (C.F. 15). 

Tetrahedron: hexakis (“four¬ 

faced solid, with each face re¬ 
placed by six faces ”) (V4 1 6 1 6 1 ), 
(C.F. 12) ; orthocentric, 40 ; 
regular (F3 3 = V3 3 ), 3 ; medians 
of, 12 ; with opposite edges at 
right- angles, 38 ; bisected by 
any plane that bisects two 
opposite edges, 84 ; volume of, 
79, 81 ; triakis (“ each face 
trebled ”) (VS^), 165 (dual), 
(C.F. 9); truncated (FS^), 165 
(C.F. 9). 

Tetrakis hexahedron (“ six-faced 
solid, with faces quadrupled ”) 
(V4 1 6 2 ), 165 (dual), (C.F. 6). 

Trapezohedron (¥3^), 165 (dual); 
def., 232; 

Trapezoid, 232. 

Trapezoidal dodecahedron 

{VSiSi^z), (C.F. 7) ; icositetra¬ 
hedron (¥3 1 4 3 ), (C.F. 10). 

Triacontahedron(“ thirty-faced ”), 
rhombic (¥3 2 5 2 ), 165 (dual). 
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Triad axis, 193. 

Triakis (“with faces trebled) 
icosahedron (VSJOj,), 165 (dual); 
octahedron (YS^), 149, 165 
(dual), (C.F. 8) ; tetrahedron 
(V3 1 6 2 ), 165 (dual), (C.F. 9). 

Triangle, spherical, 91; area, 97. 

Triclinic (“ each trihedral angle of 
the cell having three oblique 
angles ”) lattice, (same as “ an- 
orthic ”), 194. 

Trihedral angles, 63 ; conjugate, 
64; supplementary, 127. 

Truncated, 4, 152 (11A1), 185; 
cone, 4; cube (F3 X 8 2 ), 185, 
(C.F. 8); cylinder, 4 ; area and 


volume of, 111 ; dodecahedron 
(F3 i 10 2 ), 165; icosahedron 

(F5|6 2 ), 165; octahedron (F4 1 G 2 ), 
147, 165, (C.F. 6, 12) ; prism, 
4, 85; pyramid, 4; tetra¬ 
hedron (FS^g), 165, (C.F. 9). 

Vault, volume of, 112, 119 (9C3). 

Vertically-regular solid, 159. 

Volume of polyhedral solid, 76 ; 
of other solids, 92 ; tetrahedron, 
79, 81 ; sector of sphere, 98 ; 
segment of sphere, 99 ; of trun¬ 
cated cylinder, 111. 

Zone of crystal, 232 ; of sphere, 91. 
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